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PREFACE. 


r  I  iHE  present  work  on  Analytic  Mechanics  or  Dynamics  is  designed 
as  a  text-book  for  the  students  of  Scientific  Schools  and  Col- 
leges, who  have  received  ti-alning  in  the  elements  of  Analytic  Geome- 
try and  the  Calculus. 

Dynamics  is  here  used  in  its  true  sense  as  the  science  of  force. 
The  tendency  among  the  best  and  most  logical  writers  of  the  present 
day  appears  to  be  to  use  this  term  for  the  science  of  Analytic  Me- 
cha.nic8,  while  the  branch  formerly  called  Dynamics  is  now  termed 
Kinetics.  ^>  -  ,- 

The  treatise  Is  intended  especially  for  beginners  in  this  braffch  of 
science.  It  involves  the  use  of  Analytic  Geometry  and  the  Calculus. 
The  analytic  method  has  been  chiefly  adhered  to,  as  being  better 
adapted  to  the  treatment  of  the  subject,  more  general  in  its  applica- 
tion and  more  fruitful  in  results  than  the  geometric  method;  and  yet 
where  a  geometric  proof  seemed  preferable  it  has  been  introduced. 

The  aim  has  been  to  make  every  principle  clear  and  intelligible, 
to  develop  the  different  theories  with  simplicity,  and  to  explain  fully 
the  meaning  and  use  of  the  various  analytic  expressions  in  which  the 
principles  are  embodied. 

The  book  consists  of  three  parts.  Part  I,  with  the  exception  of  a 
preliminary  chapter  devoted  to  definitions  and  fundamental  princi- 
ples, is  entirely  given  to  Statics. 

Part  n  is  occupied  with  Kinematics,  and  the  principles  of  this 
important  branch  of  mathematics  are  so  treated  that  the  student  may 
enter  upon  the  study  of  Kinetics  with  clear  notions  of  motion,  veloc- 
ity and  acceleration.  Part  III  treats  of  the  Kinetics  of  a  partide  and 
of  rigid  bodies. 


IV  PBEFACE. 

In  this  arrangement  of  tlie  work,  with  the  exception  of  Kine- 
matics, I  have  followed  the  plan  usually  adopted,  and  made  the 
subject  of  Statics  precede  that  of  Kinetics. 

For  the  attainment  of  that  grasp  of  principles  which  it  is  the 
special  aim  of  the  book  to  impart,  numerous  examples  are  given  at 
the  ends  of  the  chapters.  The  greater  part  of  them  will  present  no 
serious  diflBculty  to  the  student,  while  a  few  may  tax  his  best 
efforts. 

In  preparing  this  book  I  have  availed  myself  of  the  writings  of 
many  of  the  best  authors.  The  chief  sources  from  which  I  have 
derived  assistance  are  the  treatises  of  Price,  Minchin,  Todhunter, 
Pratt.  Bouth,  Thomson  and  Tait,  Tait  and  Steele,  Weisbach,  Ventu- 
roli,  Wilson,  Browne,  Gregory,  Rankine,  Boucharlat,  Pirie,  Lagrange, 
and  La  Place,  while  many  valuable  hints  as  well  as  examples  have  been 
obtained  from  the  works  of  Smith,  Wood,  Bartlett,  Toung,  Moseley, 
Tate,  Magnus,  Goodeve,  Parkinson,  Olmsted,  Gamett,  Renwick,  Bot- 
tomley,  Morin,  Twisden,  Whewell,  Galbraith,  Ball,  Dana,  Byrne,  the 
Encyclopaedia  Britannica,  and  the  Mathematical  Visitor. 

I  have  again  to  thank  my  old  pupil,  Mr.  R.  W.  Prentiss,  of  the 
Nautical  Almanac  Office,  and  formerly  Fellow  in  Mathematics  at  the 
Johns  Hopkins  University,  for  reading  the  MS.  and  for  valuable  sug- 
gestions. Several  others  also  of  my  friends  have  kindly  assisted  me 
by  correcting  proof-sheets  and  verifying  copy  and  formulsB. 

E.  A.  B. 

Rutgers  College,  ) 

New  Brdmswick,  N.  J.,  June,  1884. ' 
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ANALYTIC    MECHANICS. 


PART    I 


CHAPTER     I. 

FIRST    PRINCIPLES. 

1.  Definitions. — Analytic  Mechanics  or  Dynamics  is 
the  science  which  treats  of  the  equilibrium  and  motion 
of  bodies  under  the  action  of  force.  It  is  accordingly 
divided  into  two  parts.  Statics  and  Kinetics. 

Statics  treats  of  the  equilibrium  of  bodies,  and  the  condi- 
tions goyerning  the  forces  which  produce  it. 

Kinetics  treats  of  the  motion  of  bodies,  and  the  laws  of 
the  forces  which  produce  it. 

The  consideration  that  the  properties  of  motion,  Telocity, 
and  displacement  may  be  treated  apart  from  the  particular 
forces  producing  them  and  independently  of  the  bodies  sub- 
ject to  them,  has  given  rise  to  an  auxiliary  branch  of  Dyna- 
mics called  Kinematics.* 

Although  Kinematics  may  not  be  regarded  as  properly 
included  under  Dynamics,  yet  this  branch  of  science  is  so 
important  and  useful,  and  its  application  to  Dynamics  so 
immediate,  that  a  portion  of  this  work  is  devoted  to  its 
treatment. 

*  This  name  was:giTeii  l>y  Ampdre. 
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Kinematics  is  the  science  of  pure  motion,  without  refer- 
ence to  matter  or  force.  It  treats  of  the  properties  of 
motion  without  regard  to  what  is  moving  or  how  it  is 
moved.  It  is  an  extension  of  pure  geometry  by  introduc- 
ing the  idea  of  time,  and  the  consequent  idea  of  velocity. 

2.  Matter. — Matter  is  that  which  can  be  perceived  by 
the  senses,  and  which  can  transmit,  and  be  acted  upon  by 
force.     It  has  extension,  resistance,  and  impenetrability. 

A  definition  of  matter  which  would  satisfy  the  metaphysician  is 
not  reqtiired  for  this  work.  It  is  sufficient  for  us  to  conceive  of  it  as 
capable  of  receiving  and  transmitting  force ;  because  it  is  in  this 
aspect  only  that  it  is  of  importance  in  the  present  treatise. 

3.  Inertia. — By  Inertia  is  meant  that  property  of  mat- 
ter by  which  it  remains  in  its  state  of  rest  or  uniform 
motion  in  a  right  line  unless  acted  upon  by  force.  Inertia 
expresses  the  fact  that  a  body  cannot  of  itself  change  its 
condition  of  rest  or  motion.  It  follows  that  if  a  body 
change  its  state  from  rest  to  motion  or  from  motion  to  rest, 
or  if  it  change  its  direction  from  the  natural  rectilinear 
path,  it  must  have  been  influenced  by  some  external  cause. 

4.  Body,  Space,  and  Time. — A  Body  is  a  portion  of 
matter  limited  in  every  direction,  and  is  consequently  of  a 
determinate  form  and  volume. 

A  Rigid  Body  is  one  in  which  the  relative  positions  of 
its  particles  remain  unchanged  by  the  action  of  forces. 

A  Particle  is  a  body  indefinitely  small  in  every  direction, 
and  though  retaining  its  material  properties  may  be  treated 
as  a  geometric  point. 

Space  is  indefinite  extension.  Time  is  any  limited  por- 
tion of  duration. 

5.  Rest  and  Motion. — A  body  is  at  rest  when  it  con- 
stantly occupies   the  same  place  in  space.    A  body  is  in 
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niotion  when  the  body  or  its  parts  occupy  successively  dif- 
ferent positions  in  space.  But  we  cannot  judge  of  the  state 
of  rest  or  motion  of  a  body  without  referring  it  to  the 
positions  of  other  bodies  ;  and  hence  rest  and  motion  must 
be  considered  as  necessarily  relative. 

If  tliere  were  anything  which  we  knew  to  be  absolutely  fixed  in 
space,  we  might  perceive  abBolute  motion  by  change  of  place  with 
reference  to  that  object.  But  as  we  know  of  no  such  thing  as  abso- 
lute rest,  it  follows  that  all  motion,  as  measured  by  us,  must  be 
relative ;  i.  e. ,  must'  relate  to  something  which  we  assume  to  be  fixed. 
Hence  the  same  thing  may  often  be  said  to  be  at  rest  and  in  motion 
at  the  same  time  ;  for  it  may  be  at  rest  in  regard  to  one  thing,  and  in 
motion  in  regard  to  another.  For  example,  the  objects  on  a  vessel 
may  be  at  rest  with  reference  to  each  other  and  to  the  vessel,  while  they 
are  in  motion  with  reference  to  the  neighboring  shore.  So  a  man, 
punting  his  barge  up  the  river,  by  leaning  against  a  pole  which  rests 
on  the  bottom,  and  walking  on  the  deck,  is  in  motion  relative  to  the 
barge,  and  in  motion,  but  in  a  different  manner,  relative  to  the  cur- 
rent, while  he  is  at  rest  relative  to  the  earth. 

Motion  is  uniform  when  the  body  passes  over  equal  spaces 
in  equal  times  ;  otherwise  it  is  variable. 

6.  Velocity. — The  velocity  of  a  lody  is  its  rate  of 
motion.  When  the  velocity  is  constant,  it  is  measured  by 
the  space  passed  over  in  a  unit  of  time.  When  it  is  varia- 
ble, it  is  measured,  at  any  instant,  by  the  space  over  which 
the  body  would  pass  in  a  unit  of  time,  were  it  to  move, 
during  that  unit,  with  the  same  velocity  that  it  has  at  the 
instant  considered. 

The  speed  of  a  railway  train  is,  in  general,  variable.  If  we  were  to 
say,  for  example,  that  it  was  running  at  the  rate  of  30  miles  an  hour, 
we  would  not  mean  that  it  ran  30  miles  during  the  last  hour,  nor  that 
it  would  run  30  miles  during  the  next  hour.  We  would  mean  that,  if 
it  were  to  run  for  an  hour  with  the  speed  which  it  now  has,  at  the 
instant  considered,  it  would  pass  over  exactly  30  miles. 

In  order  to  have  a  uniform  unit  of  velocity,  it  is  custom- 
ary to  express  it  in  feet  and  seconds ;  and  when  velocities 
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are  expressed  in  any  other  terms,  they  should  be  reduced  to 
their  equivalent  value  in  feet  and  seconds.  The  unit 
velocity,  therefore,  is  the  velocity  with  which  a  body 
describes  one  foot  in  one  second  ;  other  units  may  be  taken 
where  convenience  demands,  as  miles  and  hours,  etc. 

When  we  speak  of  the  space  passed  over  by  a  body,  we 
mean  the  path  ov  line  which  a  point  in  the  body  or  which  a 
particle  describes. 

7.  Formulae  for  Velocity. — If  s  be  the  space  passed 
over  by  a  particle  in  t  units  of  time,  and  v  the  velocity,  it  is 
plain  that,  for  uniform  velocity,  we  shall  have 

v  =  l;  (1) 

that  is,  we  divide  the  whole  space  passed  over  by  the  time 
of  the  motion  over  that  space. 

If  the  velocity  continually  changes,  equal  increments  are 
not  described  in  equal  times,  and  the  velocity  becomes 
a  function  of  the  time.  But  however  much  the  velocity 
changes,  it  may  be.  regarded  as  constant  during  the 
infinitesimal  of  time  dt,  in  which  time  the  body  will 
describe  the  infinitesimal  of  space  ds.  Hence,  denoting  the 
velocity  at  any  instant  by  v,  we  have 

In  this  case  the  velocity  is  the  ratio  of  two  infinitesimals. 
These  two  expressions  for  the  velocity  are  true  whether  the 
particle  be  moving  in  a  right,  or  in  a  curved,  line. 

8.  Acceleration  is  the  rate  of  change  of  velocity.  It 
is  a  velocity  increment.  If  the  velocity  is  increasing,  the 
acceleration  is  considered  positive ;  if  decreasing,  it  is 
negative. 

Acceleration   is  said  to  be  uniform  when  the  velocity 
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receives  equal  increments  in  equal  times.     Otherwise  it  is 
variable. 

9.  Measure  of  Acceleration. — Uniform  acceleration 
is  measured  by  the  actual  increase  of  velocity  in  a  unit  of 
time.  Variable  acceleration  is  measured,  at  any  instant,  by 
the  velocity  which  would  be  generated  in  a  unit  of  time, 
were  the  velocity  to  increase,  during  that  unit,  at  the  same 
rate  as  at  the  instant  considered. 

Calling  /  the  acceleration,  v  the  velocity,  and  t  the  time, 
we  have,  when  the  acceleration  is  uniform, 

f=r  (') 

However  variable  the  acceleration  is,  it  may  be  regarded 
as  constant  during  the  infinitesimal  of  time  dt,  in  which 
time  the  increment  of  velocity  will  be  dv.  Hence,  denoting 
the  acceleration  at  the  time  thjf,  we  have 


/=5-  <*) 


We  also  have  (Art.  8) 
which  in  (3)  gives 


'  =  dt 


.  _dv d      ds  _d^s 

*  ~  di  ~-Jt  '  It  ~  W  ^' 

That  is,  when  the  acceleration  is  variable  it  is  measured,  at 
any  instant,  by  .the  derivative  of  the  velocity  regarded  as  a 
function  of  the  time,  or  by  the  second  derivative  of  the 
space  regarded  as  a  function  of  the  time. 
From  (3)  we  get,  by  integration, 

ft  =  %  =  ^;  (4) 
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\ff^  =  s;  (5) 

and  2/5  =  v\  (6) 

which  determine  the  velocity  and  space. 

10.  Geometric  Representation  of  Velocity  and 
Acceleration. — The  velocity  of  a  body  may  be  conveni- 
ently represented  geometrically  in  magnitude  and  direction 
by  means  of  a  straight  line.  Let  the  line  be  drawn  from 
the  point  at  which  the  motion  is  considered,  and  in  the 
direction  of  motion  at  that  point.  With  a  convenient  scale, 
let  a  length  of  £he  line  be  cut  ofE  that  shall  contain  as  many 
units  of  length  as  there  are  units  in  the  velocity  to  be  repre- 
sented. The  direction  of  this  line  will  represent  the 
direction  of  the  motion,  and  its  length  will  represent  the 
velocity. 

Also  an  acceleration  may  be  represented  geometrically  by 
a  straight  line  drawn  in  the  direction  of  the  velocity 
generated,  and  containing  as  many  units  of  length  as  there 
are  units  of  acceleration  in  the  acceleration  considered. 
Also,  since  an  acceleration  is  measured  by  the  actual 
increase  of  velocity  in  the  unit  of  time,  the,  straight  line 
which  represents  an  acceleration  in  magnitude  and  direc- 
tion will  also  completely  represent  the  velocity  generated  ia 
the  unit  of  time  to  which  the  acceleration  corresponds. 

11.  The  Mass  of  a  body  or  particle  is  the  quantity  of 
matter  which  it  contains;  and  is  proportional  to  the 
Volume  and  Density  Jointly.  The  Density  may  therefore 
be  defined  as  the  quantity  of  matter  in  a  unit  of  volume. 

Let  M  be  the  mass,  p  the  density,  and  F'  the  volume,  of 
a  homogeneous  body.    Then  we  have 

M  =  Yp,  (1) 

if  we  so  take  our  units  that  the  unit  of  mass  is  the  mass  of 
the  unit  volume  of  a  body  of  unit  density. 
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If  the  density  varies  from  point  to  point  of  the  body,  we 
have,  by  the  above  formula,  and  the  notation  of  the 
Integral  Calculus, 

M=:  fpdV=  fffpdx  dy  dz,  (3) 

where  p  is  supposed  to  be  a  known  function  of  x,  y,  z. 

In  England  the  unit  of  mass  is  the  imperial  standard 
pound  avoirdupois,  which  is  the  weight  of  a  certain  piece  of 
platinum  preserved  at  the  standard  oflBce  in  London.  On 
the  continent  of  Europe  the  unit  of  mass  is  the  gramme. 
This  is  known  as  the  absolute  or  Mnetic  unit  of  mass. 

12.  The  Quantity  of  Motion, '■^  or  the  Momentum 

of  a  body  moving  without  rotation  is  the  product  of  its 
mass  and  velocity.  A  double  mass,  or  a  double  velocity, 
would  correspond,  to  a  double  quantity  of  motion,  and 
so  on. 

Hence,  if  we  take  as  the  unit  of  momentum  the  mo- 
mentum of  the  unit  of  mass  moving  with  the  unit  of 
velocity,  the  momentum  of  a  mass  Jf  moving  with  velocity 
V  is  Mv. 

13.  Change  of  Quantity  of  Motion,  or  Change  of 
Momentum,  is  proportional  to  the  mass  moving  and  the 
change  of  its  velocity  Jointly.  If  then  the  mass  remains 
constant  the  change  of  momentum  is  measured  by  the 
product  of  the  mass  into  the  change  of  velocity ;  and  the 
rate  of  change  of  momentum,,  or  acceleration  of  momentum, 
is  measured  by  the  product  of  the  mass  moving  and  the 
rate  of  change  of  velocity,  that  is,  by  the  product  of  the 
mass  moving  and  the  acceleration  (Art.  9).  Thus,  calling 
M  the  mass,  we  have  for  the  measure  of  the  rate  of  change 
of  momentum, 

^ 

*  This  pbrase  was  need  by  Newton  in  place  of  the  more  modem  term  "Momen- 
tum." . 
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14.  Force. — Force  is  any  cause  which  changes,  or  tends 
to  change,  a  body's  state  of  rest  or  motion. 

K  force  always  tends  to  produce  motion,  but  may  be  pre- 
vented from  actually  producing  it  by  the  counteraction  of 
an  equal  and  opposite  force.  Several  forces  may  so  act  on 
a  body  as  to  neutralize  each  other.  When  a  body  remains 
at  rest,  though  acted  on  by  forces,  it  is  said  to  be  iu 
equilibrium;  or,  in  other  words,  the  forces  are  said  to 
produce  equilibrium. 

What  force  is,  in  its  nature,  we  do  not  know.  Forces 
are  known  to  us  only  by  their  effects.  In  order  to  measure 
them  we  must  compare  the  effects  which  they  produce 
under  the  same  circumstances. 

15.  Static  Measure  of  Force. — The  effect  of  a  force 
depends  on:  1st,  its  magnitude,  or  intensity ;  3d,  its  direc- 
tion; i.  e.,  the  direction  in  which  it  tends  to  move  the  body 
on  which  it  acts ;  and  3d,  its  point  of  application  j  i.  e.,  the 
point  at  which  the  force  is  applied. 

The  effect  of  a  force  is  pressure,  and  may  be  expressed  by 
the  weight  which  will  counteract  it.  Every  force,  statically 
considered,  is  a  pressure,  and  hence  has  magnitude,  and 
may  be  measured.  A  force  may  produce  motion  or  not, 
according  as  the  body  on  which  it  acts  is  or  is  not  free  to 
move.  For  example,  take  the  case  of  a  body  resting  on  a 
table.  The  same  force  which  produces  pressure  on  the 
table  would  cause  the  body  to  fall  toward  the  e^h  if  the 
table  were  removed. 

The  cause  of  this  pressure  or  motion  is  gravity,  or  the 
force  of  attraction  in  the  earth.  In  the  first  case  the  attrac- 
tion of  the  earth  produces  a  pressure;  in  the  second  case  it 
produces  motion.  Now  either  of  these,  viz.,  the  pressure 
which  the  body  exerts  when  at  rest,  or  the  quantity  of 
motion  it  produces  in  a  unit  of  time,  may  be  taken  as  a 
means  of  measuring  the  magnitude  of  the  force  of  attrac- 
tion that  the  earth  exerts  on  the  body.    The  former  is 
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called  the  static  method,  and  the  forces  are  called  static 
forces;  the  latter  is  called  the  kinetic  method,  and  the 
forces  are  called  Mrae^ic /orc«s.  Weight  As  the  name  given 
to  the  pressure  which  the  attraction  of  the  earth  causes  a 
body  to  exert.  Hence,  since  static  forces  produce  pressure, 
we  may  take,  as  the  unit  of  force,  a  pressure  of  one  poimd 
(Art.  11). 

Therefore,  the  magnitude  of  a  force  may  be  measured 
statically  iy  the  pressure  it  will  produce  upon  some  lody, 
and  expressed  in  pounds.  This  is  called  the  Static  measure 
offeree,  and  its  unit,  one  pound,  is  called  the  Gravitation 
unit  of  force. 

16.  Action  and  Reaction  are  alwa7s  equal  and 
opposite. — This  is  a  law  of  nature,  and  our  knowledge  of 
it  comes  from  experience.  If  a  force  act  on  a  body  held  by 
a  fixed  obstacle,  the  latter  will  oppose  an  equal  and  con- 
trary resistance.  If  the  force  act  on  a  body  free  to  more, 
motion  will  ensue ;  and,  in  the  act  of  moving,  the  inertia 
of  the  body  will  oppose  an  equal  and  contrary  resistance. 
If  we  press  a  stone  with  the  hand,  the  stone  presses  the 
hand  in  return.  If  we  strike  it,  we  receive  a  blow  by  the 
act  of  giving  one.  If  we  urge  it  so  as  to  give  it  motion,  we 
lose  some  of  the  motion  which  we  should  give  to  our  limbs 
by  the  same  effort,  if  the  stone  did  not  impede  them.  In 
each  of  these  cases  there  is  a  reaction  of  the  same  kind  as 
the  action,  and  equal  to  it. 

17.  Method  of  Comparing  Forces. — Two  forces  are 
equal  when  being  applied  in  opposite  directions  to  a 
particle  they  maintain  equilibrium.  If  we  take  two  equal 
forces,  and  apply  them  to  a  particle  in  the  same  direction, 
we  obtain  a  force  double  of  either ;  if  we  unite  three  equal 
forces  we  obtain  a  triple  force ;  and  so  on.  So  that,  in 
general,  to  compare  or  measure  forces,  we  have  only  to 
adopt  the  same  method  as  when  we  compare  or  measure 
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auy  quantities  of  the  same  kind ;  that  is,  we  must  take 
some  known  force  as  the  unit  of  force,  ai«i  then  express,  in 
numbers,  the  relation  which  the  other  forces  bear  to  this 
measuring  unit.  For  example,  if  one  pound  be  the  unit  of 
force  (Art.  15),  a  force  of  12  pounds  is  expressed  by  12; 
and  so  on. 

18.  Representation  of  Forces  by  Symbols  and 
Lines. — If  P.  Q.  K.,  etc.,  represent  forces,  they  are  numbers 
expressing  the  number  of  times  which  the  concrete  unit  of 
force  is  contained  in  the  given  forces. 

Forces  may  be  represented  geometrically  by  right  lines ; 
and  this  mode  of  representation  has  the  adrantage  of  giving 
the  direction,  magnitude,  and  point  of  application  of  each 
force.  Thus,  draw  a  line  in  the  direction  of  the  given 
force;  then,  having  selected  a  unit  of  length,  such  as  an 
inch,  a  foot,  etc.,  measure  on  this  line  as  many  units  of 
length  as  the  given  force  contains  units  of  weight.  The 
magnitude  of  the  force  is  represented^  by  the  measured 
length  of  the  line ;  its  direction  by  the  direction  in  which 
the  line  is  drawn ;  and  its  point  of  application  by  the  point 
from  which  the  line  is  drawn.* 

Thus,  let  the  force  P  act  at  the  point    ^ ? 

A,  iu    the    direction   AB,   and    let    AB  ^'9-  '■ 

represent  as  many  units  of  length  as  P  contains  units  of 
force;  then  the  force  P  is  represented  geometrically  by 
the  line  AB ;  for  the  force  acts  in  the  direction  from  A 
to  B ;  its  point  of  application  is  at  A,  and  its  magnitude  is 
represented  by  the  length  of  the  line  AB. 

19.  Measure  of  Accelerating  Forces. — From  our 
definition  of  force  (Art.  14),  it  is  clear  that,  when  a  single 

*  Forces,  velocities,  and  acceleratioiiB  are  directed  grtcantities,  and  so  may  be 
represented  by  a  line,  in  direction  and  magnitude,  and  may  be  compounded  in  tlie 
same  way  as  vectors. 

If  anything  has  magnitude  and  direction,  the  magnitude  and  direction  taken 
together  constitute  a  vector. 
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force  acts  upon  a  particle,  perfectly  free  to  move,  it  must 
produce  motion ;  and  hence  the  force  may  be  represented 
to  us  by  the  motion  it  has  produced.  But  motion  is 
measured  in  terms  of  Telocity  (Art.  ?),  and  consequently  the 
Telocity  communicated  to,  or  impressed  upon,  a  particle,  in 
a  given  time,  may  be  taken  as  a  measure  of  the  force. 
That  is,  if  the  same  particle  moTes  along  a  right  line  so 
that  its  Telocity  is  increased  at  a  constant  rate,  it  will  be 
acted  upon  by  a  constant  force.  If  a  certain  constant  force, 
acting  for  a  second  on  a  giTcn  particle,  generate  a  Telocity 
of  33.3  feet  per  second,  a  double  force,  acting  for  one 
second  on  the  same  particle,  would  generate  a  velocity  of 
64.4  feet  per  second ;  a  triple  force  would  generate  a 
Telocity  of  96.6  feet  per  second,  and  so  on. 

If  the  rate  of  increase  of  the  velocity,  {i.  e.,  the  accelera- 
tion), of  the  particle  is  not  uniform,  the  force  acting  on  it 
is  not  uniform,  and  the  magnitude  of  the  force,  at  any 
point  of  the  particle's  path,  is  measured  by  the  acceleration 
of  the  particle  at  this  point.  Hence,  since  one  and  the 
same  particle  is  capable  of  moving  with  all  possible  accelera- 
tions, all  forces  may  ie  measured  ly  the  velocities  they 
generate  in  the  same  or  equal  particles  in  the  same  or  equal 
times.  "When  forces  are  so  measured  they  are  called 
Accelerating  Forces. 

20.  I^netic  or  Absolute  Measure  of  Force.* — Let 

71  equal  particles  be  placed  side  by  side,  and  let  each  of  them 
be  acted  on  uniformly  for  the  same  time,  by  the  same  force. 
Each  particle,  at  the  end  of  this  time,  will  have  the  same 
velocity.  Now  if  these  n  separate  particles  are  all  united  so 
as  to  form  a  body  of  n  times  the  mass  of  each  particle,  and 
if  each  one  of  them  is  "still  acted  on  by  the  same  force  as 

*  Arts.  20,  21,  22,  and  25,  treat  of  the  Kinetic  measure  of  force,  and  may  be 
omitted  till  Part  III  is  reached  ;  hut  it  ie  convenient  to  present  them  once  for  all, 
and,  for  the  sake  of  reference  and  comparison,  to  place  them  with  the  Static 
measure  of  force  at  the  beginning  of  the  worls. 


12       KINETIC    OS    ABSOLUTS    MEASXTRE    OF  FORCE. 

before,  this  body,  at  the:  end  of  the  time  considered,  will 
have  the  same  Telocity  that  each  separate  particle  had,  and 
will  be  acted  on  by  n  times  the  force  which  generated  this 
velocity  ia  the  pai-ticle.  Comparing  a  single  particle,  then, 
with  the  body  whose  mass  is  n  times  the  mass  of  this 
particle,  we  see  that,  to  produce,  the  same  velocity  in  two 
bodies  by  forces  acting  on  them  for  the  same  time,  the 
magnitudes  of  the  forces  must  be  proportional  to  the 
masses  on  which  they  act.*  Hence,  generally,  since  force 
varies  as  the  velocity  when  the  mass  is  constant  (Art.  19), 
and  varies  as  the  mass  when  the  velocity  is  constant,  we 
have,  by  the  ordinai'y  law  of  proportion^  when  both  are 
changed,  force  varies  as  the  product  of  the  mass  acted  upon 
and  the  velocity  generated  in  a  given  time  ;  that  is,  it  varies 
as  the  quantity  of  motion  (Art.  13)  it  produces  in  a  given 
mass  in  a  given  time.  If  the  force  be  variable,  the  rate  of 
change  of  velocity  is  variable  (Art.  19),  and  hence  the  fore© 
varies  as  the  product  of  the  mass  on  which  it  acts  and  the 
rate  of  change  of  velocity,  i.  e.,  it  varies  as  the  acceleration 
of  the  momentum  (Art.  14).  Therefore,  if  any  force  P  act 
on  a  mass  M,  we  have  (Art.  10) 

Po^Mf;  (1) 

or,  in  the  form  of  an  equation 

P  =  IcMf,  (3) 

where  h  is  some  constant. 

If  the  unit  of  force  be  taken  as  that  force  which,  acting 
on  the  unit  of  mass  for  the  unit  of  time,  generates  the  unit 
of  velocity,  then  if  we  put  M  equal  to  unity,  i.  e.,  tate  the 
unit  of  mass,  and  /equal  to  unity,  i.  e.,  take  the  unit  of 
acceleration,  we  must  have  the  force  producing  the  accel- 
eration equal  to  the  unit  of  force,  or  P  equal  to  unity. 

*  MmcUn's  Statics,  p.  5. 
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Hence  h  must  also  be  equal  to  unity,  and  we  have  the 
equation, 

P  =  Mf.  (3) 

Therefore,  the  Kinetic  or  Absolute  measure  of  a,  force  is 
the  rate  ofcliange  or  acceleration*  of  momentum  it  produces 
in  a  unit  of  time. 

If  the  force  is  constant,  (3)  becomes  by  (1)  of  Art  9, 

P  =  f .  (4) 

And  if  the  force  is  variable,  (3)  becomes  by  (3)  of  Art  9, 
P  =  M%  (5) 

21.  The  Absolute  or  Kinetic  Unit  of  Force. — 

A  second,  a  foot,  and  a  pound  being  the  units  of  time,  space, 
and  mass,  respectively  (Arts.  1  and  13),  we  are  required  to 
find  the  corresponding  unit  of  force  that  the  above  equation 
may  be  true.  The  unit  of  force  is  that  force  which,  acting 
for  one  second,  on  the  mass  of  one  pound,  generates  in  it  a 
velocity  of  one  foot  per  second.  Now,  from  the  results  of 
numerous  experiments,  it  has  been  ascertained  that  if  a 
body,  weighing  one  pound,  fall  freely  for  one  second  at  the 
sea  level,  it  wiU  acquire  a  velocity  of  about  32.3  feet  per 
second ;  i.  e.,  a  force  equal  to  the  weight  of  a  pound,  if 
acting  on  the  mass  of  a  pouud,  at  the  sea  level,  generates  in 
it  in  one  second,  if  free  to  move,  a  velocity  of  nearly  33.2 
feet  per  second.     It  follows,  therefore,  that  a  force  of 

^—x  of  the  weight  of  a  pound,  if  acting  on  the  mass  of 

a  pound,  at  the  sea  level,  generates  in  it  in  one  second,  if 
free  to  move,  a  velocity  of  one  foot  per  second  ;  and  hence 

*  See  Tait  and  Steele's  Dynamics  of  a  Particle,  p.  43. 
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the  unit  of  force  is  ^^r-^  of  the  weight  of  a  pound,  or  rather 

less  than  the  weight  of  half  an  ounce  avoirdupois  ;  so  that 
half  an  ounce,  acting  on  the  mass  of  a  pound  for  one 
second,  will  give  to  it  a  velocity  of  one  foot  per  second. 
This  is  the  British  absolute  kinetic*  unit  of  force. 

In  order  that  Eq.  3  (Art.  30)  may  be  universally  true 
when  a  second,  a  foot,  and  a  pound  are  the  units  of  time, 
space,  and  mass  respectively,  all  forces  must  be  expressed  in 
terms  of  this  unit. 

22.  Three  Ways  of  Measuring  Force. — (1.)  If  a 
force  does  not.  produce  motion  it  is  measured  by  the  pres- 
sure it  produces,  or  the  number  of  pounds  it  will  support 
(Art.  16).  This  is  the  measure  of  Static  Force,  and  its 
unit  is  the  weight  of  a  pound. 

(2.)  If  we  consider  forces  as  always  acting  on  a  unit  of 
mass,  and  suppose  that  there  are  no  forces  acting  in  the 
opposite  direction,  then  these  forces  will  be  measured 
simply  by  the  velocities  or  accelerations  which  they  generate 
in  a  given  time.  This  is  the  measure  of  Accelerating  Force, 
and  its  unit  is  that  force  which,  acting  on  the  unit  of  mass, 
during  the  unit  of  time,  generate  the  unit  of  velocity; 
hence  (Art.  31),  the  unit  of  force  is  the  force  which,  acting 
on  one  pound  of  mass  for  one  second,  generates  a  velocity  of 
one  foot  per  second. 

(3.)  If  forces  act  on  different  masses,  and  produce  motion 
in  them,  and  we  consider  as  before  that  there  are  no  forces 
acting  in  the  opposite  direction,  then  the  forces  are  meas- 
ured by  the  quantity  of  motion,  or  by  the  acceleration  of 
momentu?n  generated  in  a  unit  of  time  (Art.  20).  This  is 
the  measure  of  Moving  Force,  and  its  unit  (Art.  21)  is  the 
force  which,  acting  on  one  pound  of  mass  for  one  second, 
generates  a  velocity  of  one  foot  per  second. 

*  Introduced  by  GausB. 
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It  must  be  understood  that  when  we  speak  of  static, 
accelerating,  or  moving  forces,  we  do  not  refer  to  different 
kinds  of  force,  but  only  to  force  as  measured  in  different 
ways. 

23.  Meaning  of  g  in  Dynamics.— The  most  impor- 
tant case  of  a  constant,  or  very  nearly  constant,  force  is 
gravity  at  the  surface  of  the  earth.  The  force  of  gravity  is 
so  nearly  constant  for  places  near  the  earth's  surface,  that 
falling  bodies  may  be  taken  as  examples  of  motion  under  a 
constant  force.  A  stone,  let  fall  from  rest,  moves  at  iirst 
very  slowly.  During  the  first  tenth  of  a  second  the  velocity 
is  very  small.  In  one  second  the  stone  has  acquired  a 
velocity  of  about  33  feet  per  second. 

A  great  number  of  experiments  have  been  made  to  ascer- 
tain the  exact  velocity  which  a  body  would  acquire  in  one 
second  under  the  action  of  gravity,  and  freed  from  the 
resistance  of  the  air.  The  most  accurate  method  is  indi- 
rect, by  means  of  the  pendulum.  The  result  of  pendulum 
experiments  made  at  Leith  Eort,  by  Captain  Kater,  is, 
that  the  velocity  acquired  by  a  body  falling  unresisted  for 
one  second  is,  at  that  place,  32.207  feet  per  second.  The 
velocity  acquired  in  one  second,  or  the  acceleration  (Art. 
10),  of  a  body  falling  freely  in  vacuo,  is  found  to  vary 
slightly  with  the  latitude,  and  also  with  the  elevation  above 
the  sea  level.  In  London  it  is  32.1889  feet  per  second.  In 
latitude  45°,  near  Bordeaux,  it  is  33.1703  feet  per  second. 

This  acceleration  is  usually  denoted  by  g ;  and  when  we 
say  that  at  any  place  g  is  equal  to  32,  we  mean  that  the 
velocity  generated  per  second  in  a  body  falling  freely* 
under  the  action  of  gravity  at  that  place,  is  a  velocity  of 
33  feet  per  second.  The  average  value  of  g  for  the  whole 
of  Great  Britain  differs  but  little  from  33.3  ;  and  hence  the 
numerical  value  of  g  for  that  country  is  taken  to  be  33.3. 

*  A  body  is  said  to  be  moviDgfreely  when  it  is  acted  upon  by  no  forces  except 
those  under  consideration. 
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The  formula,  deduced  from  observation,  and  a  certain 
theory  regarding  the  figure  and  density  of  the  earth,  which 
may  be  employed  to  calculate  the  most  probable  value  of 
the  apparent  force  of  gravity,  is 

g  =  G{1  +  .005133  sin^  A), 

where  G  is  the  apparent  force  of  gravity  on  a  unit  mass  at 
the  equator,  and^  the  force  of  gravity  in  any  latitude  A; 
the  value  of  0,  in  terms  of  the  British  absolute  unit,  being 
33.088.     (See  Thomson  and  Tait,  p.  226.) 

24.  G-ravitation  Units  of  Force  and  Mass. — If  in 

(3)  of  Art.  20,  we  put  for  P,  the  weight  W  of  the  body, 
and  write  g  for  /  since  we  know  the  acceleration  is  g,  (3) 
becomes 

W  =  mg.  (1) 

W 

w 

and  hence  —  may  be  taken  as  the  measure  of  the  mass. 
ff 

In  gravitation  measure  forces  are  measured  ly  the  pres- 
sure they  will  produce,  and  the  unit  of  force  is  one  pound 
(Art.  16),  and  the  unit  of  mass  is  the  quantity  of  matter  in 
a  body  which  weighs  g  pounds  at  that  place  where  the  accel- 
eration of  gravity  is  g. 

This  definition  gives  a  unit  of  mass  which  is  constant  at 
the  same  place,  but  changes  with  the  locality ;  i.  e.,  its  weight 
changes  with  the  locality  while  the  quantity  of  matter  in  it 
remains  the  same.  Thus,  the  unit  of  mass  would  weigh  at 
Bordeaux  32.1703  pounds  (Art.  23),  while  at  Leith  Fort  it 
would  weigh  33.207  pounds.  Let  m  be  the  mass  of  a  body 
which  weighs  w  pounds.  The  quantity  of  matter  in  this 
body  remains  the  same  when  carried  from  place  to  place. 
If  it  were  possible  to  transport  it  to  another  planet  its  mass 
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would  not  be  altered,  but  its  weight  would  be  very  different. 

Its  weight  wherever  placed  would  yary  directly  as  the  force 

of  grayity ;  but  the  acceleration  also  would  vary  directly  as 

the  force  of  gravity.     If  placed  on  the  sun,  for  example,  it 

would  weigh  about  28  times  as  much  as  on  the  surface  of 

the  earth ;  but  the  acceleration  on  the  sun  would  also  be 

28  times  as  much  as  on  the  surface  of  the  earth  ;  that  is, 

the  ratio  of  the  weight  to  the  acceleration,  anywhere  in 

W 
the  universe  is  constant,   and  hence    — ,  which    is  the 

y 

numerical  value  of  m  (Eq.  2),  is  constant  for  the  same 
mass  at  all  places. 

25.  Comparison  of  Gravitation  and  Absolute 
Measure. — The  pound  weight  has  been  long  used  for  the 
measurement  oi  force  instead  of  mass,  and  is  the  recognized 
standard  of  reference.  It  came  into  general  use  because  it 
afforded  the  most  ready  and  simple  method  of  estimating 
forces.  The  pressure  of  steam  in  a  boiler  is  always  reck- 
oned in  pounds  per  square  inch.  The  tension  of  a  string  is 
estimated  in  pounds ;  the  force  necessary  to  draw  a  train  of 
cars,  or  the  pressure  of  water  against  a  lock-gate,  is 
expressed  in  pounds.  Such  expressions  as  "a  force  of 
10  pounds,"  or  "  a  pressure  of  steam  equal  to  50  pounds  on 
the  inch,"  are  of  every  day  occurrence.  Therefore  this 
method  of  measuring  forces  is  eminently  convenient  in 
practice.  For  this  reason,  and  because  it  is  the  one  used 
by  most  engineers  and  writers  of  mechanics,  we  shall  adopt 
it  in  this  work,  and  adhere  to  the  measurement  of  force  by 
pounds,  and  give  all  our  results  in  the  usual  gravitation 
measure.     In  this  measure  it  is  convenient  to  represent  the 

W 
mass  of  a  body  weighing  W  pounds  by  the  fraction  — 

(Art.  34),  so  that  (3)  of  Art.  20  becomes 

W 
P  =  jf'  (1) 
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To  do  SO  it  will  only  be  necessary  to  assume  that  the  unit 
of  mass  is  the  quantity  of  matter  in  a  body  weighing  g 
pounds,  and  changes  in  weight  in  the  same  proportion  that 
g  changes  (Art.  24). 

Of  course,  the  units  of  mass  and  force  in  (3)  of  Art.  20 
may  be  either  absolute  or  gravitation  units.  If  absolute, 
the  unit  of  mass  is  one  pound  (Art.  12),  and  the  unit  of 

force  is  -  pounds  (Art.  21).    If  gravitation,  the  units  are 

g  times  as  great;  i.  e.,  the  unit  of  mass  is  g  pounds  (Art. 
24),  and  the  unit  of  force  is  one  pound  (Art.  16). 

The  advantage  of  the  gravitation  measure  is,  it  enables  us 
to  express  the  force  in  pounds,  and  furnishes  us  with  a  con- 
stant numerical  representative  for  the  same  quantity  of 
matter;  that  is  to  say,  a  mass  represented  by  20  on  the 
equator  would  be  represented  by  20,  at  the  pole  or  on 
the  sun.  Hence,  in  (1),  P  is  the  static  measure  of 
any  moving  force  [Art.  22,  (3)],  W  is  the  tveigJit  of  the 
body  in  pounds,  g  the  acceleration  of  gravity  (Art.  24), 

W 

—  the  mass  upon  which  the  force  acts  [(3)  of  Art.  24],  and 

which  is  free  to  move  under  the  action  of  F,  the  unit  of 
mass  being  the  mass  weighing  g  pounds,  and  /  the 
acceleration  which  the  force  P  produces  in  the  mass. 

E  XAM  PLES 

1.  Compare  the  velocities  of  two  points  which  move 
uniformly,  one  through  5  feet  in  half  a  second,  and  the 
other  through  100  yards  in  a  minute.    Ans.  As  2  is  to  1. 

2.  Compare  the  velocities  of  two  points  which  moVe  uni- 
formly, one  through  720  feet  in  one  minute,  and  the  other 
through  3^  yards  in  three-quarters  of  a  second. 

Ans.  As  6  is  to  7. 

3.  A  railway  train  travels  100  miles  in  2  hours ;  find 
the  average  velocity  in  feet  per  second.  Ans.  73^. 
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4.  One  point  moves  uniformly  round  the  circumference 
of  a  circle,  while  another  point  moves  uniformly  along 
the  diameter ;  compare  their  velocities. 

Ans.  As  n  is  to  1. 

5.  Supposing  the  earth  to  he  a  sphere  25000  miles  in 
circumference,  and  turning  round  once  in  a  day,  deter- 
mine the  velocity  of  a  point  at  the  equator. 

Ans.  1527^  ft.  per  sec. 

6.  A  body  has  described  50  feet  from  rest  in  2  seconds, 
with  uniform  acceleration  ;  find  the  velocity  acquired. 

From  (1)  of  Art.  9  we  have 

/=25; 
and  from  (4)  we  have      ft  =  v; 
.-.    V  =  50. 

7.  Find  the  time  it  will  take  the  body  in  the  last  exam- 
ple to  move  over  the  next  150  feet. 

From  (5)  of  Art.  9  we  have 

8  =  ^jPi    .-.    etc. 

Ans.  2  seconds. 

8.  A  body,  moving  with  uniform  acceleration,  describes 
63  feet  in  the  fourth  second ;  find  the  acceleration. 

Ans.  18. 

9.  A  body,  with  uniform  acceleration,  describes  72  feet 
while  its  velocity  increases  from  16  to  20  feet  per  second ; 
find  the  whole  time  of  motion,  and  the  acceleration. 

Ans.  20  seconds ;  1. 

10.  A  body,  in  passing  over  9  feet  with  uniform  accelera- 
tion, has  its  velocity  increased  from  4  to  5  feet  per  second ; 
find  the  whole  space  described  from  rest,  and  the  accelera- 
tion. Ans.  25  feet ;  J. 
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11.  A  body,  nniformly  accelerated,  is  found  to  be  mov- 
ing at  the  end  of  10  seconds  with  a  velocity  which,  if 
continued  uniformly,  would  carry  it  through  45  miles  in 
the  next  hour  ;  find  the  acceleration.  Ans.  6-|. 

12.  Find  the  mass  of  a  straight  wire  or  rod,  the  density 
of  which  varies  directly  as  the  distance  from  one  end. 

Take  the  end  of  the  rod  as  origin ;  let  a  =  its  length ; 
let  the  distance  of  any  point  of  it-  from  that  end  =  x ; 
and  let  w  =  the  area  of  its  transverse  section,  and  h  =  the 
density  at  the  unit's  distance  from  the  origin.     Then 

«?  F  =  udx ;    and    p  ■=  hx; 

and  (2)  of  Art.  11  becomes 

ilf  =    /    koxc  dx  =  — j5— 
«/o  2 

13.  JFind  the  mass  of  a  circular  plate  of  uniform  thick- 
ness, the  density  of  which  varies  as  the  distance  from  the 
centre. 

Ans.  |7rMa',  where  a  is  the  radius,  h  the  density  at 
the  unit's  distance,  and  h  the  thickness. 

14.  Find  the  mass  of  a  sphere,  whose  density  varies 
inversely  as  the  distance  from  the  centre. 

Am,  2npa\  where  p  is  the  density  of  the  outside  stratur«. 


STATICS     (REST) 


CHAPTER    II. 

THE    COMPOSITION    AND     RESOLUTION    OF   CONCUR. 
RING    FORCES— CONDITIONS    OF    EQUILIBRIUM. 

26.  Problem  of  Statics.  —The  primary  conception  of 
force  is  that  of  a  cause  of  motion  (Art.  14).  If  only  one 
force  acts  on  a  particle  it  is  clear  that  the  particle  cannot 
remain  at  rest.  In  statics  it  is  only  the  tendency  which 
forces  have  to  produce  motion  that  is  considered.  There 
must  be  at  least  two  forces  in  statics ;  and  they  are  con- 
sidered as  acting  so  as  to  counteract  each  other's  tendency 
to  cause  motion,  thereby  producing  a  state  of  equilibrium 
in  the  bodies  to  which  they  are  applied.  The  forces  which 
act  upon  a  body  may  be  in  equilibrium,  and  yet  motion 
exist ;  but  in  such  cases  the  motion  is  uniform.  ■  Hence 
there  are  two  kinds  of  equilibrium,  the  one  relating  to 
bodies  at  rest,  the  other  relating  to  bodies  in  motion.  The 
former  is  sometimes  called  Static  Equilibrium  and  the  lat- 
ter Kinetic  (or  Dynamic*)  BquiHbrium.  The  problem  of 
statics  is  to  determine  the  conditions  under  which  forces  act 
lolien  they  keep  bodies  at  rest. 

27.  Concurring  and  Conspiring  Forces.— Result- 
ant.— When  several  farces  have  a  common  point  of  appli- 
cation they  are  called  concurring  forces ;  when  they  act  at 
the  same  point  and  along  the  same  right  line  they  are 
called  conspiring  forces. 

The  resultant  of  two  or  more  forces  is  that  force  which 
singly  will  produce  the  same  effect  as  the  forces  them- 
selves when  acting  together.  The  individual  forces,  when 
considered  with  reference  to    this    resultant,   are    called 

*  Gregory's  Mechanics,  p.  \i. 
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components.    The  process  of  finding  the  resultant  of  several 
forces  is  called  the  composition  offerees. 

28.  Composition  of  Conspiring  Forces. — Condi- 
tion of  Equilibrium. — When  two  or  more  conspiring 
forces  act  in  the  same  direction,  it  is  eyident  that  the 
resultant  force  is  equal  to  their  sum,  and  acts  in  the  same 
direction. 

When  two  conspiring  forces  act  in  opposite  directions 
their  resultant  force  is  equal  to  their  difEerence,  and  acts  in 
the  direction  of  the  greater  component. 

When  several  conspiring  forces  act  in  different  directions 
the  resultant  of  the  forces  acting  in  one  direction  equals 
the  sum  of  these  forces,  and  acts  in  the  same  dii'ection ; 
and  so  of  the  forces  acting  in  the  opposite  direction. 
Therefore,  the  resultant  of  all  the  forces  is  equal  to  the 
difference  of  these  sums,  and  acts  in  the  direction  of  the 
greater  sum.  Hence,  if  the  forces  acting  in  one  direction 
are  reekoned  positive,  and  those  in  the  opposite  direction 
negative,  their  resultant  is  equal  to  their  algebraic  sum ; 
its  sign  determining  the  direction  in  which  it  acts.  Thus, 
if  Pj,  Pg,  P3,  etc.,  are  the  conspiring  forces,  some  of 
which  may  be  positive  and  the  others  negative,  and  E  is 
the  resultant,  we  have 

B  =  Pt  +  P2  +  P3  +  etc.  =  2P,  (1) 

in  which  S  denotes  the  algebraic  sum  of  the  terms  similar 
to  that  written  immediately  after  it. 

Cob. — The  condition  that  the  forces  may  be  in  equilib- 
rium is  that  their  resultant,  and  therefore  their  algebraic 
sum,  must  vanish.  Hence,  when  the  forces  are  in  equilib- 
rium we  must  have  B  =  0;  therefore  (1)  becomes 

P^+  P^  +  P3+  etc.  =  SP  =  0.  (2) 
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29.  Composition  of  Velocities.  — //  a,  particle  be 
moving  with  two  uniform  velocities  represented  in 
magnitiode  and  direction  by  the  two  adjacent  sides 
of  a,  parallelogram,  the  resultant  velocity  will  be 
represented  in  magnitude  and  direction  by  the 
diagonal  of  the  parallelogram. 

Let  the  particle  move  with  a  uniform 
velocity  v,  which  acting  alone  will  take 
it  in  one  second  from  A  to  B,  and  with 
a  uniform  velocity  v',  which  acting 
alone  will  take  it  in  one  second  from  A 
to  C  ;  at  the  end  of  one  second  the  par- 
ticle will  be  found  at  D,  and  AD  will  represent  in  magni- 
tude and  direction  the  resultant  of  the  velocities  represented 
by  AB  and  AC. 

Suppose  the  particle  to  move  uniformly  along  a  straight 
tube  which  starts  from  AB,  and  moves  uniformly  parallel 
to  itself  with  its  extremity  in  AC  When  the  particle  starts 
from  A  the  tube  is  in  the  position  AB.  When  the  particle 
has  moved  over  any  part  of  AB,  the  end  of  the  tube  has 
moved  over  the  same  part  of  AC,  and  the  particle  is  on  the 

line  AD.    For  example,  let  AM  be  the  -th  part  of  AB,  and 

AN  be  the  -th  part  of  AC  ;  while  the  particle  moves  from 

A  to  M,  the  end  A  with  the  tube  AB  will  move  from  A  to 
IST,  and  the  particle  will  be  at  P,  the  tube  occupying  the 
position  NL,  and  PM  being  parallel  and  equal  to  AN.  P 
can  be  proved  to  be  on  the  diagonal  AD  as  follows  : 

AM  :  MP    ::    —  :  —    ::    AB  :  AC  (=  BD); 

therefore  P  lies  on  the  diagonal  AD.    Also  since 
AM  :  AB    : :    AP  :  AD, 
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the  resultant  velocity  is  uniform.  Hence,  the  diagonal  AD 
represents  in  magnitude  and  direction  the  resultant  of  the 
velocities  represented  by  AB  ^nd  AC. 

This  proposition  is  known  as  the  Parallelogram  of 
Velocities. 

30.  Composition  of  Forces. — Prom  the  Parallelo- 
gram of  Velocities  the  Parallelogram  of  Forces  follows 
immediately.  Since  two  simultaneous  velocities,  AB  and 
AC,  of  a  particle,  result  in  a  single  velocity,  AD,  and  since 
these  three  velocities  may  be  regarded  as  the  measures  of 
three  separate  forces  all  acting  for  the  same  time  (Art.  19), 
it  follows  that  the  effect  produced  on  a  particle  by  the  com- 
bined action,  for  the  same  time,  of  two  forces  may  be  pro- 
duced by  the  action,  for  the  same  time,  of  a  single  force, 
which  is  therefore  called  the  resultant  of  the  other  two 
forces ;  and  these  forces  are  represented  in  magnitude  and 
direction  by  AB,  AC,  and  AD.  (See  Minchin,  p.  7,  also 
Garnetfs  Dynamics,  p.  10.)' 

Hence  if  two  concurring  forces  he  represented  in  magni- 
tude and  direction  by  the  adjacent  sides  of  a  parallelogram, 
their  resultant  will  be  represented  in  magnitude  and  direction 
by  the  diagonal  of  the  parallelogram.  Care  must  be  taken 
in  constructing  the  parallelogram  of  forces  that  the  com- 
ponents both  act  from  the  angle  of  the  parallelogram  from 
■which  the  diagonal  is  drawn. 

This  proposition  has  been  proved  in  various  ways.  It  was  enun- 
ciated in  its  present  form  by  Sir  Isaac  Newton,  and  by  Varignon,  the 
celebrated  mathematician,  in  the  year  1687,  probably  independent  of 
each  other.  Since  that  time  various  proofs  of  it  have  been  given  by 
different  mathematicians.  One  work  gives  a  disenssion,  more  or  less 
complete,  of  45  other  proofs.  A  noted  analytic  proof  is  given  by 
M.  Poisson.  (See  Price's  Cal.,  Vol.  Ill,  p.  19).  Some  authors  object 
to  proving  the  parallelogram  of  forces  by  means  of  the  parallelogram 
of  velocities.  (See  Gregory's  Mechanics,  p.  14.)  The  student  who 
wants  other  proofs  is  referred  to  Duchayla's  proof  as  found  in  Tod- 
hunter's  Statics,  p.  7,  and  in  Galbraith's  Mechanics,  p.  7,  and  in  many 
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other  works  ;  or  to  Laplace's  proof.  (See  Mecanique  Celeste,  Liv.  I, 
chap.  1.) 

If  6  be  the  angle  between  the  sides  of  the  parallelogram, 
AB  and  AC  (Pig.  3),  and  P  and  Q  represent  the  two  com- 
ponent forces  acting  at  A,  and  B  represent  the  resultant, 
AD,  we  have  from  trigonometry, 

m=z  F^  +  Q^  +  2PQ  cos  d  (1) 

an  equation  which  gives  the  magnitude  of  the  resultant  of 
two  forces  in  terms  of  the  magnitudes  of  the  two  forces  and 
the  angle  between  their  directions,  the  forces  being  repre- 
sented by  two  lines,  both  drawn  from  the  point  at  which 
they  act. 

Cor. — If  d  =z  90°,  and  a  and  0  be  the  angles  which  the 
direction  of  E  makes  with  the  directions  of  P  and  Q,  we 
have  from  (1) 


Also  cos  a  =:  -n, 


m  =  P^+  q\  (3) 

(3) 


cos  /?  =  -^ ; 

from  which  the  magnitude  and  direction  of  the  resultant 
are  determined. 

31.  Triangle  of  Forces. — If  three  concurring 
forces  he  represented  in  magnitude  and  direction 
hy  the  sides  of  a  triangle,  taken  in  order,  they  will 
he  in  equilibrium. 

Let  ABO   be  the   triangle  whose 
sides,   taken  in  order,   represent  in 
magnitude  and  direction  three  forces 
applied  at  the  point  A.     Complete    d       pin-s 
3 
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the  parallelogram  ABCD.  Then  the  forces,  AB  and  BO, 
applied  at  A,  are  expressed  by  AB  and  KD  (since  AD  is 
equal  and  parallel  to  BO).  But  the  resultant  of  AB  and 
AD  is  AC,  acting  in  the  direction  AC.  Therefore  the  three 
forces  represented  by  AB,  BO,  and  OA,  are  equivalent  to 
two  forces,  AC  and  OA,  the  former  acting  from  A  towards 
C  and  the  latter  from  0  towards  A,  which,  being  equal  and 
opposite,  will  clearly  balance  each  other.  Therefore  the 
three  forces  represented  by  AB,  BO,  and  OA,  acting  at  the 
point  A,  will  be  in  equilibrium. 

It  should  be  observed  that  though  BO  represents  the 
magnitude  and  direction  of  the  component,  it  is  not  in  the 
line  of  its  action,  because  the  ,three  forces  act  at  the 
point  A. 

The  converse  of  this  is  also  true  ;  viz.,  K  three  concurring 
forces  are  in  equilibrium,  they  may  be  represented  in  mag- 
nitude and  direction  by  the  sides  of  a  triangle,  drawn 
parallel  respectively  to  the  directions  of  the  forces. 

Thus,  if  AB  and  BC  represent  two  forces  in  magnitude 
and  direction,  AC  will  represent  the  resultant,  and  hence  to 
produce  equilibrium  the  resultant  force  AC  must  be  opposed 
by  an  equal  and  opposite  force  OA.  Therefore,  the  three 
forces  in  equilibrium  will  be  represented  by  AB,  BC,  and 
OA. 

CoE. — When  three  concurring  forces  are  in  equilibrium, 
each  is  equal  and  directly  opposite  to  the  resultant  of  the 
other  two. 

32.  Relations  between  Three  Concurring  Forces 
in  Equilibrium. — Since  the  sides  of  a  plane  triangle  are 
ae  the  sines  of  the  opposite  angles,  we  have  (Pig.  3) 

AB  :  BC  (or  AD)  :  AC  : :  sin  AOB  :  sin  BAC  :  sin  ABO 
: :  sin  DAC  :  sin  BAC  :  sin  BAD. 

Hence,  calling  P,  Q,  and  B,  the  forces  represented  by  AB, 
AD,  and  AC,  and  denoting  the  angles  between  the  direc- 
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tions  of  the  forces  P  and  Q,  Q  and  E,  and  E  and  P,  by 
AAA 
PQ>  QR,  and  EP,  respectively,  we  have 

AAA  ^  ^ 

sin  QE       sin  SP       sin  PQ 

Therefore,  when  three  concurring  forces  are  in  equilibrium 
they  are  respectively  in  the  same  proportion  as  the  sines  of 
the  angles  included  between  the  directions  of  the  oilier  two. 

33.  The  Polygon  of  Forces.—//'  amj  number  of 
concurring  forces  he  represented  in  magnitude  und, 
direction  by  the  sides  of  a  closed  polygon  taken  in 
order,  they  will  be  in  equilibrium. 

Let  the  forces  be  represented    in     PbK: 
magnitude  and  direction  by  the  lines        \ 
APj,  AP3,  AP3,  AP„  APg.     Take  V^-^^p- 

AB  to  represent  APj,  through  B  draw         ^^^^~^~^C' 
BC  equal  and  parallel  to  APg ;  the     ^r         i  V'^"^"*-.^ 
resultant  of  the  forces  AB  and  BC,  or  ''»   \  J^° 

APi  and  APg  is  represented  by  AC  .  e 

(Art.   31).      Of  course   the  resultant  '^'■ 

acts  at  A  and  is  parallel  to  BC.  Again  through  C  draw  CD 
equal  and  parallel  to  APg,  the  resultant  of  AC  and  CD,  or 
APj,  APg,  and  AP3  is  AD.  Also  through  D  draw  DE 
equal  and  parallel  to  AP^,  the  resultant  of  AD  and  DE,  or 
APj,  APj,  AP3,  and  AP^  is  AE.  Wow  if  AE  is  equal  and 
opposite  to  APg  the  system  is  in  equilibrium  (Art.  18). 
Hence  the  forces  represented  by  AB,  BC,  CD,  DE,  EA 
will  be  in  equilibrium. 

CoK.  1. — Any  one  side  of  the  polygon  represents  in 
magnitude  and  direction  the  resultant  of  all  the  forces 
represented  by  the  remaining  sides. 

Cor.  2. — If  the  lines  representing  the  forces  do  not  form 
a  closed  polygon  the  forces  are  not  in  equilibrium  ;  in  this 
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case  the  last  side,  AE,  taken  from  A  to  E,  or  that  which  is 
required  to  close  up  the  polygon,  represents  in  magnitude 
and  direction  the  resultant  of  the  system. 

34.  Farallelopiped  of  Forces.—//  three  concur- 
ring forces,  not  in  the  same  plane,  are  represented 
in  magnitude  and  direction  by  the  three  edges  of 
a  parallelopiped,  then  the  resultant  will  be  repre- 
sented in  magnitude  and  direction  by  the  diag- 
onal; conversely,  if  the  diagonal  of  a  parallel- 
opiped represents  a  force,  it  is  equivalent  to  three 
forces  represented  by  the  edges  of  the  parallel- 
opiped. 

Let  the  three  edges  AB,  AC,  AD  of  the 
parallelopiped  represent  the  three  forces, 
applied  at  A.  Then  the  resultant  of  the 
forces  AB  and  AC  is  AB,  the  diagonal  of 
the  face  ABCE ;  and  the  resultant  of  the 
forces  AB  and  AD  is  AF,  the  diagonal  of 
the  parallelogram  ADFE.  Hence  AF  represents  the 
resultant  of  the  three  forces  AB,  AC,  and  AD., 

ConYersely,  the  force,  AF,  is  equivalent  to  the  three 
components  AB,  AC,  and  AD. 

Let  F,  Q,  S  represent  the  three  forces  AB,  AC,  AD ;  R, 
the  resultant;  «,  /3,  y,  the  angles  which  the  direction  of  B 
makes  with  the  directions  of  P,  Q,  S,  and  suppose  the 
forces  to  act  at  right  angles  with  each  other.    Then  since 


a 


Fig.S 


we  have 
also, 


AF^  =  AB*  +  AC  V  AD', 


P 
cos  «  =  ;^5 

cosi3  =  |,; 

S 
cosy  =  -g;j 


(1) 


(2) 
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from  which  the  magnitude  and  direction  of  the  resultant 
are  determined. 

EXAMPLES. 

1.  Three  forces  of  5  lbs.,  3  lbs.,  and  2  lbs.,  respectiyely, 
act  upon  a  point  in  the  same  direction,  and  two  other  forces 
of  8  lbs:  and  9  lbs.  act  in  the  opposite  direction.  What 
single  force  will  keep  the  point  at  rest  ?  Ans.  7  lbs. 

3.  Two  forces  of  5|  lbs.  and  3^-  lbs.,  applied  at  a  point, 
urge  it  in  one  direction ;  and  a  force  of  2  lbs.,  applied  at 
the  same  point,  urges  it  in  the  opposite  direction.  What 
additional  force  is  necessary  to  preserve  equilibrium  ? 

Ans.  t  lbs. 

3.  If  a  force  of  13  lbs.  be  represented  by  a  line  of  Q\ 
inches,  what  line  will  represent  a  force  of  7^  lbs.  ? 

Ans.  3f  inches. 

4.  Two  forces  whose  magnitudes  are  as  3  to  4,  acting  on 
a  point  at  right  angles  to  each  other,  produce  a  resultant  of 
20  lbs.;  required  the  component  forces. 

Ans.  12  lbs.  and  16  lbs. 

5.  Let  ABO  be  a  triangle,  and  D  the  middle  point  of 
the  side  BC.  If  the  three  forces  represented  in  magnitude 
and  direction  by  AB,  AC,  and  AD,  act  upon  the  point  A ; 
find  the  direction  and  magnitude  of  the  resultant. 

Ans.  The  direction  is  in  the  line  AD,  and  the  magni- 
tude is  represented  by  3AD. 

6.  When  P  =  §  and  0  =  60°,  find  R. 

Ans.  R  =  PVS. 

7.  When  F  =  Q  and  0  =  135°,  find  R. 


Ans.  R  =  fV-Z  —  V2. 

When  P  =  §  and  e  =  130°,  find  R. 

Ans.  R  ■=  F. 
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9.  If  P  =  0,  show  that  their  resultant  R  =  %P  cos  -• 

10.  If  P  =  8,  and  Q  =  10,  and  6  =  60°,  find  E. 

Ans.  E  =  2  VeT. 

11.  If  P  =  IM,  E  =  145,  and  6  =  90°,  find  Q. 

Ans.   Q  =  17. 

13.  Two  forces  of  4  lbs.  and  3  \/2  lbs.  act  at  an  angle  of 
45°,  and  a  third  force  of  ^43  lbs.  acts  at  right  angles  to 
their  plane  at  the  same  point ;  find  their  resultant. 

Alls.  10  lbs. 

35.  Resolution  of  Forces. — By  the  resolution  of  forces 
is  meant  the  process  of  finding  the  components  of  given  forces. 
We  have  seen  (Art.  30)  that  two  concurring  forces,  P  and 
Q  =  AB  and  AC,  (Fig.  3)  are  equivalent  to  a  single  force 
E  =  AD ;  it  is  evident  then  that  the  single  force,  E,  acting 
along  AD,  can  be  replaced  by  the  two  forces,  F  and  Q, 
represented  in  magnitude  and  direction  by  two  adjacent 
sides  of  a  parallelogram,  of  which  AD  is  the  diagonal. 

Since  an  infinite  number  of  parallelograms,  of  cac^i  of 
which  AD  is  the  diagonal,  can  be  constructed,  it  follows 
that  u  single  force,  E,  can  be  resolved  into  two  other  forces 
in  an  infinite  number  of  ways. 

Also,  each  of  the  forces  AB,  AC,  may  be  resolved  into 
two  others,  in  a  way  similar  to  that  by  which  AD  was 
resolved  into  two ;  and  so  on  to  any  extent.  Hence,  a  single 
force  may  be  resolved  into  any  number  of  forces,  whose 
combined  action  is  equivalent  to  the  original  force. 

CoE. — The  most  convenient  compo- 
nents into  which  a  force  can  be  resolved 
are  those  whose  directions  are  at  right 
angles  to  each  other.  Thus,  let  OX 
and  OF  be  any    two    lines    at  right  ^'*" 

angles  to  each  other,  and  P  any  force  acting  at  0  in  the 
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plane  XOT.  Then  completing  the  rectangle  OMPN  we 
find  the  components  of  P  along  the  axes  OX  and  01^  to  be 
OM  and  ON,  which  denote  by  X  and  Y.  Then  we  have 
clearly 

X  =z  P  cos  a, 

Y=  Psm 


(1) 


where  a  is  the  angle  which  the  direction  of  P  makes  with 
OX.  These  components  X  and  Y  are  called  the  rect- 
angular components.  The  rectangular  component  of  a 
force,  P,  along  a  right  line  is  P  x  cosine  of  angle  between 
line  and  direction  of  P- 

In  strictness,  when  we  speak  of  the  component  of  a  given 
force  along  a  certain  line,  it  is  necessary  to  mention  the 
other  hne  along  which  the  other  component  acts.  In  this 
work,  unless  otherwise  expressed,  the  component  of  a  force 
along  any  line  will  be  understood  to  be  its  rectangular 
component;  i.  e.,  the  resolution  will  be  made  along  this  line 
and  the  line  perpendicular  to  it. 

36.  To  find  the  Magnitude  and  Direction  of  the 
Resultant  of  any  number  of  Concurring  Forces  in 
one  Plane. — When  there  are  several  concurring  forces,  the 
condition  of  their  equilibrium  may  be  expressed  as  in 
Art.  33,  Cors.  1  and  2.  But  in  practice  we  obtain  much 
simpler  results  by  using  the  principle  of  the  Resolutwn  of 
Forces  (Art.  35),  than  those  given  by  the  principle  of 
Composition  of  Forces. 

Let  0  be  the  point  at  which  all 
the  forces  act.  Through  0  draw  the 
rectangular  axes  XX',  YY'.  Let 
Pj,  Pg,  Pg,  etc.,  be  the  forces  and 
.«!,  Kg,  Kg,  etc.,  be  the  angles 'which 
their  directions  make  with  the  axis 
of  x. 

Now  resolve  each  force  into  its  two 
components  along  the  axes  of  x  and  y.    Then  the  com- 
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ponents  along  the  axis  of  x  (^-components)  ai"e  (Art. 
35,  Cor.),  Pi  cos  a^,  Pg  cos  «g,  Pj  cos  a^,  etc.,  and  those 
along  the  axis  of  y  are  Pj  sin  «j,  P^  sin  ttg,  Pj  sin  Wj, 
etc. ;  and  therefore  if  X  and  Y  denote  the  algebraic  sum  of 
the  ic-components  and  y-components  respectively,  we  have 

X=  P^  cos  «!  +Pg  cos  Kg+Pg  cos  osg  -l-etc. )      ,j^. 
=  SP  cos  «,  I      ^  ' 

F=  Pj  sin  Kj+Pg  sin  Wg  +  Pg  sin  Wj  +  etc.  \       ,„, 
=  2P  sin  «.  (      ^  ' 

Let  R  be  the  resultant  of  all  the  forces  acting  at  0,  and  B 
the  angle  which  it  makes  with  the  axis  of  x ;  then  resolving 
B  into  its  x-  and  ^-components,  we  have 


Bco&O  =  X  =  2P  cos  a, 
^  sin  e  =  F  =  2P  sin 


:}       <') 


.-.    P2  =  X2-M^;  tan0  =  J,  (4) 

which    determines  the  magnitude  and  direction  of   the 
resultant. 

SCH. — Kegarding  OX  and  OF  as  positive  and  OX^  and 
OY^  as  negative  as  in  Anal.  Geom.,  we  see  that  Ox^,  Oy^, 
Oy^  are  positive,  and  Ox^,  Ox^,  Oy^  are  negative.  The 
forces  may  always  be  considered  as  positive,  and  hence  the 
signs  of  the  components  in  (1)  and  (3)  will  be  the  same  as 
those  of  the  trigonometric  functions.  '  Thus,  since  a^  is 
>  90°  and  <  180°  its  sine  is  positive  and  cosine  is  negative; 
since  Wj  is  >  180°  and  <  270°  both  its  sine  and  cosine  are 
negative. 

37.  The  Conditions  of  Equilibrium  for  any  number . 
of  Concurring  Forces  in  one  Plane. — For  the  equilibrium 
of  the  forces  we  must  have  ^  =  0.    Hence  (4)  of  Art.  36 
becomes 

X^  +  Y^  =  0.  (1) 
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Now  (1)  cannot  be  satisfied  so  long  as  X  and  Y  axe  real 
quantities  unless  X=0,  F  =  0 ;  ■  therefore, 

X=SPcosa  =  0  and  Z=SPsina  =  0.        (2) 

Hence  these  are  the  two  necessary  and  sufficient  conditions 
for  the  equilibrium  of  the  forces ;  that  is,  the  algebraic  sum 
of  the  rectangular  components  of  the  forces,  along  each  of 
two  right  lines  at  right  angles  to  each  other,  in  the  plane  of 
tlie  forces,  is  equal  to  zero.  As  the  conditions  of  equilibrium 
must  be  independent  of  the  system  of  co-ordinate  axes,  it 
follows  that,  if  any  number  of  concurring  forces  in  one 
plane  are  in  equilibrium,  the  algebraic  sum  of  the  rectan- 
gular components  of  the  forces  along  every  right  line  in  their 
plane  is  zero. 

EXAMPLES. 

1.  Given  four  equal  concurring  forces  whose  directions 
are  inclined  to  the  axis  of  x  at  angles  of  15°,  75°,  135°, 
and  225°  ;  determine  the  magnitude  and  direction  of  their 
resultant. 

Let  each  force  be  equal  to  P ;  then 

X  =  P  cos  15°  +  P  cos  75°  +  P  cos  135°  +  P  cos '225° 
_  p3»-2 
-  2*     ■ 

F  =  P  sin  15°  +  P  sin  75°  +  P  sin  135°  +  P  sin  225° 

-•.    ^  =  P(5-2-v/3)*- 
3* 


tan  6  = 


3*  — 2 


2.  Giyen  two  equal  concurring  forces,  P,  whose  direc- 
tions are  inclined  to  the  axis  of  x  at  angles  of  30°  and  315°; 
find  their  resultant.  Ans.  B  =  1.59  P- 

2* 
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3.  Given'  three  concurring  forceB  of  4,  5,  and  6  lbs., 
whose  directions  are  inclined  to  the  axis  of  x  at  angles  of 
0°,  60°,  and  135°  respectively;  find  their  resultant. 

Ans.  R  =  V97  +  15  \/6  —  39  VS. 

4.  Given  three  equal  concurring  forces,  P,  whose  direc- 
tions are  inclined  to  the  axis  of  x  at  angles  of  30°,  60°,  and 
165°  ;  find  their  resultant.  Ans.  B  =  1.67  P. 

5.  Given  three  concurring  forces,  100,  50,  and  300  lbs., 
whose  directions  are  inclined  to  the  axis  of  x  at  angles  of 
0°,  60°,  and  180° ;  find  the  magnitude  and  direction  of 
their  resultant.  Ans.  R  =  86.6  lbs.;  0  =  150°. 

38.  To  find  the  Magnitude  and  Direction  of  the 
Resultant  of  any  number  of  Concurring  Forces  in 
Space. — Let  Pi,  Pg,  Pg,  etc.,  be  the  forces,  and  the 
whole  be  referred  to  a  system  of  rectangular  co-ordinates. 
Let  «i,  i3j,  yj,  be  the  angles  which  the  direction  of  P^ 
makes  with  three  rectangular  axes  drawn  through  the  point 
of  application  ;  let  a^,  |3g,  y^,  be  the  angles  which  the  direc- 
tion of  Pg  makes  with  the  same  axes ;  a^,  (3^,  y^,  the 
angles  which  P3  makes  with  the  game  axes,  etc.  Eesolve 
those  forces  along  the  co-ordinate  axes  (Art.  34) ;  the  com- 
ponents of  P,  along  the  axes  are  Pj  cos  «i,  P^  cos  (3,,  Pj 
cos  yj.  Eesolve  each  of  the  other  forces  in  the  same  way, 
and  let  JT,  Y,  Z,  be  the  algebraic  sums  of  the  components 
of  the  forces  along  the  axes  of  x,  y,  and  2,  respectively ; 
then  we  have 

X  =  P,  cos  «,  -I-  Pg  cos  Kg  -I-  Pj  cos  «3  -I-  etc.' 

=  SP  cos  «. 
Y  =  Pi  cos  /J,  +  Pg  cos  ;3g  +  P^  cos  /S,  +  etc.v  ,^. 

=  SP  cos  /3.  (  ^^' 

Z  =  Pi  cos  y^  +  Pg  cos  yg  +  Pg  cos  yg  +  etc. 

=  2P  cos  y. 
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Let  B  be  the  resultant  of  all  the  forces;  and  let  the 
angles  which  its  direction  makes  with  the  three  axes  be  a, 
i,  c ;  then  as  the  resolved  parts  of  R  along  the  three  co-or- 
dinate axes  are  equal  to  the  sum  of  the  resolved  parts  of 
the  several  components  along  the  same  axes^  we  have 

B  cos  a  —  X,     R  cos  i  =  Y,    Rcosc  —  Z.       (3) 

Squaring,  and  adding,  we  get 

I^  =  X^  +  Y^  +  Z^;  (3) 

X  Y  Z 

cosa  =  -^,     cos  6  = -^,     cosc  =  -=;  (4) 

which  determines  the  magnitude  of  the  resultant  of  any 
system  of  forces  in  space  and  the  angles  its  direction  makes 
with  three  rectangular  axes. 

39.  The  Conditions  of  Equilibrium  for  any  num- 
ber of  Concurring  Forces  in  Space. — If  the  forces  are 
in  equilibrium,  ^  =  0  ;  therefore  (3)  of  Art.  38  becomes 

X2+r2+  Z^  =  0. 

But  as  every  square  is  essentially  positive,  this  cannot  be 
unless  X=0,  F=0,  ^=0;  and  therefore 

SPcoste  =  0,     SPcosi3  =  0,     SP  cos  7  =  0;    (1) 

and  these  are  the  conditions  among  the  forces  that  they 
may  be  in  equilibrium  ;  that  is,  the  sum  of  the  components 
of  the  forces  along  each  of  the  three  co-ordinate  axes  is 
equal  to  zero. 

40.  Tension  of  a  String. — By  the  tension  of  a  string 
is  meant  the  pull  along  its  fibres  which,  at  any  point,  tends 
to  stretch  or  break  the  string.  In  the  application  of  the 
preceding  principles  the  string  or  cord  is  often  used  as  a 
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means  of  commtmicating  force.  .  A  string  is  said  to  be  per- 
fectly flexible  when  any  force,  however  small,  which  is 
applied  otherwise  than  along  the  direction  of  the  string, 
will  change  its  form.  In  this  work  the  string  will  be 
regarded  as  perfectly  flexible,  inextensible,  and  without 
weight. 

If  such  a  string  be  kept  in  equilibrium  by  two  forces, 
one  at  each  end,  it  is  clear  that  these  forces  must  be  equal 
and  act  in  opposite  directions,  so  that  the  string  assumes 
the  form  of  a  straight  line  in  the  direction  of  the  forces. 
In  this  case  the  tension  of  the  string  is  the  same  through- 
out, and  is  measured  by  the  force  applied  at  one  end  ;  and 
if  it  passes  oyer  a  smooth  peg,  or  over  any  number  of 
smooth  surfaces,  its  tension  is  the  same  at  all  of  its  points. 
If  the  string  should  be  knotted  at  any  of  its  points  to  other 
strings,  we  must  regard  its  continuity  as  broken,  and  the 
tension,  in  this  case,  will  not  be  the  same  in  the  two  por- 
tions which  start  from  the  knot. 

EXAMPLES. 

1.  A  and  B  (Fig.  8)  are  two  fixed 
points  in  a  horizontal  line ;  at  A  is 
fastened  a  string  of  length  5,  with  a 
smooth  ring  at  its  other  extremity,  0, 
through  which  passes  another  string  with 
one  end  fastened  at  B,  the  other  end  of  ^''■' 

which  is  attached  to  a  given  weight  W ;  it  is  required  to 
determine  the  position  of  C. 

Before  setting  about  the  solution  of  statical  problems  of 
this  kind,  the  student  will  clear  the  ground  before  him,  and 
greatly  simplify  his  labor  by  asking  himself  the  following 
questions  :  (1)  What  hnes  are  there  in  the  figure  whose 
lengths  are  already  given  ?  (2)  What  forces  are  there 
whose  magnitudes  are  already  given,  and  what  are  the 
forces  whose  magnitudes  are  yet  unknown?     (3)  What 


EXAMPLES.  37 

variable  lines  or  angles  in  the  figure  would,  if  they  were 
known,  determine  the  reqiiired  position  of  C  ? 

Now  in  this  problem,  (1)  the  linear  magnitudes  which 
are  given  are  the  lines  AB  and  AC.  (3)  The  forces  acting 
at  the  point  C  to  keep  it  at  rest  are  the  weight  W,  a  ten- 
sion in  the  string  CB,  and  another  tension  in  the  stiing 
CA.  Of  these  W  is  given,  and  so  is  the  tension  in 
OB,  which  must  also  be  equal  to  W,  since  the  ring  is 
smooth  and  the  tension  therefore  of  WCB  is  the  same 
throughout  and  of  course  equal  to  W.  But  as  yet  there  is 
nothing  determined  about  the  magnitude  of  the  tension  in 
CA.  And  (3)  the  angle  of  inclination  of  the  string  CA  to 
the  horizon  would,  if  known,  at  once  determine  the  posi- 
tion of  0.  For  if  this  angle  is  known,  we  can  draw  AC  of 
the  given  length;  then  joining  C  to  B,  the  position  of  the 
system  is  completely  known. 

Let  AB  =  a,  AC  =  i,  CAB  =  d,  CBA  =  (p,  and  the 
tension  of  the  string  AC  =  T.  Then,  for  the  equilibrium 
of  the  point  C  under  the  action  of  the  three  forces,  W,  W, 
and  T,  we  apply  (3)  of  Art.  37,  and  resolve  the  forces 
horizontally  and  vertically;  and  equate  those  acting  towards 
the  right-hand  to  those  acting  towards  the  left ;  and  those 
acting  upwards  to  those  acting  downwards.  Then  the 
horizontal  and  vertical  forces  are  respectively 

WooB^  =  Tcosd; 

Wsmcp  +  ysin  d  =  W. 

Eliminating  T  we  have 

cos  0  =  sin  {0  +  (j))  ; 

.'.     2e  +  <l>  =  QQ°.  (1) 

Also,  from  trigonometry  we  have 


sin  (9  +  <t>)  a  ^ 

sin  (p       ~  i' 


(3) 
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from  (1)  and  (2)  0  and  ^  may  be  found ;  and  therefore  T 
may  be  found;  and  thus  all  the  circumstances  of  the 
problem  are  determined. 

2.  One  end  of  a  string  is  attached  to 
a  fixed  point.  A,  (Fig.  9) ;  the  string,  after 
paesing  over  a  smooth  peg,  B,  sustains  a 
given  weight,  P,  at  its  other  extremity, 
and  to  a  given  point,  C,  in  the  string  is 
knotted  a  given  weight,  W.  Find  the  posi- 
tion of  equilibrium. 

The  entire  length  of  the  string,  ACBP,  is  of  no  conse- 
quence, since  it  is  clear  that,  once  equilibrium  is  estab- 
lished, P  might  be  suspended  from  a  point  at  any  distance 
whatever  from  B.  The  forces  acting  at  the  point,  0,  are 
the  given  weight,  W,  the  tension  in  the  string,  CB,  which, 
since  the  peg  is  smooth,  is  P,  and  the  tension  in  the  string 
CA,  which  is  unknown. 

Let  AB  =  a,  AC  =  I,  CAB  =  6,  CBA  =  <p,  and  the 
tension  of  the  string,  AC  =  T.  Then  for  the  equilibrium 
of  the  point  0,  we  have  (Art.  32), 

(1) 


(2) 


P 

W~ 

cos  6 

sin  (e  +  0) ' 

also. 

from  the 

geometry  of  the  figure,  we  have 
b  sin  (0  +  <^)  =  «  sin  (^. 

From  (1)  and 

(3)  we  get 

P 

b  cos  e 

W~ 

a  sin  <l>' 

or 

sin  <f>  = 
• .   cos  ^  = 

bW        . 
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Expanding  sin  (9  +  0)  in  (2),  and  substituting  in  it  these 
values  of  sin  <f)  and  cos  <(>,  and  reducing,  we  have  the 
equation 

C0S3  e ^.■— '  eos^  '  +  2m  =  «' 

from  which  6  may  be  found.  (See  Minchin's  Statics, 
p.  29.) 

3.  If,  in  the  last  example,  the  weight,    W,  instead  of 

being  knotted  to  the  string  at  C,  is  suspended  from  a 

smooth,  ring  which  is  at  liberty  to  slide  along  the  string, 

AOB,  find  the  position  of  equilibrium. 

W 
Ans.  sin  Q  =  —^. 

41.  Equilibrium  of  Concurring  Forces  on  a 
Smooth  Plane. — If  a  particle  be  kept  at  rest  on  a  smooth 
surface,  plane  or  curved,  by  the  action  of  any  number  of 
forces  applied  to  it,  the  resultant  of  these  forces  must  be  in 
the  direction  of  the  normal  to  the  surface  at  the  point 
where  the  particle  is  situated,  and  must  be  equivalent  to 
the  pressure  which  the  surface  sustains.  For,  if  the 
resultant  had  any  other  direction  it  could  be  resolved  into 
two  components,  one  in  the  dicection  of  the  normal  and  the 
other  in  the  direction,  of  a  tangent ;  the  first  of  these  would 
be  opposed  by  the  reaction  of  the  surface ;  the  second  being 
unopposed,  would  cause  the  particle  to  move.  Hence,  we 
may  dispense  with  the  plane  altogether,  and  regard  its 
normal  reaction  as  one  of  the  forces  by  which  the  particle 
is  kept  at  rest.  Therefore  if  the  particle  on  which  the 
statical  forces  act  be  on  a  smooth  plane  surface,  the  case  is 
the  same  as  that  treated  in  Art.  39,  viz.,  equilibrium  of  a 
particle  acted  upon  by  aBy  number  of  forces ;  and  in  writ- 
ing down  the  equations  of' equilibrium,  we  merely  have  to 
include  the  normal  reaction  of  the  plane  among  all  the 
others. 
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1.  A  heavy  particle  is  placed  on  a 
smooth  inclined  plane,  AB,  (Mg.  10), 
and  is  sustained  by  a  force,  P,  which 
acts  along  AB  in  the  vertical  plane 
which  is  at  right  angles  to  AB ;  find 
P,  and  also  the  pressure  on  the  in-  '''"* 
cUned  plane. 

The  only  effect  of  the  inclined  plane  is  to  produce  a 
normal  reaction,  B,  on  the  particle.  Hence  if  we  intro- 
duce this  force,  we  may  imagine  the  plane  removed. 

Let  W  be  the  weight  of  the  particle,  and  a  the  inclina- 
tion of  the  plane  to  the  horizon. 

Eesolving  the  forces  along,  and  perpendicular  to  AB, 
since  the  lines  along  which  forces  may  be  resolved  are 
arbitrary  (Art.  37),  we  have  successively, 

P  —  PT  sin  a  =  0,    or    P  =  TT  sin  « ; 
and  R—  W COS  a  =■  0,    or    R  =^  W coa  a. 

If,  for  example,  the  weight  of  the  particle  is  4  oz.,  and 
the  inclination  of  the  plane  30°,  there  will  be  a  normal 
pressure  of  2\/3  oz.  on  the  plane,  and  the  force,  P,  will 
he  2  oz. 

2.  In  the  previous  example,  if  P  act  horizontally,  find 
its  magnitude,  and  also  that  of  R. 

Eesolving  along  AB  and  perpendicular  to  it,  we  have 
successively, 

P  cos  «!  —  Tf  sin  a  =  0,    or     P  =  F"  tan  a ; 

W 
and     P  sm  a  +  F  cos  «  —  ^  =  0,    .• .    R  =  — - — 

cos  a 
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3.  If  the  particle  is  sustained  by  a  force,  P,  making  a 
given  angle,  B,  with  the  inclined  plane,  find  the  magnitude 
of  this  force,  and  of  the  pressure  on  the  plane,  all  the  forces 
acting  in  the  same  vertical  plane. 

Resolving  along  and  perpendicular  to  the  plane  succes- 
sively, we  have 

P  cosd  —  Wsina  =  0, 

and  i?  +  P  sin  0  —  TF  cos  «  =  0, 

from  which  we  obtain 

cos  0  cos  e 

Eem. — The  advantage  of  a  judicious  selection  of  direc- 
tions for  the  resolution  of  the  forces  is  evident.  By  resolv- 
ing at  right  angles  to  one  of  the  unknown  forces,  we 
obtain  an  equation  free  from  that  force;  whereas  if  the 
directions  are  selected  at  random,  all  of  the  forces  will 
enter  each  equation,  which  will  make  the  solution  less 
simple. 

The  student  will  observe  that  these  values  of  P  and  B 
could  have  been  obtained  at  once,  without  resolution,  by 
Art.  32. 

42.  Conditions  of  Equilibrium  for  any  number  of 
Concurring  Forces  when  the  particle  on  which  they 
act  is  Constrained  to  Remain  on  a  G-iven  Smooth 
Surface. — If  a  particle  be  kept  at  rest  on  a  smooth  sur- 
face by  thcaction  of  any  number  of  forces  applied  to  it, 
the  resultant  of  these  forces  must  be  in  the  direction  of  the 
normal  to  the  surface  at  the  point  where  the  particle  is 
situated,  and  must  be  equivalent  to  the  pressure  which  the 
surface  sustains  (Art.  40).  Hence  since  the  resultant  is  in 
the  direction  of  the  normal,  and  is  destroyed  by  the  reac- 
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tion  of  the  surface,  we  may  regard  this  reaction  as  an 
additional  force  directly  opposed  to  the  normal  force. 

Let  iVbe  the  normal  reaction  of  the  surface,  and  «,  0,  y, 
the  angles  which  iV"  makes  with  the  co-ordinate  axes  of  x, 
y,  and  z,  respeotiyely.  Let  X,  Y,  Z,  be  the  sum  of  the 
components  of  aU  the  other  forces  resolved  parallel  to  the 
three  axes  respectiTely.  The  reaction  N  may  be  considered 
a  new  force,  which,  with  the  other  forces,  keeps  the  parti- 
cle in  equilibrium.  Therefore,  resolving  N  parallel  to  the 
three  axes,  we  have  (Art.  39), 

X-f-  iVcos  a  =  0,  1 

F+iV^cos;3  =  0,  S  (1) 

Z  -\-  iV^cos.y  =  0.  ) 

Let  u  =zf{x,  y,  z)  =  0,  be  the  equation  of  the  given 

surface,  and  z,  y,  z  the  co-ordinates  of  the  particle  to 

which   the  forces  are  apphed.    We  have   (Anal.  Geom., 

Art.  175), 

fls' 
cos  a  ^  — ,  ,  , 

V«'a  +  S'3  +  1    , 

cos  i3  =  — — ==,\  (2) 

1 

cos  y  =  —  , 

where  a'  and  V  are  the  tangents  of  the  angles  which  the 
projections  of  the  normal,  N,  on  the  co-ordinate  planes  %% 
and  yz  make  with  the  axis  of  z.  Since  the  normal  is  per- 
pendicular to  the  plane  tangent  to  the  surface  at  (a;,  y,  «), 
the  projections  of  the  normal  are  perpendicular  to  the 
traces  of  the  plane.  Therefore  (Anal.  Geom.,  Art.  27, 
Cor.  1),  we  have 

1  +  aa'  =  0)  (3) 

and  1  +  J6'  =  0 ;  (4) 
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in  which 
a 


dx  _dx'  dy  _  dy" 


dz'        ~  d&"  dz'  dz'- 

(Calculus,  Art.  56a.)    Substituting  in  (3)  and  (4),  we  have 

-,    ,dx     dx'  _ 
^dz  ■  ^-"' 

from  which 

du 


dv, 

and  ^  -  _  ^  -  ^  _  6'  IR\ 

^""^  dz'-dy-du-"-  ^^' 

dz 
Substituting  these  values  of  a'  and  V  in  (2)  and  multiply- 
ing both  terms  of  the  fraction  by  -=-,  we  have 


dx 
cos  «  =: 


/  tduV      /duY     /duV' 

V  u + (ry) + y 

du  i 

cos  P   =    ■■■:; ;■    V,^:^ -     ..    .,  \  (7) 

//du\>     ldu\^     (du\^' (  ^' 


cosy 


//duV     (duY     /duf 
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which  give  the  value  of  the  direction  cosiBss  of  the  normal 
at  {x,  y,  z). 

Putting  the  denominator  equal  to  Q,  for  shortness,  and 
substituting  in  (1)  and  transposing,  we  have 


X=  - 


N    du 
Q  '  dx' 


r= -^ . ^ 


Z=  - 


N 

du 

Q 

w 

jsr 

du 

Q 

dz 

(8) 

(9) 

(10) 


Eliminating  N  between  these  three  equations,  we  obtain 
the  two  independent  equations, 


X 
du 
dx 


Z 

du' 


(11) 


dy 


which  express  the  conditions  that  must  exist  among  the 
applied  forces  and  their  directions  in  order  that  their 
resultant  may  be  normal  to  the  surface,  i.  e.,,that  there  may 
be  equilibrium.  If  these  two  equations  are  not  satisfied, 
equilibrium  on  the  surface  cannot  exist.  Hence  the  point 
on  a  given  surface,  at  which  a  given  particle  under  the 
action  of  given  forces  will  rest  in  equilibrium,  is  the  point 
at  which  equations  (11)  are  satisfied. 


Cob.  1.— Squaring  equations  (8),  (9),  (10)  and  adding,  we 

/^y      Idj^      /du\ 
\dx)    .    \dy}        \dz) 


get 


L  (^ 


+  e^  + 


IP; 


N  =  VX«+  Y*  +  Z% 


(12) 
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which  is  the  value  of  the  normal  resistance  of  the  surface 
and  is  precisely  the  same  as  the  resultant  of  the  acting 
forces,  as  it  clearly  should  be  ;  but  this  resistance  must  act 
in  the  direction  opposite  to  that  of  the  resultant. 

CoE.  2.— Multiplying  (8),  (9),  (10)  by  dx,  dy,  dz,  respec- 
tively, and  adding,  and  remembering  that  the  total  differ- 
ential of  M  =  0  is  zero,  we  get 

Xdx  +  Tdy  +  Zdz  =  0,  (13) 

which  is  an  equation  of  condition  for  equilibrium.  If  (13) 
cannot  be  satisfied  at  any  point  of  the  surface,  equilibrium 
is  impossible. 

Cob.  3. — If  the  forces  all  act  in  one  plane,  the  surface 
becomes  a  plane  curve ;  let  this  curve  be  in  the  plane  xy, 
then  z  —  0;  therefore  (11)  and  (13)  become 

(14) 


X 

du 

r 

~  du' 

dx 

dy 

Xdx  +  Tdy  = 

and  Xdx  +  Tdy  =  0,  (15) 

in  which  (14)  or  (15)  may  be  used  according  as  the  equation 
of  the  curve  is  given  as  an  implicit  or  explicit  function. 

EXAMPLES. 

1.  A  particle  is  placed  on  the  surface  of  an  ellipsoid,  and 
is  acted  on  by  attracting  forces  which  vary  directly  as  the 
distance  of  the  particle  from  the  principal  planes  *  of  sec- 
tion ;  it  is  required  to  determine  the  position  of  equilibrium. 

Let  the  equation  of  the  ellipsoid  be 

u  =f(z,  2^,  «;  =  -  +  l^  +  -  _  1  =  0; 
*  Planes  of  xy,  ys,  sxe. 
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du  _2x      du  _2y      du  _2z^ 
•'•    di~W    dy~  V    dz  ~  ^' 

and  let  the  x-,  y-,   and  ^-components   of  the  forces  be 
respectively, 

X  =  —  UiX,   F  =  —  Mg^,  2  =  —Ugz; 
then  (11)  will  give 

which  may  be  put  in  the  form 


"1  j*^ 


Ui  +  u^  +  Mg 


0-3       6-«       c-3       a-8  +  &-2  +  e-2 

If  these  conditions  are  fulfilled,  the  particle  will  rest  at  all 
points  of  the  surface. 

3.  Again,  take  the  same  surface,  and  let  the  forces  vary 
inversely  as  the  distances  of  the  point  from  the  principal 
planes;  it  is  required  to  determine  the  position  of  equili- 
brium. 

Here    X=-^,     F=-^,    ^=_^; 
X  y  z 

therefore  (11)  becomes 

^         ^8  ^ 

^  —  i!  —  ^  _       1        _  1 

Ml  Mg   ~  Wg   ~  Wj  +  Mg  +  Mg   ~  M 

by  putting  u  for  Ui  +  Ug  +  u^, 
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■which  in  (13)  gires 

iV-3  =  !ii-V  ^V  — 


3.  A  particle  is  placed  inside  a  smooth  sphere  on  the  con- 
cave surface,  and  is  acted  on  by  gravity  and  by  a  repulsive 
force  which  varies  inversely  as  the  square  of  the  distance 
from  the  lowest  point  of  the  sphere  j  find  the  position  of 
equilibrium  of  the  particle. 

Let  the  lowest  point  of  the  sphere  be  taken  for  the  origin 
of  co-ordinates,  and  let  the  axis  of  %  be  vertical,  and  posi- 
tive upwards;  then  the  equation  of  the  sphere,  whose 
radius  is  a,  is 

a;2  +  ^2  +  z2  _  %az  =  0. 

Let  W  =  the  weight  of  the  particle,  and  r  =  the  distance 
of  it  from  the  lowest,  point ;  then 

r^  :=  x^  +  y"  +  z^  =  2az. 

Also,  let  the  repulsive  force  at  the  unit's  distance  =  u ; 
then  at  the  distance  r  it  will  be 


u 
~  2ai 

,5 

X  = 

u 
2az 

X 

r' 

Y  = 

u 
2az 

U 
r' 

Z  = 

u 
2az 

z 
r 

w. 
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Let  N  =  the  normal  pressure  of  the  curve  ;  then  (8)  and 
(10)  give 

zaz     r  a 


2az     r  a 


from  which  we  have 


rt»8     — 


tia 


z  =■ 


^a^W^' 


whence  the  position  of  the  particle  is  known  for  a  given 
weight,  and  for  a  given  value  of  u.  (See  Price's  Anal. 
Mechanics,  Vol.  I,  p.  39.) 

4.  Two  weights,  P  and  Q,  are  fastened  to  the  ends  of  a 
string,  (Fig.  11),  which  passes  over  a  pulley,  0 ;  and  Q 
hangs  treely  when  P  rests  on  a  plane  curve,  AP,  in  a 
vertical  plane  ;  it  is  required  to  find  the  position  of  equih- 
brium  when  the  curve  is  given. 

The  forces  which  act  on  P  are  (1)  the 
tension  of  the  string  in  the  line  OP,  which . 
is  equal  to  the  weight  of  Q,  (2)  the  weight 
of  P  acting  vertically  downwards,  (3)  the 
normal  reaction  of  the  curve  R. 

Let  0  be  the  origin  of  co-ordinates,  and 
the  axis  of  x  vertical  and  positive  down- 
wards. Let  OM  =  X,  MP  =  y,  OP  =  r, 
POM  =e,  OA  =  a.    Then, 


Fig. II 


X=  P 


Qcose-R^, 


T=  —  Qaine  +  R 


dx 
ds' 
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therefore  from  (15)  we  have 

{P  —  Q  cos  B)dz—  Q  sin  Ody  =  Q, 

„ ,         ^x  dx  +  y  dy       . 
or  Pdx  —  Q "    "  =  0. 


But  since 

z^  +  y»  =  r% 

we  have 

xdx  +  y  dy  ^  rdr  ; 

.-.    Pdx—Qdr  =  0; 

(1) 

which  is  the  condition  that  must  be  satisfied  by  P,  Q,  and 
the  equation  of  the  curve. 

5.  Eequired  the  equation  of  the  curve,  on  all  points  of 
which  P  will  rest. 

Integrating  (1)  of  Ex.  4,  we  have 

Px—Qr=  a  (1) 

But  since  P  is  to  rest  at  all  points  of  the,  curve,  this  equa- 
tion must  be  satisfied  when  P  is  at  A,  from  which  we  get 
a;  =  r  =  a ;  therefore  (1)  becomes 

Pa—  Qa=  C', 
which  in  (1)  gives 


(-!)« 


r  —  p  , 

1  —  yr  cos  (? 

which  is  the  equation  of  a  conic  section,  of  which  the  focus 
is  at  the  pole  0 ;  and  is  an  ellipse,  parabola,  or  hyperbola, 
according  as  P  <,  =,  or  >  Q. 
3 
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EXAMPLES. 

1.  Two  forces  of  10  and  20  lbs.  act  on  a  particle  at  an 
angle  of  60° ;  find  the  resultant.  Ans.  26.5  lbs. 

2.  The  resultant  of  two  forces  is  10  lbs.;  one  of  the 
forces  is  8  lbs.,  and  the  other  is  inclined  to  the  resultant  at 
an  angle  of  36°.  Find  it,  and  also  find  the  angle  between 
the  two  forces.  (There  are  two  solutions,  this  being  the 
ambiguous  case  in  the  solution  of  a  triangle.) 

Ans.  Force  is  3.66  lbs.,  or  13.52  lbs.  Angle  is  47°  17' 
05",  or  132°  42'  55". 

3.  A  point  is  kept  at  rest  by  forces  of  6,  8,  11  lbs. 
Find  the  angle  between  the  forces  6  and  8. 

Ans.  77°  31' 52". 

4.  The  directions  of  two  forces  acting  at  a  point  are 
inclined  to  each  other  (1)  at  an  angle  of  60°,  (3)  at  an 
angle  of  120°,  and  the  respective  resultants  are  as 
V?  :  V^  ;  compare  the  magnitude  of  the  forces. 

Ans.  2  :  1. 

5.  Three  posts  are  placed  in  the  ground  so  as  to  form  an 
equilateral  triangle,  and  an  elastic  string  is  stretched  round 
them,  the  tension  of  which  is  6  lbs. ;  find  the  pressure  on 
each  post.  ^„s.  6  y'g. 

6.  The  angle  between  two  unknown  forces  is  37°,  and 
their  resultant  divides  this  angle  into  31"  and  6°  ;  find  the 
ratio  of  the  component  forces.  Ans.  4927  :  1. 

7.  If  two  equal  rafters  support  a  weight,    W,  at  their 

upper  ends,  required  the  compression  on  each.     Let  the 

length  of  each  rafter  be  a,  and  the  horizontal  distance 

between  their  lower  ends  be  5.  .  aW 

Ans.  — -• 

'\/4a»-62 
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8.  Three  forces  act  at  a  point,  and  include  angles  of 
90°  and  45°.  The  first  two  forces  are  each  equal  to  2P, 
and  the  resultant  of  them  all  is  a/IOP  ;  find  the  third 
fo^ce.  ^^5,  p  y^_ 

9.  Find  the  magnitude,  R,  and  direction,  d,  of  the 
resultant  of  the  three  forces,  P^  =  30  lbs.,  P^  =  70  lbs., 
Pj  =  50  lbs.,  the  angle  included  between  Pj  and  P^ 
being  56°,  and  between  Pg  and  Pg  104°.  (It  is  generally 
convenient  to  take  the  action  line  of  one  of  the  forces  for 
the  axis  of  x.) 

Let  the  axis  of  x  coincide  with  the  direction  of  Pj ;  then 
(Art.  36),  we  have 

X  =  23.16 ;     Y  =  75.13 ;    B  =  78.33 ;    0  =  73°  34'. 

10.  Three  forces  of  10  lbs.  each  act  at  the  same  point ; 
the  second  makes  an  angle  of  30°  with  the  first,  and  the 
third  makes  an  angle  of  60°  with  the  second ;  find  the 
magnitude  of  the  resultant.  Ans.  24  lbs.,  nearly. 

11.  If  three  forces  of  99,  100,  and  101  units  respectively, 
act  on  a  point  at  angles  of  120°;  find  the  magnitude  of 
their  resultant,  and  its  inclination  to  the  force  of  100. 

Ans.  a/S;  90°. 

12.  A  block  of  800  lbs.  is  so  situated  that  it  receives 
from  the  water  a  pressure  of  400  lbs.  in  a  south  direction, 
and  a  pressure  from  the  wind  of  100  lbs.  in  a  westerly 
direction ;  required  the  magnitude  of  the  resultant  pres- 
sure, and  its  direction  with  the  vertical. 

Ans.  900  lbs. ;  27°  16'. 

13.  A  weight  of  40  lbs.  is  supported  by  two  strings,  one 
of  which  makes  an  angle  of  30°  with  the  vertical,  the  other 
45° ;  find  the  tension  in  each  string. 

Ans.  20  (a/6  -  \/2) ;  40  ( Vs  -  1). 
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14.  Two  forces,  P  and  P',  acting  along  the  diagonals  of 
a  parallelogram,  keep  it  at  rest  in  such  a  position  that  one 
of  its  sides  is  horizontal ;  show  that 

P  sec  a'  =  P'  sec  a  —  W  cosec  («  +  k'), 

where  TFis  the  weight  of  the  parallelogram,  and  a  and  «' 
the  angles  between  the  diagonals  and  the  horiaontal  side. 

15.  Two  persons  pull  a  heavy  weight  by  ropes  inclined 
to  the  horizon  at  angles  of  60°  and  30°  with  forces  of 
160  lbs.  and  200  lbs.  The  angle  between  the  two  Tertical 
planes  of  the  ropes  is  30° ;  find  the  single  horizontal  force 
that  would  produce  the  same  effect.  Ans.  345.8  lbs. 

16.  In  order  to  raise  vertically  a  heavy  weight  by  means 
of  a  rope  passing  over  a  fixed  pulley,  three  workmen  pull  at 
the  end  of  the  rope  with  forces  of  40  lbs.,  50  lbs.,  and 
100  lbs. ;  the  directions  of  these  forces  being  inclined  to 
the  horizon  at  an  angle  of  60°.  What  is  the  magnitude  of 
the  resultant  force  which  tends  directly  to  raise  the  weight  ? 

Ans.  164.54  lbs. 

17.  Three  persons  pull  a  heavy  weight  by  cords  inclined 
to  the  horizon  at  an  angle  of  60°,  with  forces  of  100,  130, 
and  140  lbs.  The  three  vertical  planes  of  the  cords  are 
inclined  to  each  other  at  angles  of  30°;  find  the  single 
horizontal  force  that  would  produce  the  same  efEect. 

Ans.  10  Vi45  +  72  Vi  Ihs. 

18.  Two  forces,  P  and  Q,  acting  respectively  parallel  to 
the  base  and  length  of  an  inclined  plane,  will  each  singly 
sustain  on  it  a  particle  of  weight,,  l^j  to  determine  the 
weight  of  W. 

Let  a  =  inclination  of  the  plane  to  the  horizon ;  then 
resolving  in  each  case  along  the  plane,  so  that  the  normal 
pressures  may  not  enter  into  the  equations  (See  Rem.,  Ex.  3, 
Art.  41),  we  have 
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P  COS  a  =  Tf  sin  a ;     Q  =  Tf  sin  ce ; 

19.  A  cord  whose  length  is  2?,  is  fastened  at  A  and  B,  in 
the  same  horizontal  line,  at  a  distance  from  each  other 
equal  to  3«  ;*  and  a  smooth  ring  upon  the  cord  sustains  a 
weight  W;  find  the  tension  of  the  cord. 

Wl 


Ans.  T  = 


3  V^"  —  a?' 


20.  A  heavy  particle,  whose  weight  is  W,  is  sustained  on 

a  smooth  inclined  plane  by  three  forces  applied  to  it,  each 

W 
equal  to  — ;  one  acts  yertically  upward,  another  horizon- 
o 

tally,  and  the  third  along  the  plane ;  find  the  inclination, 

a,  of  the  plane.  .        ,      «       1 

Ans.  tan  -  ^  -• 

21.  A  body  whose  weight  is  10  lbs.  is  supported  on  a 
smooth  inclined  plane  by  a  force  of  2  lbs.  acting  along  the 
plane,  and  a  horizontal  force  of  5  lbs.  Find  the  inchnation 
of  the  plane.  Ans.  sin~'  f. 

22.  A  body  is  sustained  on  a  smooth  inclined  plane,  (in- 
clination a)  by  a  force,  P,  acting  along  the  plane,  and  a 
horizontal  force,  Q.  When  the  inclination  is  halved,  and 
the  forces,  P  and  Q,  each  halved,  the  body  is  still  observed 

to  rest ;  find  the  ratio  of  P  to  O.  .       P       „       .a 

'  *         Ans.  -7T  =  2  cos^  -J- 

Q  4: 

23.  Two  weights,  P  and  Q,  (Pig.  12),  rest 
on  a  smooth  double-inclined  plane,  and  are 
attached  to  the  extremities  of  a  string 
which  passes  over  a  smooth  peg,  0,  at  a 
point  vertically  over  the  intersection  of  the 

^'^nes,  the  peg  and  the  weights  being  in  a 


Fig. 12 
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vertical  plane.     Knd  the  position  of  equilibrium,  it  1  =  the 
length  of  the  string  and  A  =  CO. 

Ans.  The  position  of  equilibrium  is  given  by  the  equa- 
tions 

p  sin  a  _   _  sin  |3 

cos  d  ~   ^  C08  (p' 
cos  a         COS  P  _    i 

sin  d      sin  ^       h 

24.  Two  weights,  P  and  Q,  connected  by  a  string, 
length  I,  rest  on  the  convex  side  of  a  smooth  verticil" 
circle,  radius  a.  Find  the  position  of  equilibrium,  and 
show  that  the  heavier  weight  will  be  higher  up  on  the 
circle  than  the  lighter,  the  radius  of  the  circle  drawn  to  P 
making  an  angle  6  with  the  vertical  diameter. 

Ans.  P  sin  0  =  Q  sin  ( Oj- 

35.  Two  weights,  P  and  Q,  connected  directly  by  a 
string  of  given  length,  rest  on  the  convex  side  of  a  smooth 
vertical  circle,  the  string  forming  a  chord  of  the  circle ; 
find  the  position  of  equilibrium. 

Ans.  If  2a  is  the  angle  subtended  at  the  centre  of  the 
circle  by  the  string,  the  inclination,  6,  of  the  string  to  the 
vertical  is  given  by  the  equation 

P—0 
cot  e  =  p.Q  tan  «. 

26.  Two  weights,  P  and  Q,  (Fig.  13), 
rest  on  the  concave  side  of  a  parabola 
whose  axis  is  horizontal,  and  are  con- 
nected by  a  string,  length  I,  which 
passes  over  a  smooth  peg  at  the  focus,  F. 
Find  the  position  of  equilibrium. 

Ans.  Let   6  —  the   angle   which   FP 
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makes  with  the  axis,  and  4to  =  the  latus  rectum  of  the 
parabola,  then 

6  PVl-2m 

cot  -  =  — =• 

21.  A  particle  is  placed  on  the  conyex  side  of  a  smooth 
ellipse,  and  is  acted  upon  by  two  forces,  F  and  F',  towards 
the  foci,  and  a  force,  F",  towards  the  centre.  Find  the 
position  of  equilibrium. 

Ans.  r  =  — ,  where  r  =  the  distance  of  the  par- 

tide  from  the  centre  of  the  ellipse  ;  b  =  semi-minor  axis, 

F—F' 
and  «  =  —pr, — 

28.  Let  the  curye,  (Fig.  11),  be  a  circle  in  which  the 
origin  and  pulley  are  at  a  distance,  a,  above  the  centre  of 
the  circle ;  to  determine  the  position  of  equilibrium. 

Q 

Ans.  r  :=  -pa. 

39.  Let  the  curve,  (Fig.  11),  be  a  hyperbola  in  which  the 
origin  and  pulley  are  at  the  centre,  0,  the  transverse  axis 
being  vertical ;  to  determine  the  position  of  equilibrium. 

30.  A  particle,  P,  is  acted  upon  by  two  forces  towards 

two  fixed  points,  8  and  H,  these  forces  being  -~  and  —p, 

respectively ;  prove  that  P  will  rest  at  all  points  inside  a 
smooth  tube  in  the  form  of  a  curve  whose  equation  is  8P. 
PH  =  P,  h  being  a  constant. 

31.  Two  weights,  P  and  Q,  connected  by  a  string,  rest 
on  the  convex  side  of  a  smooth  cycloid.  Find  the  position 
of  equilibrium. 
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Ans.  If  Z  =  the  length  of  the  string,  and  a  =  radius  of 
generating  circle,  the  position  of  equilibrium  is  defined  by 
the  equation 

e  Q         I 


sin 


2~  P  +  Q     4a' 


where  d  is  the  angle  between  the  vertical  and  the  radius  to 
the  point  on  the  generating  circle  which  corresponds  to  P. 

32.  Two  weights,  P  and  Q,  rest  on  the  convex  side  of  a 
smooth  vertical  circle,  and  are  connected  by  a  string  which 
passes  over  a  smooth  peg  vertically  over  the  centre  of  the 
circle  ;  find  the  position  of  equilibrium. 

Ans.  Let  h  =  the  distance  between  the  peg,  B,  and  the 
centre  of  the  circle  ;  6  and  ^  =  the  angles  made  with  the 
vertical  by  the  radii  to  P  and  Q,  respectively ;  «  and  j3  = 
the  angles  made  with  the  tangents  to  the  circle  at  P  and 
Q  by  the  portions  PB  and  QB  of  the  string ;  I  =  length 
of  the  string ;  then 

p  sin  0  _  _  sin  (j> 
cos  a       ^  cos  (i ' 

Wsinj      sin|X^ 
\COS  CI        COS  /3/ 

h  cos  {d  +  a)  =  a  COS  «, 

h  cos  {<p  +  (i)  =  a  cos  P. 


CHAPTER    III. 

COMPOSITION  AND    RESOLUTION    OF  FORCES  ACTING 
ON    A    RIGID    BODY. 

43.  A  Rigid  Body. — In  the  last  chapter  we  considered 
the  action  of  forces  which  hare  a  common  point  of  applica- 
tion. We  shall  now  consider  the  action  of  forces  which  are 
applied  at  different  points  of  a  rigid  body. 

A  rigid  body  is  one  in  whiclT  the  particles  retain  invari- 
able positions  with  respect  to  one  another,  so  that  no 
external  force  can  alter  them.  ISTow,  as  a  matter  of  fact, 
there  is  no  such  thing  in  nature  as  a  body  that  is  perfectly 
rigid ;  every  body  yields  more  or  less  to  the  forces  which 
act  on  it.  If,  then,  in  any  case,  the  body  is  altered  or  com- 
pressed appreciably,  we  shall  suppose  that  it  has  assumed 
its  figure  of  equilibrium,  and  then  consider  the  points  of 
application  of  the  forces  as  a  system  of  invariable  form. 
The  term  body  in  this  work  means  rigid  body. 

44.  Transmissibility  of  Force. — When  a  force  acts 
at  a  definite  point  of  a  body  and  along  a  definite  line,  the 
effect  of  the  force  will  be  unchanged  at  whatever  point  of 
its  direction  we  suppose  it  applied,  provided  this  point  be 
either  one  of  the  points  of  the  body,  or  be  invariably  con- 
nected with  the  body.  This  principle  is  called  the  trans- 
missibility of  a  force  to  any  point  in  its  line  of  action. 

Now  two  equal  forces  acting  on  a  particle  in  the  same 
line  and  in  opposite  directions  neutralize  each  other  (Art. 
16) ;  so  by  this  principle  two  equal  forces  acting  in  the 
same"  line  and  in  opposite  directions  at  any  points  of  a 
rigid  body  in  that  line  neutralize  each  other.  Hence  it  is 
clear  that  when  many  forces  are  acting  on  a  rigid  body, 
any  two,  which  are  equal  and  have  the  same  line  of  action 
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and  act  in  opposite  directions,  may  be  omitted,  and  also 
that  two  equal  forces  along  the  same  line  of  action  and  in 
opposite  directions,  may  be  introduced  without  changing 
the  circumstances  of  the  system. 

45.  ResultEint  of  Two  Parallel 

Forces.*— (1)  Let  P  and  Q,  (Fig. 
14),  be  the  two  parallel  forces  acting 
at  the  points  A  and  B,  in  the  same 
direction,  on  a  rigid  body.  It  is  re- 
quired to  find  the  resultant  of  P 
and  Q. 

At  A  and  B  introduce  two  equal 
and  opposite  forces,  F.  The  introductioh  of  these  forces 
will  not  disturb  the  action  of  P  and  Q  (Art.  44).  P  and  F 
at  A  are  equivalent  to  a  single  force,  R,  and  Q  and  i^  at  B 
are  equivalent  to  a  single  force,  8.  Then  let  R  and  iS^  be 
supposed  to  act  at  0,  the  point  of  intersection  of  their  lines 
of  action.  At  this  point  let  them  be  resolved  into  their 
components,  P,  F,  and  Q,  F,  respectively.  The  two  forces, 
F,  at  0,  neutralize  each  other,  while  the  components,  P 
and  Q,  act  in  the  line  OG,  parallel  to  their  lines  of  action 
at  A  and  B.  Hence  the  magnitude  of  the  resultant  is 
P+  Q,  (Art.  28).  To  find  the  point,  G,  in  which  its  line 
of  action  cuts  AB,  let  the  extremities  of  P  and  R  (acting  at 
A)  be  joined,  and  complete  the  parallelogram.  Then  the 
triangle  PAE  is  evidently  similar  to  GO  A ;  therefore, 

P       GO      .    .,    -    e       GO 
;^=^^;  similarly -^=^5 


therefore,  by  division, 

P_  GB 

Q  ~  GA' 


(1) 


»  Minchiu's  Statice,  p.  85. 
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(3)  Wien  the  forces  act  in  opposite  directions. — At  A  and 
B,  (Fig  15),  apply  two  equal  and  opposite  forces  F,  as 
before,  and  let  R,  the  resultant  of  P  \  p. 
and  P,  and  S,  the  resultant  of  Q  and 
F,  be  transferred  to  0,  their  point  of 
intersection.  If  at  0  the  forces,  E 
and  S,  are  decomposed  into  their 
original  components,  the  two  forces, 
P,  destroy  each  other,  the  force,  P, 
will  act  in  the  direction  GO  parallel  to  the  direction  of 
P  and  Q,  and  the  force  Q  will  act  in  the  direction  OG. 
Hence  the  resultant  is  a  force  =  P  —  Q,  acting  in  the  line 
GO.  To  find  the  point  G,  we  have,  from  the  similar 
triangles,  PAE  and  OGA, 


p 

p~ 

GO 
-GA' 

also  1  = 

GO 
GB' 

P 

GB 

■■"    Q 

~GA 

(3) 

Hence  the  resultant  of  two  parallel  forces,  acting  in  the 
same  or  opposite  directions,  at  the  extremities  of  a  rigid 
right  line,  is  parallel  to  the  components,  equal  to  their 
algebraic  sum,  and  divides  the  line  or  the  line  produced, 
into  two  segments  which  are  inversely  as  the  forces. 

In  both  cases  we  have  the  equation 

P  X  GA  =  e  X  GB.  (3) 

Hence  the  following  theorem : 

If  from  a  point  on  the  resultant  of  two  parallel  forces  a 
right  line  ie  drawn  meeting  the  forces,  ivhether  perperidicu- 
larly  or  not,  the  products  obtained  hy  multiplying  each  force 
hy  its  distance  from  the  resultant,  measured  ahng  the  arbi- 
trary line,  are  equal. 

ScH. — The  point  G  possesses  this  remarkable  property ; 
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that,  however  P  and  Q  are  turned  about  their  points  of 
application,  A  and  B,  their  directions  remaining  parallel, 
G,  determined  as  above,  remains  fixed.  This  point  is  in 
consequence  called  the  centre  of  the  parallel  forces,  P 
and  Q. 


46.  Moment  of  a  Force. — The  moment  of  a  force 
respect  to  a  point  is  the  product  of  the  force  and  the  perpen- 
dicular let  fall  on  its  line  of  action  from  the  point.  The 
moment  of  a  force  measures. its  tendency  to  produce  rota- 
tion about  a  fixed  point  or  fixed  axis. 
Thus  let  a  force,  P,  (Pig.  16),  act  on  °' 
a  rigid  body  in  the  plane  of  the  paper, 
and  let  an  axis  perpendicjilar  to  this 
plane  pass  through  the  body  at  any 
point,  0.  It  is  clear  that  the  effect  of 
the  force  will  be  to  turn  the  body  round  this  axis  (the  axis 
being  supposed  to  be  fixed),  and  the  turning  effect  will 
depend  on  the  magnitude  of  the  force,  P,  and  the  perpen- 
dicular distance,  p,  of  P  from  0.  If  P  passes  through  0, 
it  is  evident  that  no  rotation  of  the  body  round  0  can  take 
place,  whatever  be  the  magnitude  of  P ;  while  if  P 
vanishes,  no  rotation  will  take  place  however  great  p  may 
be.  Hence,  the  measure  of  the  power  of  the  force  to 
produce  rotation  may  be  represented  by  the  product 

P.p, 

and  this  product  has  received  the  special  name  of  Moment, 

The  unit  of  force  being  a  pound  and  the  unit  of  length  a 
foot,  the  unit  of  moment  will  evidently  be  afoot-pound. 

The  point  0  is  called  the  origin  of  moments,  and  may  or 
may  not  be  chosen  to  coincide  with  the  origin  of  co- 
ordinates. The  solution  of  problems  is  often  greatly  sim- 
plified by  a  proper  selection  of  the  origin  of  moments.  The 
perpendicular  from  the  origin  of  moments  to  the  action  line 
of  the  force  is  called  the  arm  of  the  force. 
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47.  Signs  of  Moments. — A  force  may  tend  to  turn  a 
body  about  a  point  or  about  an  axis,  in  either  of  two  direc- 
tions ;  if  one  be  regarded  as  positive  the  other  must  be 
negative;  and  hence  we  distinguish  between  positive  and 
negative  moments.  For  the  sake  of  uniformity  the  moment 
of  a  force  is  said  to  be  positive  when  it  tends  to  turn  a  body 
from  left  to  right,  i.  e.,  in  the  direction  in  which  the  hands 
of  a  clock  more ;  and  negative  when  it  tends  to  turn  the 
body  from  right  to  left,  or  opposite  the  direction  in  which 
the  hands  of  a  clock  move. 

48.  Geometric  Representation  of  the  Moment  of 
a  Force  with  respect  to  a  Point. — Let  the  line  AB 
(Fig.  16),  represent  the  force,  P,  in  magnitude  and  direc- 
tion, and^  the  perpendicular  00  ;  then  the  moment  of  P 
with  respect  to  0  is  AB  xp  (Art.  46).  But  this  is  double 
the  area  of  the  triangle  AOB.  Hence,  the  moment  of  a  force 
with  respect  to  a  point  is  geometrically  represented  by  doiible 
the  area  of  the  triangle  tohose  base  is  the  line  representing 
the  force  in  magnitude  and  direction,  and  whose  vertex  is 
the  given  point. 

49.  Case  of  Ttvo  Equal  and  Opposite  Parallel 
Forces. — If  the  forces,  P  and  Q,  in  Art.  45,  (Fig.  15)  are 
equal,  the  equation 

P  X  GA  =  §  X  GB 

gives  GA  =  GB,  which  is  true  only  when  G  is  at  infinity 
on  AB ;  also  the  resultant,  P —  Q,  is  equal  to  zero.  Such  a 
system  is  called  a  Couple. 

A  Couple  consists  of  two  equal  and  opposite  parallel  forces 
acting  on  a  rigid  body  at  a  finite  distance  from  each  other. 

We  shall  investigate  the  laws  of  the  composition  and 
resolution  of  couples,  since  to  these  the  composition  and 
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resolution  of  forces  of  STery  kind  acting  on  a  rigid  body 
may  be  reduced. 


I    d 


50.  Moment  of  a  Couple. — Let  0 

(Fig.  17)  be  any  point  in  the  plane  of  the 

couple;   let  fall  the  perpendiculars  Oa 

and  OS  on  the  action  lines  of  the  forces 

P.    Then  if  0  is  inside  the  lines  of  action 

of  the  forces,  both  forces  tend  to  produce  '*'  ' 

rotation  round  0  in  the  same  direction,  and  therefore  the 

sum  of  their  moments  is  equal  to 

P  (Oa  +  Oh),  or  P  X  ab 

If  the  point  chosen  is  0',  the  sum  of  the  moments  is 
evidently 

P  {O'a  —  O'b),  01  P  X  db, 

which  is  the  same  as  before.  Hence  the  moment  of  the 
couple  with  respect  to  all  points  in  its  plane  is  constant. 

The  Arm  of  a  couple  is  the  perpendicular  distance 
between  the  two  forces  of  the  couple. 

The  Moment  of  a  couple  is  the  product  of  the  arm  and 
ons  of  the  forces. 

The  Axis  of  a  couple  is  a  right  line  drawn  from  any 
chosen  point  perpendicular  to  the  plane  of  the  couple,  and 
of  such  length  as  to  represent  the  magnitude  of  the  mo- 
ment, and  in  such  direction  as  to  indicate  the  direction  in 
which  the  couple  tends  to  turn. 

As  the  motion,  in  Statics  is  only  virtual,  and  not  actual, 
the  direction  of  the  axis  is  fixed,  but  not  the  position  of  it ; 
it  may  be  any  line  perpendicular  to  the  plane  of  the  couple, 
and  may  be  drawn  as  follows ;  imagine  a  watch  placed  in 
the  plane  in  which  several  couples  act.  Then  let  the  axes 
of  those  couples  which  tend  to  produce  rotation  in  the 


C0UPLB8.  63 

direction  of  the  motion  of  the  hands  be  drawn  upivard 
through  the  face  of  the  watch,  and  the  axes  of  those  which 
tend  to  produce  the  contrary  rotation  be  drawn  downward 
through  the  back  of  the  watch.  Thus  each  couple  is  com- 
pletely represented  by  its  axis,  which  is  drawn  upward  or 
downward  according  as  the  moment  of  the  couple  is  posi- 
tive or  negative ;  and  couples  are  to  be  resolved  and 
compounded  by  the  same  geometric  constructions  performed 
with  reference  to  their  axes  as  forces  or  velocities,  with 
reference  to  the  lines  which  directly  represent  them. 

We  shall  now  give  three  propositions  showing  that  the 
effect  of  a  couple  is  not  altered  when  certain  changes  are 
made  with  respect  to  the  couple. 

51.   The  Effect  of  a  Couple  on  a  Rigid  Body  is  not » 
altered  if  the  arm  be  turned  through  any  angle 
about  one  extremity  in  the  plane  of  the  Couple. 

Let  the  plane  of  the  paper  be  the 
plane  of  the  couple,  AB  the  arm  of 
the  original  couple,  AB'  its  new  posi- 
tion, and  P,  P,  the  forces.  At  A 
and  B'  respectively  introduce  two 
forces  each  equal  to  P,  with  their 
action  lines  perpendicular  to  the  arm 
AB',  and  opposite  in  direction  to 
each  other.  The  effect  of  the  given 
couple  is,  of  course,  unaltered  by  the  introduction  of  these 
forces.  Let  BAB'  =  30 ;  then  the  resultant  of  P  acting  at 
B,  and  of  P  acting  at  B',  whose  lines  of  action  meet  at  Q, 
is  2P  sin  0,  acting  along  the  bisector  AQ;  and  the  result- 
ant of  P  acting  at  A  perpendicular  to  AB  and  of  P  per- 
pendicular to  AB',  is  2P  sin  6,  acting  along  the  bisector 
A©  in  a  direction  opposite  to  the  former  resultant.  Hence 
these  two  resultants  neutralize  each  other;  and  there 
remains  the  couple  whose  arm  is  AB',  and  whose  forces  are 
P,  P.    Hence  the  effect  of  the  couple  is  not  altered. 
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Fig.  19 


52.  The  Effect  of  a  Couple  on  a  Rigid  Body  is 
not  altered  if  we  transfer  the  Couple  to  any  other 
Parallel  Plane,  the  Arm  remaining  parallel  to 
itself. 

Let  AB  be  the  arm,  and  P,  P,  the 
forces  of  the  giyen  couple;  let  A'B' 
be  the  new  position  of  the  arm  par- 
allel to  AB.  At  A'  and  B'  apply  two 
equal  and  opposite  forces  each  equal 
to  P,  acting  perpendicular  to  A'B', 
and  in  a  plane  parallel  to  the  plane  of 
the  original  couple.  This  will  not  alter  the  effect  of  the 
giyen  couple.  Join  AB',  A'B,  bisecting  each  other  at  0  ; 
then  P  at  A  and  P  at  B',  acting  in  parallel  lines,  and  in 
the  same  direction,  are  equivalent  to  2P  acting  at  0  ;  also 
P  at  B  and  P  at  A',  acting  in  parallel  lines  and  in  the 
same  direction,  are  equiyalent  to  %P  acting  at  0.  At  0 
therefore  these  two  resultants,  being  equal  and  opposite, 
neutralize  each  other ;  and  there  remains  the  couple  whose 
arm  is  A'B',  and  whose  forces  are  each  P,  acting  in  the 
same  directions  as  those  of  the  original  couple.  Hence  the 
effect  of  the  couple  is  not  altered. 

53.  The  Effect  of  a  Couple  on  a  Rigid  Body  is 
not  altered  if  we  replace  it  by  another  Couple  of 
which  the  Moment  is  the  same ;  the  Plane  remain- 
ing the  same  and  the  Arms  being  in  the  same 
straight    line    and    having    a 

common  extremity.  P=Q+R 

Let  AB  be  the  arm,  and  P,  P,  the 
forces  of  the  given  couple,  and  sup- 
.  pose  P  =  e+P.    Produce  AB  to  C 
so  that 

AB  :  AC    ::     Q  :  P {=  Q  +  R), 

and  therefore       AB  :  BO    ::    $  :  P;  (3) 


Fig.20 


+  p= 


(2+R 

(1) 
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at  0  introduce  opposite  forces  each  equal  to  Q  and  parallel 
to  P  ;  this  will  not  alter  the  effect  of  the  couple. 

Now  ^  at  A  and  ^  at  C  will  balance  Q  +  RsXB  from 
(2)  and  (Art.  45);  hence  there  remain  the  forces,  Q,  Q, 
acting  on  the  arm,  AC,  which  form  a  couple  whose  moment 
is  equal  to  that  of  F,  P,  with  arm,  AB,  since  by  (1)  we 
have 

P  X  AB  =  Q  X  AG. 
Hence  the  effect  of  the  couple  is  not  altered. 

Rem. — From  the  last  three  articles  it  appears  that  we 
may  change  a  couple  into  another  couple  of  equal  moment, 
and  transfer  it  to  any  position,  either  in  its  own  plane  or 
in  a  plane  parallel  to  its  own,  without  altering  the  effect  of 
the  couple.  The  couple  must  remain  unchanged  so  far  as 
concerns  the  direction  of  rotation  which  its  forces  would 
tend  to  give  the  arm,  i.  e.,  the  axis  of  the  couple  may  be 
removed  parallel  to  itself,  to  any  position  within  the  body 
acted  on  by  the  couple,  while  the  direction  of  the  axis  from 
the  plane  of  the  couple  is  unaltered  (Art.  50). 

54.  A  Force  and  a  Couple  acting  in  the  same 
Plane  on  a  Rigid  Body  are  equivalent  to  a  Single 
Force. 

Let  the  force  be  F  and  the  couple  (P,  a),  that  is,  P  is 
the  magnitude  of  each  force  in  the  couple  whose  arm  is  a. 

Then  (Art.  53)  the  couple  (P,  a)  =±  the  couple  (f,  -^\- 

Let  this  latter  couple  be  moved  till  one  of  its  forces  acts  in 
the  same  line  as  the  given  force,  F,  but  in  the  opposite 
direction.  The  given  force,  F,  will  then  be  destroyed,  and 
there  will  remain  a  force,  F,  acting  in  the  same  direction 
as  the  given  one  and  at  a  perpendicular  distance-  from  it 
_  aP 
~  F' 


66  RESULTANT    OF    COUPLES. 

CoE. — A  force  mid  a  couple  acting  on  a  rigid  tody  cannot 
•produce  equilibrium.  A  couple  can  he  in  equilibrium  only 
with  an  equivalent  couple.  Equivalent  couples  are  those 
whose  moments  are  equal.* 

The  resultant  of  several  couples  is  one  tvhich  will  produce 
the  same  effect  singly  as  the  component  couples. 

55.  To  find  the  Resultant  of  any  number  of 
Couples  acting  on  a  Body,  the  Planes  of  the 
Couples  being  parallel  to  each  other. 

Let  P,  Q,  R,  etc.,  be  the  forces,  and  a,  h,  c,  etc.,  their 
arms  respectively.  Suppose  all  the  couples  transferred  to 
the  same  plane  (Art.  53) ;  next,  let  them  all  be  transferred  so 
as  to  have  their  arms  in  the  same  straight  line,  and  one 
extremity  common  (Art,  51) ;  lastly,  let  them  be  replaced 
by  other  couples  having  the  same  arm  (Art.  53).  Let  «  be 
the  common  arm,  and  P^,  Qi,  R^,  etc.,  the  new  forces, 
so  that 

PjK  =  Pa,    Qia  =  Qb,    R^a  =  Re,  etc., 
then       Piz=  P-,    Q,=Q-,   R.  =  R-,  etc., 

i.e.,  the  new  forces  are  P-,  Q-,  R-,  etc.,  acting  on  the 

common  arm  «.    Hence  their  resultant  will  be  a  couple  of 
which  each  force  equals 

^!  +  e|  +  <  +  etc., 

and  the  arm  =  a,  or  the  moment  equals 
Pa  +  Qb  +  Re  +  etc. 
If  one  of  the  couples,  as  Q,  act  in  a  direction  opposite  to 

*  The  moments  of  eqniTalent  couples  may  have  like  or  unlike  signs. 
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the  other  couples  its  sign  will  be  negative,  and  the  force  at 
each  extremity  of  the  arm  of  the  resultant  couple  will  be 

pI- Q^  +  R~  +  etc. 
cc  a  a 

Hence  the  moment  of  the  resultant  couple  is  equal  to  the 
algebraic  sum  of  the  moments  of  the  component  couples. 

56.   To   Find  the   Resultant  of  two  Couples  not 
acting  in  the  same  Plane.* 

Let  the  planes  of  the  couples  be 
inclined  to  each  other  at  an 
angle  y ;  let  the  couples  be  trans- 
ferred in  their  planes  so  as  to 
have  the  same  arm  lying  along 
the  line  of  intersection  of  the  two 
planes  ;  and  let  the  forces  of  the 
couples  thus  transferred  be  P  and  Q.  Let  AB  be  the  com- 
mon arm.  Let  B  be  the  resultant  of  the  forces  P  and  Q  at 
A  acting  in  the  direction  A^ ;  and  of  P  and  §  at  B  acting 
in  the  direction  B^.  Then  since  P  and  §  at  A  are  parallel 
to  P  and  §  at  B  respectively,  therefore  ^  at  A  is  parallel 
to  R  at  B.  Hence  the  two  couples  are  equivalent  to  the 
single  couple  R,  R,  acting  on  the  arm  AB  ;  and  since 
PAQ  =  y,  we  have 

Ri=.  P^  +  Q>  +  %PQ  cos  y  (Art.  30).  (1) 

Draw  Ka,  B5  perpendicular  to  the  planes  of  the  couples 
P,  P,  and  Q,  Q,  respectively,  and  proportional  in  length  to 
their  moments. 

Draw  Ac  perpendicular  to  the  plane  of  R,  R,  and  in  the 
same  proportion  to  Aa,  Bb,  that  the  moment  of  the  couple, 
R,  R,  is  to  those  of  P,  P,  and  Q,  Q,  respectively.  Then 
Aa,  Ah,  Ac,  may  be  taken  as  the  axes  of  P,  P ;  Q,  Q;  and 

*  Todhunter'e  StaticB,  p,  43.    Also  Pratt's  Mechanics,  p.  85. 
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R,  B,  respectively  (Art.  50).  Now  the  three  straight  lineSi 
Aa,  Ac,  Ai,  make  the  same  angles  with  each  pther  that 
AP,  AR,  AQ  make  with  each  other;  also  they  are  in  the 
same  proportion  in  which 

AB  .  P,   AB  •  i2,   AB  .  §  are, 

or  in  which  P,  R,  Q  are. 

But  R  is  the  resultant  of  P  and  Q  ;  therefoi-e  Ac  is  the 
diagonal  of  the  parallelogram  on  Aa,  A5  (Art.  30). 

Hence  if  two  straight  lines,  having  a  common  extremity, 
represent  the  axes  of  two  couples,  that  diagonal  of  the 
parallelogram  described  on  these  straight  lines  as  adjacent 
sides  which  passes  through  their  common  extremity  repre- 
sents the  axis  of  the  resultant  couple. 

CoE. — Since  R  •  AB  is  the  axis  or  moment  of  the  result- 
ant couple,  we  have  from  (1) 

^2.AB^  =  P2.AB^+e3.AB'+3P.AB.^.AB.cosy.  (2) 

If  L  and  M  represent  the  axes  or  moments  of  the  com- 
ponent couples  and  G,  that  of  the  resultant  couple,  (3) 
becomes* 

G^  =  I?  +  M^  +  ^L  •  M  COB  y.  (3) 

ScH.  1. — If  L,  M,  N,  are  the  axes  of  three  component 
couples  which  act  in  planes  at  right  angles  to  one  another, 
and  0  the  axis  of  the  resultant  couple,  it  may  easily  be 
shown  that 

G^=  I?  +  M^  +  N\  •  (4) 

IS  X,  (I,  V  be  the  angles  which  the  axis  of  the  resultant 
makes  with  those  of  the  components,  we  have 

cos  ^  =  -Q,      COS  jU  =  -Q,      COS  "  =  -^" 
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ScH.  3. — Hence,  conversely  any  couple  may  be  replaced 
by  three  couples  acting  in  planes  at  right  angles  to  one 
another ;  their  moments  being  G  cos  X,  G  cos  n,  G  cos  v ; 
where  G  is  the  moment  of  the  given  couple,  and  A,  ^,  v  the 
angles  its  axis  makes  with  the  axes  of  the  three  couples. 

Thus  the  composition  and  resolution  of  couples  follow 
laws  similar  to  those  which  apply  to  forces,  the  axis  of  the 
couple  corresponding  to  the  direction  of  the  force,  and  the 
moment  of  the  couple  to  the  magnitude  of  the  force. 

57.  Varignon's  Theorem  of  Moments. — The  mo- 
ment of  the  resultant  of  two  component  forces 
with  respect  to  any  point  in  their  plane  is  equal 
to  the  algebraic  sum  of  the  moments  of  the  two 
components  with  respect  to  the  same  point. 

Let  AP  and  ^^  represent  two  com- 
ponent forces ;  complete  the  parallelo- 
gram and  draw  the  diagonal,  AR, 
representing  the  resultant  force.  Let 
0  be  the  origin  of  moments  (Art.  46).  ^  p.  ^^ 
Join  OA,  OP,  OQ,  OB,  and  draw  PC  '^' 

and  QB  parallel  to  OA,  and  let  p  =  the  perpendicular  let 
fall  from  0  to  AR. 

Now  the  moment  ot  AP  about  0  is  the  product  of  JP 
and  the  pei-pendicnlar  let  fall  on  it  from  0  (Art.  46),  which 
is  double  the  area  of  the  triangle,  AOP  (Art.  48).  But 
the  area  of  the  triangle,  A  OP,  —  the  area  of  the  triangle, 
A  00,  since  these  triangles  have  the  same  base,  AO,  and 
are  between  the  same  parallels,  AO  and  CP.  Hence  the 
moment  of  AP  about  0  =  the  moment  of  ^C  about 
0  =;  AO-p.  Also  the  moment  of  AQ  about  0  is  double 
the  area  of  the  triangle,  AOQ,  =  double  the  area  of  the 
triangle,  A  OB,  since  the  two  triangles  have  the  same  base, 
AO,  and  are  between  the  same  parallels,  AO  and  QB. 
Hence  the  moment  ot  AQ  about  0  =  the  moment  ot  AB 
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about  0  =  AB-p.  Therefore  the  sum  of  the  moments  of 
AP  and  AQ  about  0  =  the  sum  of  the  moments  of  ^C 
and  AB  about  0  -  {AG  +  AB)p,  =  {AB  +  BR)p, 
(since  AG  =  BR  from  the  equal  triangles  ^PC and  QBE) 
=  AR  •  p  =  the  moment  of  the  resultant. 

If  the  origin  of  moments  fall  between  AP  and  AQ,  the 
forces  -will  tend  to  produce  rotation  in  opposite  directioas, 
and  hence  their  moments  -will  have  contrary  signs  (Art. 
47).  In  this  case  the  moment  of  the  resultant  =  the  dif- 
ference of  the  moments  of  the  components,  as  the  student 
■will  find  no  difficulty  in  showing.  Hence  in  either  case 
the  moment  of  the  resultant  is  equal  to  the  algebraic  sum 
of  the  moments  of  the  components. 

Cob.  1. — If  there  are  any  number  of  component  forces, 
we  may  compound  them  in  order,  taking  any  two  of  them 
first,  then  finding  the  resultant  of  these  two  and  a  third, 
and  so  on ;  and  it  follows  that  the  sum  of  their  moments 
(with  their  proper  signs),  is  equal  to  the  moment  of  the 
resultant. 

CoK.  2. — If  the  origir,  of  moments  be  on  the  line  of 
action  of  the  resultant,  ^  =  0,  and  therefore  the  moment 
of  the  resultant  =  0 ;  hence  the  sum  of  the  moments  of 
the  components  is  equal  to  zero.  In  this  case  the  moments 
of  the  forces  in  one  direction  balance  those  in  the  opposite 
direction ;  i.  e.,  the  forces  that  tend  to  produce  rotation  in 
one  direction  are  counteracted  by  the  forces  that  tend  to 
produce  rotation  in  the  opposite  direction,  and  there  is  no 
tendency  to  rotation. 

CoE.  3. — If  all  the  forces  are  in  equilibrium  the  resultant 
R  =  0,  and  therefore  the  moment  of  i2  =  0 ;  hence  the 
sum  of  the  moments  of  the  components  is  equal  to  zero, 
and  there  is  no  tendency  to  motion  either  of  translation  or 
rotation. 
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Cob.  4. — Therefore  when  the  moment  of  the  resultant 
=  0,  we  conclude  either  that  the  resultant  =i  0  (Cor.  3), 
or  that  it  passes  through  the  point  taken  as  the  origin  of 
moments  (Cor.  3). 

58.  Varignon's  Theorem  of  Moments  for  Parallel 
Forces. — The  sum  of  the  moments  of  two  parallel 
forces  aboiht  any  point  is  equal  to  the  moment  of 
their  resultant  ahout  the  point. 


Let  P  and  Q  be  two  parallel  forces 
acting  at  A  and  B,  and  R  their  result- 
ant acting  at  G,  and  let  0  be  the  point 
about  which  moments  are  to  be  taken. 
Then  (Art.  45)  we  have 


R 


*(2 


Fig.23 


P  X  AG  =  e  X  BG, 
.-.    P(OG-OA)  =  ^(OB-OG), 
.-.       (P  +  0  OG  =  P  X  OA  +  e  X  OB, 

P  X  OG  =  Px  0A+  e  X  OB; 

that  is,  the  sum  of  the  moments  =  the  moment  of  the 
resultant. 

Cob. — It  follows  that  the  algebraic  sum  of  the  moments 
of  any  number  of  parallel  forces  in  one  plane,  with  respect 
to  a  point  in  their  plane,  is  equal  to  the  moment  of  their 
resultant  with  respect  to  the  point. 

59.  Centre  of  Parallel  Forces.— lb  find  the  mag- 
nitude, direction,  and  point  of  application  of  the 
resultant  of  any  number  of  parallel  forces  acting 
on  a  rigid  body  in  one  plane. 
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-P. 


Let  Pj,  Pg,  Pg,  etc.,  denote  the 
forces,  M^,  M^,  M^,  etc.,  their  points 
of  application.  Take  any  point  in 
the  plane  of  the  forces  as  origin  and 
draw  the  rectangular  axes  OX,  OY. 
Let  (x^,  y^),  {x^,  y^),  etc.,  be  the  "  *  6  «4 
points  of  application,  M^,  J/g,   etc.  f^a-Z* 

Join  M^M^;  and  take  the  point  if  on  M^M^,  so  that 


■^Bi* 


M^M Pg 


M^M^       P^  +  Pg 


(1) 


then  the  resultant  of  P^  and  Pg  is  Pj  +  Pg,  and  it  acts 
through  M  parallel  to  Pj  (Art.  45). 

Draw  M^a,  Mi,  MgC  parallel,  and  M^e  perpendicular  to 
the  axis  of  y.    Then  we  have 

MiM  _  Md  _  Mi  —  y^ 
Vi—y-i' 


M^M^  - 

M^e 

.'.     Mi 

-Vi 

. 

Mi 

-p-  {VZ   -  Vl)  ': 


(2) 


which  gives  the  ordinate  of  the  point  of  application  of  the 
resultant  of  Pj  and  Pg. 


Now  since  the  resultant    of    P,    and 


Pg,   which 


IS 


Pi  +  Pg,  acts  at  M,  the  resultant  of  P^  +  Pg  at  M,  and 
Pj  at  Mg,  is  Pj^  +  P^  +  Pj  at  g,  and  substituting  in  (3) 
Pi  +  Pg,  P3,  Mi,  and  y^  for  Pi,  Pg,  y^,  and  y^  respec- 
tively, we  have 


„%  -  {Pt  +  Pz)  Mi -{^  P,y, 


Piy^+Pi^i+Psys .  /q^ 
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and  this  process  may  be  extended  to  any  number  of  parallel 
forces.  Let  R  denote  the  resultant  force  and  y  the  oi-di- 
nate  of  the  point  of  application  ;  then  we  have 

jB  =  Pi  +  Pg  +  P3  +  etc.  =  SP. 

y  ^  PiVi  +  P^y^  +  -Pa^s  +  etc.  ^  S^ 
^  Pj  +  Pg  +  P3  +  etc.  SP  * 

Similarly,  if  x  be  the  abscissa  of  the  point  of  application  of 
the  resultant,  we  have 

SPa; 
^=  xp- 

The  yalues  of  i,  y  are  independent  of  the  angles  which 
the  directions  of  the  forces  make  with  the  axes.  Hence 
if  these  directions  be  turned  about  the  points  of  application 
of  the  forces,  their  parallelism  being  preserved,  the  point  of 
application  of  the  resultant  will  not  move.  For  this  reason 
the  point  (sc,  y)  is  called  the  centre  of  parallel  forces.  We 
shall  hereafter  have  many  applications  in  which  its  position 
is  of  great  importance. 

ScH.  1. — The  moment  of  a  force  with  respect  to  a  plane 
to  which  it  is  parallel,  is  the  product  of  the  force  into  the 
perpendicular  distance  of  its  point  of  application  from  the 
plane.  Thus,  -Pi2/i  is  the  moment  of  the  force  Pj,  in 
reference  to  the  plane  through  OJT  perpendicular  to  OY. 
This  must  be  carefully  distinguished  from  the  moment  of  a 
force  with  respect  to  a  point.  Hence  the  equations  for 
determining  the  position  of  the  centre  of  parallel  forces 
show  that  the  sum  of  the  moments  of  the  parallel  forces  with 
respect  to  any  plane  parallel  to  them,  is  equal  to  the  moment 
of  thvir  resultant. 

ScH.  l^.-^The  moment  of  a  force  with  respect  to  any  line 
is  the  product  of  the  component  of  the  force  perpendicular 
4 


Fig.25 
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to  the  line  into  the  shortest  distance  between  the  line  and 
the  line  of  action  of  the  force. 

60.  Conditions  of  Equilibrium  of  a  Rigid  Body 
acted   on  by  Parallel   Forces   in  one  Plane. — Let 

Pj,  Pg,  Pg,  etc.,  denote  the  forces.  Take 
any  point  in  the  plane  of  the  forces  as 
origin,  and  draw  rectangular  axes,  OX, 
OY,  the  latter  parallel  to  the  forces.  Let 
A  be  the  point  where  OX  meets  the  direc- 
tion of  Pj,  and  let  OA  =  x^. 

Apply  at  0  two  opposing  forces,  each  ■' 
equal  and  parallel  to  Pj ;  this  will  not  disturb  the  equili- 
brium. Then  P^  at  A  is  replaced  by  P^  at  0  along  OY, 
and  a  couple  whose  moment  is  Pj  •  OA,  i.  e.,  P^x^.  The 
remaining  forces,  Pg,  Pj,  etc.,  may  be  treated  in  like  man- 
ner. We  thus  obtain  a  set  of  forces,  Pj,  Pg,  Pg,  etc., 
acting  at  0  along;  OY,  and  a  set  of  couples,  Pi^i,  P^x^, 
P3X3,  etc.,  in  the  plane  of  the  forces  tending  to  turn  the 
body  from  the  axis  of  x  to  the  axis  of  y.  These  forces  are 
equivalent  to  a  single  resultant  force  Pj  +  Pg  +  P3  -|-  etc., 
and  the  couples  are  equivalent  to  a  single  resultant  couple, 
PjjTj  +  Pg^g  +  PjXg  +  etc.  (Art.  55). 

Hence  denoting  the  resultant  force  by  R,  and  the  moment 
of  the  resultant  couple  by  G,  we  have 

^  =  Pi  +  Pg  +  P3  -F  etc.  =  SP; 

G  =  PjiCi  +  Pg^g  +  P3X3  +  etc.  =  l.Px; 

that  is,  a  system  of  parallel  forces  can  be  reduced  to  a 
single  force  and  a  couple,  which  (Art.  54,  Cor.)  cannot 
produce  equilibrium.  Hence,  for  equilibrium,  the  ferce 
and  the  couple  must  vanish  ;  or 

SP  =  0,    and    SPa;  =  0. 
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Hence  the  conditions  of  equilibrium  of  a  system  of  par- 
allel forces  acting  on  a  rigid  body  in  one  plane  are  : 

The  sum  of  the  forces  must  =  0. 

TJie  sum  of  the  moments  of  the  forces  about  every  point  in 
their  plane  must  =.  0. 

61.  Conditions    of  Equilibrium  of  a  Rigid  Body 
acted  on  by  Forces  in  any  direction  in  one  Plane.  — 

Let  P^,  Pg,  Pg,  etc.,  be  the  forces  acting  at  the  points 

(»!,  ?/i),  {x^,  y^),  {x^,  y^),  etc.,  in  the 

plane  xy.  Eesolye  the  force  Pj  into  two 

components,  X^,  Y^,  parallel  to  OX 

and   OY  respectively.     Let  the  direc-     ,  [''-■'        ^ 

tion  of  1^1  meet   OX  at  M,  and  the 

direction  of  X^  meet  OY &t  N.  Apply 


»x, 


F!g.26 


at  0  two  opposing  forces  each  equal  and  parallel  to  X^, 
and  also  two  opposing  forces  each  equal  and  parallel  to  J", . 
Hence  Y^  at  A^.,  or  M,  is  equivalent  to  Y^  at  0,  and  a 
couple  whose  moment  is  Y^  •  OM;  and  X^  at  ^j,  or  iV",  is 
equivalent  to  X^  at  0,  and  a  couple  whose  moment  is 
Xi  •  ON. 

Hence  Y^  is  replaced  by  JT,  at  0,  and  the  couple  Y^x^  ; 
and  X^  is  replaced  by  X^  at  0,  and  the  couple  X-^y^  (Art. 
47).  Therefore  the  force  Pj  may  be  replaced  by  the  com- 
ponents Xj,   Y^   acting    at    0,  and    the    couple    whose 

moment  is 

Y^Xi  —  X^y^,  __ 

and  which  equals  the  moment  of  Pj  about  0  (Art.  57). 

By  a  similar  resolution  of  all  the  forces  we  shall  have 
them  replaced  by  the  forces  (X^,  Fg),  (Xg,  Y3),  etc.', 
acting  at  0  along  the  axes,  and  the  couples 

Fg^a  —  Xg^g,     F3K3  —  Xji/g,  etc. 

Adding  together  the  couples  or  moments. of  Pj,  Pg,  etc., 
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and  denoting  by  0  the  moment  of  the  resultant  couple,  we 
get  the  total  moment 

G  =  I.{Yx—Xy). 

If  the  sum  of  the  components  of  the  forces  along  OX  is 
denoted  by  SX,  and  the  sum  of  the  components  along  OY 
by  S  Y,  the  resultElnt  of  the  forces  acting  at  0  is  given  by 
the  equation 

m  =  (sx)8  +  (i.Yy. 

If  a  be  the  angle  which  R  makes  with  the  axis  of  X,  we 
have  y 

E  cos  a  —  I,X,    B  sin  a  =  I>Y; 

•••   *^"«  =  s-x 

Therefore,  any  system  of  forces  acting  in  any  direction 
in  one  plane  on  a  rigid  body  may  be  reduced  to  a  single 
force,  R,  and  a  single  couple  whose  moment  is  G,  which 
(Art.  54,  Cor.)  cannot  produce  equilibrium.  Hence  for 
equilibrium  we  must  have  R  =  0,  and  G  =  0,  which 
requires  that 

2X=0,    xr=0, 

I.{Yx  —  Xy)  z=  0, 

Hence  the  conditions  of  equilibrium  for  a  system  of 
forces  acting  in  any  direction  in  one  plane  on  a  rigid  body 
are : 

The  sum  of  the  components  of  the  forces  parallel  to  each  of 
two  rectangular  axes  must  =  0. 

The  sum  of  the  moments  of  the  forces  round  every  point  in 
their  plane  must  =  0. 
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CoE. — Conversely,  if  the  forces  are  in  equilibrium  the 
sum  of  the  components  of  the  forces  parallel  to  any  direc- 
tion will  =  0,  and  also  the  sum  of  the  moments  of  the 
forces  about  any  point  will  =  0. 

62.  Condition  of  Equilibrium  of  a  Body  under  the 
Action  of  Three  Forces  in  one  Plane. — //  three 
forces  maintcbin  a '  body  in  equilibrium,  their 
directions  must  meet  in  a  point,  or  be  parallel. 

Suppose  the  directions  of  two  of  the  forces,  P  and  Q,  to 
meet  at  a  point,  and  take  moments  round  this  point ;  then 
the  moment  of  each  of  these  two  forces  =  0 ;  therefore  the 
moment  of  the  third  force  i2  =  0  (Art.  61,  Oor.),  which 
requires  either  that  R  =  0,  or  that  it  pass  through  the 
point  of  intersection  of  F  and  Q.  If  R  is  not  =  0,  it  must 
pass  through  this  point.  Hence  if  any  two  of  the  forces 
meet,  the  third  must  pass  through  their  point  of  intersec- 
tion, and  keep  it  at  rest,  and  each  force  must  be  equal  and 
opposite  to  the  resultant  of  the  other  two.  If  the  angles 
between  them  in  pairs  be  p,  q,  r,  the  forces  must  satisfy  the 
conditions 

P  :  Q  :  R  :=  Binp  :  sm  q  :  smr  (Art.  32). 

If  two  of  the  forces  are  parallel,  the  third  must  be 
parallel  to  them,  and  equal  and  directly  opposed  to  their 
resultant. 

EXAMPLES. 

1.  Suppose  six  parallel  forces  proportional  to  the  numbers 
1,  3,  3,  4,  5,  6  to  act  at  points  (—3,  —1),  (^1,  0),  (0,  1), 
(1,  %),  (2,  3),  (3,  4)  ;  find  the  resultant,  R,  and  the  centre 
of  parallel  forces. 

By  Art.  -59  we  have 

i?  =  SP  =  1  +  24-. ••6  =  21  ^ 
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•ZPx  =— 2  —  2  +  4+ 10 +  18  =  38; 
^Py  =  —  1  +  3  +  8  +  15  +  24  =  49. 

-  _   '^^^   _  i^       -  —  5.^  _  ^ 
•'•    ^  -  'YP    ~  21'    ^  "~    SP   ~  2l' 

2.  At  the  three  vertices  of  a  triangle  parallel  forces  are 
applied  which  are  proportional  respectively  to  the  opposite 
sides  of  tlie  triangle ;  find  the  centre  of  these  forces. 

Let(a;j,  y^),  {x^,  y^),  {x^,  y^)  be  the  vertices,  and  let  a, 
I,  c  be  the  sides  opposite  to  them ;  then 

-  _  ax^+hx^  +  cx^^        _  ayi+iyj  +  cy^ 
a+b+c       '    ^  a+b+c 

3.  If  two  parallel  forces,  P  and  Q,  act  in  the  same  direc- 
tion at  A  and  B,  (Fig.  14),  and  make  an  angle,  d,  with 
AB,  find  the  moment  of  each  about  the  point  of  applica- 
tion of  their  resultant. 

The  moment  of  P  with  respect  to  G  is 

P.7l(?sin0(Art.  46). 
But  from  (1)  of  Art.  45,  we  have 

P+  Q  _AB 

Q      ~  AG' 


which  in  P  •  AG  Bind  gives 


AB  sin  e, 


P+Q 
for  the  moment  of  P  which  also  equals  the  moment  of  Q. 
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4.  Two  parallel  forces,  acting  in  tlie  same  direction, 
have  their  magnitudes  5  and  13,  and  their  points  of  applica- 
tion, A  and  B,  6  fe^t  apart.  Find  the  magnitude  of  their 
resultant,  and  the  point  of  application,  G. 

Ans.  B  =  18,  AG  =  4^,  BG  =  If. 

5.  On  a  straight  rod,  AF,  there  are  suspended  5  weights 
of  5, 15,  7,  6,  and  9  pounds  respectively  at  the  points  A,  B, 
D,  E,  F;  AB  =  3  feet,  BD  =  6  feet,  DF  =  5  feet, 
FF  =  4  feet.  Find  the  magnitude  of  the  resultant,  and 
the  distance  of  its  point  of  application,  G,  from  A . 

Ans.  ^  =  42  pounds.  ^6^  =  81  feet. 

6.  A  heavy  uniform  beam,  AB,  rests 
in  a  vertical  plane,  with  one  end.  A,  on  a 
smooth  horizontal  plane  and  the  other 
end,  B,  against  a  smooth  vertical  wall ; 
the  end.  A,  is  prevented  from  sliding  by         „ 
a  horizontal  string  of  given  length  fas- 
tened to  the  end  of  the  beam  and  to  the  wall ;  determine 
the  tension  of  the  string  and   the  pressures  against  the 
horizontal  plane  and  the  wall. 

Let  2a  =  the  length  of  the  beam,  and  let  W  be  its  weight, 
which  as  the  beam  is  uniform,  we  may  suppose  to  act  at  its 
middle  point,  G.  Let  R  be  the  vertical  pressure  of  the 
horizontal  plane  against  the  beam ;  and  R'  the  horizontal 
pressure  of  the  vertical  wall,  and  T  the  tension  of  the  hor- 
izontal string,  AC ;  let  BAC  =  «,  a  known  angle,  since 
the  lengths  of  the  beam  and  the  string  are  given.  Then 
(Art.  61),  we  have 

for  horizontal  forces,  T  =  R' ; 

for  vertical  forces,      W  =  R; 

for  moments  about  A  (Art.  47),  2R'  a  sin  es  =  Wa  cos  «  ; 

W 
.-.     R'=T=-^cot«. 

/i 
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7.  A  heavy  beam,  AB  =  2a,  rests 
on  two  given  smooth  planes  which  are 
inclined  at  angles,  «  and  0,  to  the 
horizon ;  required  the  angle  d  which 
the  beam  makes  with  the  horizontal 
plane,  and  the  pressures  on  the 
planes. 

Let  a  and  b  be  the  segments,  AG  and  BG,  of  the  beam, 
made  by  its  centre  of  gravity,  G;  let  E  and  R'  be  the 
pressures  on  the  planes,  AC  and  BC,  the  lines  of  action  of 
which  are  perpendicular  to  the  planes  since  they  are  smooth, 
and  let  W  be  the  weight  of  the  beam.    Then  we  have 

for  horizontal  forces,  i2  sin  «  =  R'  sin  P ;  (1) 

for  vertical  forces,  i?  cos  a  +  ^'  cos  /3  =  W;      (3) 

for  moments  about  G,  ^acos  {a—0)=B'bcos  (i3  +  6).  (3) 

Dividing  (3)  by  (1),  we  have 

a  cot  «  +  «  tan  d  =  b  cot  |3  —  b  tan  B ; 

a  cot  a  ~b  cot  /3 


therefore. 


tan  0  = 


a  +  b 


and  from  (1)  and  (2)  we  have 

Tf  sin  13 


R 


sin  (a  +  (3)' 


and  R'  = 


TF  sin  a  _ 
sin  (a  +  j3) 


Otherwise  thus :  since  the  beam  is  in  equilibrium  under 
the  action  of  only  three  forces,  they  must  meet  in  a  point  0, 
(Art.  63),  and  therefore  we  obtain  immediately  from  the 
geometry  of  the  figure, 


R 
W 


sin  (3 
sin  (a +(3)' 


R  = 


W  Bin  13 
sin  (a  +  (3)' 
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sin  a 


R'  = 


Tf  sin  a 


sin(a  +  i3)'        ■•    '"       sin(«H-|3)" 
Also  since  the  angles,  GOA  and  GOB,  are  equal  to  a  and  (3, 
respectively,  and  AGO  =^  —  d,we  have 

{a  +  h)  cot  AGO  =  a  cot  GAO  —  b  cot  GOB; 
a  cot  a  —  b  cot  /? 


therefore. 


tan  d  = 


a  +  b 


Hence,  if  t  =  i -k,  -the  beam  will  rest  in  a  horizontal 

0       tan  p 

position. 

8.  A  heavy  unifoi-m  beam,  AB,  rests  with 
one  end,  A,  against  a  smooth  vertical  wall, 
and  the  other  end,  B,  is  fastened  by  a  string, 
BC,  of  given  length  to  a  point,  C,  in  the 
wall ;  the  beam  and  the  string  are  in  a  vertical 
plane ;  it  is  required  to  determine  the  pressure 
against  the  wall,  the  tension  of  the  string,  and 
the  position  of  the  beam  and  the  string. 

Let         AG  =  GB  =  a,    AC  =  x,    BC  =  b, 

weight  of  beam  =  W,  tension  of  string  =  T,  pressure  of 
wall  1=  R, 

BAE  =  e,    BOA  =  <^. 
Then  we  have 

for  horizontal  forces,  R  =z  Tsin<t>;  (1) 

for  vertical  forces,       W  =  T  cos  (j> ;  (3) 

for  moments  about  A,  Wa  sin  0=  T-  AD  =  Tx  sin  0;  (3) 

.  • .    asmd  :=  X  tan  <f) ;  (4) 
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and  by  the  geometry  of  the  figure 
i        sin  0 


X 

2a 


sin^' 
sin  {&—4>y 


sin  <p 


(5) 
(6) 


Solving  (4),  (5),  and  (6),  we  get 


cos 


Ein 


_  rj3  _  ia^y 

^  -  L~3-~ J  ' 

^=*L^— J' 
1  ri6aa  —  S8"l* 


(Price's  Anal. 


from    whiGh    E   and    T  become  known. 
Mech's.,  Vol.  I,  p.  69). 

To  determine  all  the  unknown  quantities  many  problems  in  Statics 
require  equations  to  be  formed  by  geometric  relations  as  well  as  static 
relations.  Thus  (1),  (3),  (8)  are  static  equations,  and  (5)  is  a  geometric 
equation. 

9.  A  uniform  heavy  beam,  AB  =  2a, 
rests  with  one  end,  A,  against  the  inter- 
nal surface  of  a  smooth  hemispherical 
bowl,  radius  =  r,  while  it  is  supported 
at  some  point  in  its  length  by  the  edge 
of  the  bowl ;  find  the  position  of  equili- 
brium.  ' 

The  beam  is  kept  in  equilibrium  by  three  forces,  viz.,  the 
reaction,  B,  at  A  perpendicular  to  the  surface  of  contact, 
(Art.  42)  and  therefore  perpendicular  to  the  bowl,  the 
reaction,  B',  at  C  which,  for  the  same  reason,  is  perpen- 
dicular to  the  beam,  aad  the  weight  W  acting  at  G, 
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Let  6  —  the  inolination  of  the  beam  to  the  horizon 
=  <ACD.  The  solution  will  be  most  readily  effected  by 
resolving  the  forces  along  the  beam  and  taking  moments 
about  C,  by  which  we  shall  obtain  equations  free  from  the 
unknown  reaction,  R'.    Then  we  have 

for  forces  along  AB,  R  co^O  ^=  W  sin  0,  (1) 

for  moments  about  C, 

R  ■  2r  cos  0  sin  0  =  W  {2r  cos  6  —  a)  cos  e.        (3) 

From  (1)  we  have 

R  =  Wtane, 

which  in  (2)  gives,  after  reducing, 

3r  sin^  6  —  2r  cos?  d  +  a  cos  0  =  0, 

or,  4r  cos^  0  —  a  cos  d  —■  2r  =^  0,  (3) 


a  ±  VS2r'  +  a^ 

.-.    cos  <5  = 

8r 

Otherwise  thus:  since  the  beam  is  in  equilibrium  under 
the  action  of  only  three  forces,  they  must  meet  in  a  point, 
0  (Art.  62).  Draw  the  three  forces  AO,  CO,  GO,  which 
keep  the  beam  in  equilibrium.  Let  the  line,  OG,  meet  the 
semicircle,  DAC,  in  the  point,  Q.  Then  AQ  is  a  horizontal 
line.     Also 


<QAG  =  <DCA  = 

therefore 

<OAQ  =  29. 

Hence 

AQ  =  AO  cos  20, 

and  also 

AQ  =  AG  cos  Q; 
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therefore  2r  cos  29  =  a  cos  6, 

or  4r  cos'  fl  —  a  cos  0  —  3r  =  0, 

which  is  the  same  as  (3)  obtained  by  the  other  method. 
The  student  may  proTO    that    the    reaction,    B',  at  C 

2r 

10.  Find  the  position  of  equilibrium  of 
a  uniform  heavy  beam,  one  end  of  which 
rests  against  a  smooth  vertical  plane,  and 
the  other  against  the  internal  surface  of  a 
smooth  spherical  bowl. 

The  beam  is  in  equilibrium  under  the 
action  of  three  forces,    the  weight,   W, 
acting  at  G-,  the  reaction,  R,  at  A,  perpen- 
dicular to  the  surface  and  hence  passing  through  the  centre, 
C,  and  the  reaction,  R',  of  the  vertical  plane  perpendicular 
to  itself  and  hence  horizontal. 

Let  the  length  of  the  beam,  AB,  =  3a,  »•  =  the  radius 
of  -the  sphere,  d  =  CD,  the  distance  of  the  centre  of  the 
sphere  from  the  vertical  wall,  W  =  the  weight  of  the  beam ; 
and  let  6  =  the  required  inclination  of  the  beam  to  the 
horizon,  and  ^  =  the  inclination  of  the  radius  AC  to  the 
horizon.    Then  we  haVe 

for  vertical  forces,  R  sin  (j)  =  W;  (1) 

for  moments  about  B,  R-2a  sin  (<^— 0)  =  W- a  cos  6;  (2) 

Dividing  (2)  by  (1)  we  have 

2  sin  U  —  d) 

^ — '  =  cos  e, 

sin  <t> 

or  tan  ^  =  2  tan  6.  (3) 
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Then  we  haTe,  from  the  geometry  of  the  figure,  the 
horizontal  distance  from  A  to  the  wall  =  the  horizontal 
projection  of  AC  +  CD,  that  is, 

2a  cosd  =:  r  cos  4>  +  d.  (4) 

From  (3)  and  (4)  a  value  of  6  can  be  obtained,  and  hence 
the  position  of  equilibrium. 

Otherwise  thus :  since  the  beam  is  in  equilibrium  under 
the  action  of  only  three  forces  they  must  meet  in  a  point,  0. 
Geometry  then  gives  us 

2  cot  0GB  =  cot  AOG  -  cot  GOB  =  cot  AOG, 

or  2  tan  0  =  tan  4>, 

which  is  the  same  as  (3). 

63.  Centre  of  Parallel  Forces  in  Different  Planes. 

— To  find  the  magnitude,  direction,  and  point  of 
application  of  the  resultant  of  any  number  of 
parallel  forces  acting  on  a  rigid  body. 

The  theorem  of  Art.  59  is  evidently  true  also  in  the  ease 
in  which  neither  the  parallel  forces  nor  their  fixed  points  of 
application  lie  in  the  same  plane,  hence,  calling  5  the  third 
co-ordinate  of  the  point  of  application  of  the  resultant,  we 
have  for  the  distance  of  the  centre  of  parallel  forces  from 
the  planes  yz,  zx,  and  xy, 

_  _  S^       -  _  SPy      .  _  SPz 

''-    2P'     y  -    -LP'     "-  Yp' 

Hence  (Art.  59,  Sch.)  the  equations  for  determining  the 
position  of  the  centre  of  parallel  forces  show  that  the  sum 
of  tJie  moments  of  the  parallel  forces  with  respect  to  any 
plane  parallel  to  them  is  equal  to  the  moment  of  their 
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64.  Conditions  of  Equilibrium  of  a  System  of 
Parallel  Forces  Acting  upon  a  Rigid  Body  in 
Space. — Let  P,,  Pg,  F^,  etc.,  denote  the  forces,  and  let 
them  be  referred  to  three  rectangular  axep, 
OX,  or,  OZ;  the  last  parallel  to  the 
forces  ;  let  {x^,  y^,  z^),  {x^,  y^,  z^),  etc.,  pA^/^g  fR 
be  the  points  of  application  of  the  forces, 
Pj,  Pg,  etc.  Let  the  direction'  of  Pj 
meet  the  plane,  xy,  at  M^.  p.  jj 

Draw  M-^Ni  perpendicular  to  the  axis 
of  X  meeting  it  at  iV^.  Apply  at  0,  and  also  at  iVj,  two 
opposing  forces  each  equal  and  parallel  to  P,.  Then  the 
force  Pj  at  M^  is  replaced  by 

(1)  Pi  at  0  along  OZ; 

(3)  a  couple  formed  of  P,  at  M^  and  Pj  at  iVj  ; 

(3)  a  couple  formed  of  P^  at  iVT,  and  Pj  at  0. 

The  moment  of  the  first  couple  is  Pi^i,  and  this  couple 
may  be  transferred  to  the  plane  yz,  which  is  parallel  to  its 
original  plane,  without  altering  its  effect  (Art.  53).  The 
moment  of  the  second  couple  is  P^x^,  and  the  couple  is  in 
the  plane  xz. 

Eeplacing  each  force  in  this  manner,  the  whole  system 
will  be  equiyalent  to  a  force 

-Pi  +-^8  + ^3+ etc.,  or  SP  at  0  along  OZ, 

together  with  the  couple 

Piyi  +Piys+P3ys  +etc.,  or  l^Py.,  in  the  plane  yz, 

and  the  couple 

PjiCi  +  Pga;g  +P3X^  +etc.,  or  SPa;  in  the  plane  xz. 

The  first  couple  tends  to  turn  the  body  from  the  axis  of  y 
to  that  of  z  round  the  axis  of  x,  and  the  second  couple 
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tends  to  tarn  the  body  from  the  axis  of  x  to  that  of  z 
round  the  axis  of  ^.  It  is  customary  to  consider  those 
couples  as  positive  which  tend  to  turn  the  body  in  the 
direction  indicated  by  the  natural  order  of  the  letters,  i.  e., 
positive  from  x  to  y,  round  the  «-axis ;  front  «/  to  «  round 
the  ic-axis ;  and  from  2  to  a;  round  the  ^-axis ;  and 
negative  in  the  contrary  direction. 

Hence  the  moment  of  the  first  couple  is  +2P«/,  and 
therefore  OX  is  its  axis  (Art.  50) ;  and  the  moment  of 
the  second  couple  is  — SPa;,  and  therefore  OY'  is  its  axis. 
The  restiltant  of  these  two  couples  is  a  single  couple  whose 
axis  is  found  (Art.  56)  by  drawing  OL  (in  the  positive 
direction  of  the  axis  of  x)  =  ^Py,  and  OM  (in  the  nega- 
tive direction  of  the  axis  of  y)  =  S,Pt,  and  completing  the 
parallelogram  OLGM.  If  OG,  the  diagonal,  is  denoted  by 
G,  we  have 

G  =  Vi^Pxy  +  {-^Pyf, 
jind  R  =  £P; 

B  being  the  resultant  force. 

Now  since  this  single  force,  R,  and  this  single  couple,  G, 
cannot  produce  equilibrium  (Art.  54,  Cor.),  we  must  have 
R  =  0,  and  G?  =  0,  and  G'  cannot  be  =  0  unless  ^Px  =  0 
and  ^Py  =  0 ;  the  conditions  therefore  of  equilibrium  are 

.B  =  0, 

^Px  —  0,     ^Py  =  0. 

Hence,  the  conditions  of  equilibrium  of  parallel  forces  in 
space  are  : 

The  sum  of  the  forces  must  =  0. 

The  sum  of  the  moments  of  the  forces  with  respect  to 
every  plane  parallel  to  them  must  =  0. 
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65.  Conditions  of  Equilibrium  of  a  System  of 
Forces  acting  in  any  Direction  on  a  Rigid  Body  in 
Space. — Let  Pj,  P^,  P^,  etc.,  denote  the  forces,  and  let 
them  be  referred  to  three  rectangular  axes,  OX,  QY,  OZ; 
let  {x^,  «/i,  «i),  {x^,  y^,  2g),  etc.,  be  the  points  of  applica- 
tion of  Pj,  Pjj,  etc. 

Let  .4  J  be  the  point  of  application  of 
Pj;  resolve  P^  into  components  X^, 
Y^,  Z^,  parallel  to  the  co-ordinate  axes. 
Let  the  direction  of  Z^  meet  the  plane 
xy  at  M^,  and  draw  M^N^  perpendicu- 
lar to  OX.  Apply  at  N^  and  also  at  0 
two  opposing  forces  each  equal  and  par- 
allel to  Z^.  Hence  Z^  at  A^  or  M^  is  equivalent  to  Z^  at 
0,  and  two  couples  of  which  the  former  has  its  moment  := 
Z^  X  N^M^  =  Z^y^,  and  may  be  supposed  to  act  in  the 
plane  yz,  and  the  latter  has  its  moment  =  Z^  x  ON^  = 
—  Z^x^  and  acts  in  the  plane  sx. 

Hence  Z^  is  replaced  by  Z,  at  0,  a  couple  Z^y^  in  the 
plane  yz,  and  a  couple  —  Z^x^  (Art.  64)  in  the  plane  zx. 
Similarly  X^  may  be  replaced  by  X^  at  0,  a  couple  X^z^ 
in  the  plane  zx,  and  a  couple  —  X^y^  in  the  plane  xy. 
And  Fi  may  be  replaced  by  Fj  at  0,  a  couple  Y^x^  in  the 
plane  xy,  and  a  couple  —  Y^z^  in  the  plane  yz.  Therefore 
the  force  Pj  may  be  replaced  by  X^,  Fj,  ^j,  acting  at  0, 
and  three  couples,  of  which  the  moments  are,  (Art.  54), 

Z^yi  —  Fi«j  in  the  plane  yz,  around  the  axis  of  x, 
Xj^j  —  ^i^i  in  the  plane  zx,  around  the  axis  of  y, 
Y^Xi  —  ^1^1  in  the  plane  xy,  around  the  axis  of  2. 

By  a  similar  resolution  of  all  the  forces  w&  shall  have 
them  replaced  by  the  forces 

SX,    SF,     ILZ, 

acting  at  0  along  the  axes,  and  the  couples 
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S  (^Zy  —  Yz)  =  L,  suppose,  in  the  plane  yz, 
X  (Jf^  —  Zx)  =  M,  suppose,  in  the  plane  zx, 
2  ( Yx  —  Xy)  ^=  N,  suppose,  in  the  plane  xz. 

Let  R  be  the  resultant  of  the  forces  which  act  at  0 ;  a, 
i,  c,  the  angles  its  direction  makes  with  the  axes ;  then 
(Art.  38), 

R>  =  (2X)2  +  (SF)3  +  (l.Zf, 

2X        ^     sr  ^z 

cos  a  =  -^-,    cos  0  =  —5-,    cos  c  =  -^. 
ii  A/  -fl/ 

Let  G  be  the  moment  of  the  couple  which  is  the  result- 
ant of  the  three  couples,  L,  M,  N;  X,  fi,  v,  the  angles  its 
axis  makes  with  the  co-ordinate  axes  ;  then  (Art.  56,  Sch.), 

G'^  =  11'  +  M^  +  m, 

L  M  N 

cos  A  ==  -=j,    cos  ft  =  --=f,    cos  V  =  -=p- 

Therefore  any  system  of  forces  acting  in  any  direction  on 
a  rigid  body  in  space  may  always  be  reduced  to  a  single 
force,  R,  and  a  single  couple,  G,  and  cannot  therefore  pro- 
duce equilibrium  (Art.  54,  Cor.).  Hence  for  equilibrium 
we  must  have  R  =  Q  and  G  =  0;  therefore 

(Sjr)2  +  (SF)3  -I-  {■s.Zf  =  0, 
and  U>+M^  +  N^  =  0. 

Thes,e  lead  to  the  six  conditions, 

i;X=0,    SF=0,    S^=0, 

2  {Zy  —  Yz)  =  0,     S  {Xz  —  Zx)  =  0, 

S(ra;-Xy)  =0. 
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1.  If  the  weights,  1,  2,  3,  4,  5  lbs.,  act  perpendicularly 
to  a  straight  line  at  the  respective  distances  of  1,  3,  3,  4, 
5  feet  from  one  extremity,  find  the  resultant,  and  the  dis- 
tance of  its  point  of  application  from  the  first  extremity. 

Ans.  R  =  15  lbs.,  a;  =r  3f  feet. 

2.  Four  weights  of  4,  —7, 8,  —3  lbs.,  act  perpendicularly 
to  a  straight  line  at  the  points  A,  B,  C,  D,  so  that  AB  = 
5  feet,  BC  =  4  feet,  CD  =  2  feet ;  find  the  resultant  and 
its  point  of  application,  G. 

Ans.  E  =  2  lbs.,  AG  =  2  feet. 

3.  Two  parallel  forces  of  23  and  42  lbs.,  act  at  the  points 
A  and  B,  14  inches  apart  j  find  GB  to  three  places  of 
decimals.  Ans.  4.954  ins. 

4.  Two  weights  of  3  cwts.  2  qrs.  15  lbs.,  and  1  cwt.  3  qrs. 
25  lbs.  are  supported  at  the  points  A  and  B  of  a  straight 
line,  the  length  AB  •=  3  feet  7  inches ;  find  AG  to  tliree 
places  of  decimals  of  feet.  Ans.  1.268  ft. 

5.  A  bar  of  iron  15  inches  long,  weighing  12  lbs.,  and  of 
uniform  thickness,  has  a  weight  of  10  lbs.  suspended  from 
one  extremity ;  at  what  point  must  the  bar  be  supported 
that  it  may  just  balance. 

The  weight  of  the  bar  acts  at  its  centre. 

Ans.  4^  in.  from  the  weight. 

6.  A  bar  of  uniform  thickness  weighs  10  lbs.,  and  is 
5  feet  long ;  weights  of  9  lbs.  and  5  lbs.  are  suspended  from 
its  extremities  ;  on  what  point  will  it  balance  ? 

Ans.  5  in.  from  the  centre  of  the  bar. 

7.  A  beam  30  feet  long  balances  itself  on  a  point  at  one- 
third  of  its  length  from  the  thicker  end ;  but  when  a  weight 
of  10  lbs.  is  suspended  from  the  smaller  end,  the  prop  must 
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be  moTed  two  feet  towards  it,  in  order  to  maiTitain  the 
equilibrium.     Find  the  weight  of  the  beam.  Ans.  90  lbs. 

8.  A  uniform  bar,  4  feet  longy  weighs  10  lbs.,  and  weights 
of  30  lbs.  and  40  lbs.  are  appended  to  its  two  extremities ; 
where  must  the  fulcrum*  be  placed  to  produce  equilibrium  ? 

Ans.  3  in.  from  the  centre  of  the  bar. 

9.  A  bar  of  iron,  of  uniform  thickness,  10  ft.  long,  and 
weighing  1-|-  cwt.,  is  supported  at  its  extremities  in  a  hori- 
zontal position,  and  carries  a  weight  of  4  cwt.  suspended 
from  a  point  distant  3  ft.  froin  one  extremity.  Find  the 
pressures  on  the  points  of  support. 

AnS.  3.55  cwt.,  and  1.95  cwt. 

10.  A  bar,  each  foot  in  length  of  which  weighs  7  lbs., 
rests  upon  a  fulcrum  distant  3  feet  from  one  extremity ; 
what  must  be  its  length,  that  a  weight  of  71^  lbs.  sus- 
pended from  that  extremity  may  just  be  balanced  by 
30  lbs.  suspended  from  the  other  ?  Ans.  9  ft. 

11.  Five  equal  parallel  forces  act  at  5  angles  of  a  regular 
hexagon,  whose  diagonal  is  a ;  find  the  point  of  application 
of  their  resultant. 

Ans.  On  the  diagonal  passing  through  the  sixth  angle,  at 
a  distance  from  it  of  fa. 

13.  A  body,  F,  suspended  from  one  end  of  a  lever  with- 
out weight,  is  balanced  by  a  weight  of  1  lb.  at  the  other 
end  of  the  lever;  and  when  the  fulcruni  is  removed 
through  half  the  length  of  the  lever  it  requires  10  lbs.  to 
balance  P ;  find  the  weight  of  P.      Ans.  5  lbs.  or  3  lbs. 

13.  A  carriage  wheel,  whose  weight  is  W  and  radius  r, 
rests  upon  a  level  road ;  show  that  the  force,  F,  necessary 
to  draw  the  wheel  over  an  obstacle,  of  height  h,  is 

r  —  h 

*  The  support  on  wUbh  it  rests. 
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14.  A  beam  of  uniform  thickness,  5  feet  long,  weighing 
10  lbs.,  is  supported  on  two  props  at  the  ends  of  the  beam ; 
find  where  a  weight  of  30  lbs.  must  be  placed,  so  that  the 
pressures  on  the  two  props  may  be  15  lbs.  and  25  lbs. 

Ans.  10  ins.  from  the  centre. 

15.  Forces  of  3,  4,  5,  6  lbs.  act  at  distances  of -3  ins., 
4  ins.,  5  ins.  6  ins.,  from  the  end  of  a  rod ;  at  what  distance 
from  the  same  end  does  the  resultant  act  ? 

Ans.  4J  inches. 

16.  Four  vertical  forces  of  4,  6,  7,  9  lbs.  act  at  the  four 
corners  of  a  square ;  find  the  point  of  application  of  the 
resultant.    Ans.  ^  of  middle  line  from  one  of  the  sides. 

17.  A  flat  board  12  ins.  square  is  suspended  in  a  hori- 
zontal position  by  strings  attached  to  its  four  comers.  A, 
B,  C,  D,  and  a  weight  equal  to  the  weight  of  the  board  is 
laid  upon  it  at  a  point  3  ins.  distant  from  the  side  AB  and 
4  ins.  from  AD ;  find  the  relative  tensions  in  the  four 
strings.  Ans.  As  | :  | :  J  :  t^. 

18.  A  rod,  AB,  moves  freely  about  the  end,  B,  as  on  a 

hinge.     Its  weight,  W,  acts  at  its  middle  point,  and  it  is 

kept  horizontal  by  a  string,  AC,  that  makes  an  angle  of  45° 

with  it.     Find  the  tension  in  the  strinsr.  .         W 

Ans.  — =• 
V2 

19.  A  rod  10  inches  long  can  turn  freely  about  one  of 
its  ends  ;  a  weight  of  4  lbs.  is  slung  to  a  point  3  ins.  from 
this  end,  and  the  rod  is  held  by  a  string  attached  to  its  free 
end  and  inclined  to  it  at  an  angle  of  120° ;  find  the 
tension  in  the  string  when  the  rod  is  horizontal. 

A)is.  I  a/3  lbs. 

20.  Two  forces  of  3  lbs.  and  4  lbs.  act  at  the  extremities 
of  a  straight  lever  12  ins.  long,  and  inclined  to  it  at  angles 
of  120°  and  135°  respectively;  find  the  position  of  the 
fulcrum.         ^ns.  (8-3  ^6)  x  9.6  ins.  from  one  end. 
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31.  Find  the  true  weight  of  a  body  which  is  found  to 
■weigh  8  ozs.  and  9  ozs.  when  placed  in  each  of  the  scale- 
pans  of  a  false  balance.  j^^g_  g  y'g  q2s. 

23.  A-  beam  3  ft.  long,  the  weight  of  which  is  10  lbs., 
and  acts  at  its  middle  point,  rests  on  a  rail,  with  4  lbs.  hang- 
ing from  one  end  and  13  lbs.  from  the  other ;  find  the  point 
at  which  the  beam  is  supported  ;  and  if  the  weights  at  the 
two  ends  change  places,  what  weight  must  be  added  to  the 
lighter  to  preserve  equilibrium  ? 

Ans.  13  ins.  from  one  end ;  37  lbs. 

33.  Two  forces  of  4  lbs.  and  8  lbs.  act  at  the  ends  of  a 
bar  18  ins.  long  and  make  angles  of  120°  and  90°  with  it ; 
find  the  point  in  the  bar  at  which  the  resultant  acts. 

Ans.  -ff  (4  —  VS)  ins.  from  the  4  lbs.  end. 

34.  A  weight  of  34  lbs.  is  suspended  by  two  flexible 
strings,  one  of  which  is  horizontal,  and  the  other  is  inclined 
at  an  angle  of  30°  to  the  vertical.  What  is  the  tension  in 
each  string  ?  Ans.  8  Vs  lbs. ;  16  \/3  lbs. 

25.  A  pole  13  ft.  long,  weighing  25  lbs.,  rests  with  one 
end  against  the  foot  of  a  wall,  and  from  a  point  3  ft.  from 
the  other  end  a  cord  runs  horizontally  to  a  point  in  the 
wall  8  ft.  from  the  ground ;  find  the  tension  of  the  cord  and 
the  pressure  of  the  lower  end  of  the  pole. 

Ans.  11.35  lbs.;  37.4  lbs.' 

36.  A  body  weighing  6  lbs.  is  placed  on  a  smooth  plane 
which  is  inclined  at  30°  to  the  horizon  ;  find  the  two  direc- 
tions in  which  a  force  equal  to  the  body  may  act  to  produce 
equilibrium.  Also  find  what  is  the  pressure  on  the  plane 
in  each  case. 

Ans.  A  force  at  60°  with  the  plane,  or  vertically  upwards ; 

E  =  6  a/3,  or  0.* 

27.  A  rod,  AB,  5  ft.  long,  without  weight,  is  hung  from 
a  point,  0,  by  two  strings  which  are  attached  to  its  ends 
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and  to  the  point ;  the  string,  AC,  is  3  ft.,  and  BO  is  4  ft.  in 
length,  and  a  weight  of  2  lbs.  is  hung  from  A,  and  a  weight 
of  3  lbs.  from  B  ;  find  the  tensions  of  the  strings. 

Ans.  VS  lbs. ;  2  Vs  lbs. 

28.  Find  the  height  of  a  cylinder,  which  can  just  rest  on 
an  inclined  plane,  the  angk  of  which  is  60°,  the  diameter 
of  the  cylinder  being  6  ins.  and  its  weight  acting  at  the 
middle  point  of  its  axis.  Ans.  3.46  ins. 

29.  Two  equal  weights,  P,  Q,  are  connected  by  a  string 
which  passes  over  two  smooth  pegs.  A,  B,  situated  in  a 
horizontal  line,  and  supports  a  weight,  W,  wTiich  hangs 
from  a  smooth  ring  through  which  the  string  passes ;  find 
the  position  of  equilibrium. 

Ans.  The  depth  of  the  ring  below  the  line 

W 


AB 


2  v'4P«  —  W^ 


AB. 


30.  The  resultant  of  two  forces,  P,  Q,  acting  at  an  angle, 
6,  is  =  (2m  +  1)  V-F^  +  Q^ ',  when  they  act  at  an  angle, 

1  —  e,  it  is  =  (2ot  —  1)  VjP*  +  Q ;  show  that  tan  0  = 

m  —  1 
m  +  1 

31.  A  uniform  heavy  beam,  AB  =  2a, 
rests  on  a  smooth  peg,  P,  and  against  a 
smooth  vertical  wall,  AD ;  the  horizontal 
distance  of  the  peg  from  the  wall  being 
h ;  find  the  inclination,  6,  of  the  beam  to 
the  vertical,  and  the  pressures,  R  and  S,  on  the  wall  and  peg. 


Ans.  e  =  sin-i  Q*;  8  =  f(|)  ;  R  =  W- 


A* 


A* 


32.  Two  equal  smooth  cylinders  rest  in  contact  on  two 
smooth  planes  inclined  at  angles,  a  and  |3,  to  the  horizon ; 
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find  the  inclination,  6,  to  the  horizon  of  the  line  joining 
their  centres.  Ans.  tan  9  =  |  (cot  a  —  cot  j3). 

33.  A  beam,  5  ft.  long,  weighing  5  lbs.,  rests  on  a  ver- 
tical prop,  CD  =  2^  ft. ;  the  lower  end,  A,  is  on  a  hori- 
zontal plane,  and  is  prevented  from  sliding  by  a  string, 
AD  =  3^  ft. ;  find  the  tension  of  the  string. 

Ans.   y  =  f  lbs. 

34.  A  uniform  beam,  AB,  is  placed  with  one  end,  A, 
inside  a  smooth  hemispherical  bowl,  with  a  point,  P,  rest- 
ing on  the  edge  of  the  bowl.  If  AB  =  3  times  the  radius 
R,  find  AP.  Ans.  AP  =  1.838  B. 

35.  A  body,  weight  W,  is  suspended  by  a  cord,  length  I, 

from  the  point  A,  in  a  horizontal  plane,  and  is  thrust  out 

of  its  vertical  position  by  a  rod  without  weight,  acting  at 

another    point,   B,   in    the    horizontal    plane,    such    that 

AB  =  d,  and  making  the  angle,  0,  with  the  plane ;  find 

the  tension,  T,  of  the  cord.  .        _       -^tI      ,  ,. 

Ans.   T  =  PF  -7  cot  6*. 
a 

36.  Two  heavy  uniform  bars,  AB  and 
CD,  movable  in  a  vertical  plane  about 
their  extremities.  A,  D,  which  rest  on  a 
horizontal  plane  and  are  prevented  from 
sliding  on  it;  find  their  position  of 
equilibrium  when  leaning  against  each 
other. 

Let  the  bars  rest  against  each  other  at  B,  and  let 
AD  =:  a,  AB  =  h,  CD  =  c,  BD  =  a;,  W  and  W^  =  the 
weights  of  AB  and  CD,  respectively  acting  at  their  middle 
points ;  then  we  have 

2a;s  W  [pfi  +  ¥  —  x>)  =  c  Wy  {a*  +  x^  —  ¥)  {¥  +  x^  —  a% 

which  is  an  equation  of  the  fifth  degree,  and  hence  always 
has  one  real  root,  the  value  of  which  may  be  determined 
when  numbers  we  put  for  a,  b,  and  e. 
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37.  A  parabolic  curve  is 
placed  in  a  vertical  plane  with 
its  axis  vertical  and  vertex 
downwards,  and  inside  of  it, 
and  against  a  peg  in  the  focus, 
and  against  the  concave  arc,  a 
smooth  uniform  and  heavy 
beam  rests ;  required  the  posi- 
tion of  equilibrium. 

Let  PB  be  the  beam,  of 
length  I,  and  of  weight  W, 
resting  on  the  peg  at  the  focus, 
F ;  let  AF  =  ^  and  AFP  =  d. 


ng.3» 

Ans.  e  =  2  cos-i  ^?^* 


(fr 


38.  Find  the  form  of  the  curve  in  a  vertical  plane  such 
that  a  heavy  bar  resting  on  its  concave  side  and  on  a  peg  at 
a  given  point,  say  the  origin,  may  be  at  rest  in  all 
positions. 

Ans.  r  ^  \l  +  1c  sec '6,  in  which  I  =.  the  length  of  the 
bar,  k  an  arbitrary  constant,  and  6  the  inclination  of  the 
bar  to  the  vertical.  It  is  the  equation  of  the  conchoid  of 
Nicomedes. 


39.  A  rod  whose  centre  of  gravity  is  not  its  middle  point 
is  hung  from  a  smooth  peg  by  means  of  a  string  attached 
to  its  extremities ;  find  the  position  of  equilibrium. 

Ans.  There  are  two  positions  in  which  the  rod  hangs 
vertically,  and  there  is  a  third  thus  defined : — Let  F  be  the 
extremity  of  the  rod  remote  from  the  centre  of  gravity,  k 
the  distance  of  the  centre  of  gravity  from  the  middle  point 
of  the  rod,  2a!  the  length  of  the  string,  and  2c  the  length  of 
the  rod ;  then  measure  on  the  string  a  length  FP  from  F 

equal  to  a  (1  +  -I,  and  place  the  point  P  over  the  peg. 

This  will  define  a  third  position  of  equilibrium. 
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40.  A  smooth  hemisphere  is  fixed  on  a  horizontal  plane, 
■with  its  convex  side  turned  upwards  and  its  base  lying  in 
the  plane.  A  heavy  uniform  beam,  AB,  rests  against  the 
hemisphere,  its  extremity  A  being  just  out  of  contact  with 
the  horizontal  plane.  Supposing  that  A  is  attached  to  a 
rope  which,  passing  over  a  smooth  pulley  placed  vertically 
over  the  centre  of  the  hemisphere,  sustains  a  weight,  find 
the  position  of  equilibrium  of  the  beam,  and  the  requisite 
magnitude  of  the  suspended  weight. 

Ans.  Let  W  be  the  weight  of  the  beam,  2a  its  length,  P 
the  suspended  weight,  r  the  radius  of  the  hemisphere,  h 
the  height  of  the  pulley  above  the  plane,  0  and  0  the 
inclinations  of  the  beam  and  rope  to  the  horizon ;  then  the 
position  of  equilibrium  is  defined  by  the  equations. 

r  cosec  9  =  A  cot  0,  (1) 

r  cosec^  6  =  a  (tan  <j>  +  cot  6),  (3) 

which  give  the  single  equation  for  d, 

r  (r  —  a  sind  cos  0)  =  ah  sin*  0.  (3) 

sin  d 


Also  P  =  W 


cos  (0  —  0) 


^ a  sin«  0  Vr^  +  h^  sin^  0  ... 

=  ^ :;2 W 


41.  If,  in  the  last  example,  the  position  and  magnitude 
of  the  beam  be  given,  find  the  locus  of  the  pulley. 

Ans.  A  right  line  joining  A  to  the  point  of  intersection 
of  the  reaction  of  the  hemisphere  and  W. 

43.  If,  in  the  same  example,  the  extremity.  A,  of  the 
beam  rest  against  the  plane,  state  how  the  nature  of  the 
problem  is  modified,  and  find  the  position  of  equilibrium. 

Ans.  The  suspended  weight  must  be  given,  instead  of 
being  a  result  of  calculation.  Equation  (1)  still  holds,  but 
5 
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not  (2) ;  and  tlie  position  of  equilibrium  is  defined  by  the 
equation 

Ph^  cos'  0  =  War  sin'  (p. 

43.  If  the  fixed  hemisphere  be  replaced  by  a  fixed  sphere 
or  cylinder  resting  on  the  plane,  and  the  extremity  of  the 
beam  rest  on  the  ground,  find  the  position  of  equilibrium. 

Ans.  If  h  denote  the  vertical  height  of  the  pulley  above 
the  point  of  contact  of  the  sphere  or  cylinder  with  the 
plane,  we  have 

a 

r  cot  5  =  ^  cot  (p, 

Pr  (1  +  cot  n  cot  6)  cos  <l>  —  Wa  cos  6. 

44.  One  end,  A,  of  a  heavy  uniform  beam  rests  against  a 
smooth  horizontal  plane,  and  the  other  end,  B,  rests  against 
a  smooth  inclined  plane  ;  a  rope  attached  to  B  passes  over 
a  smooth  pulley  situated  in  the  inclined  plane,  and  sustains 
a  given  weight ;  find  the  position  of  equilibrium. 

Let  6  be  the  inclination  of  the  beam  to  the  horizon,  a  the 
inclination  of  the  inclined  plane,  W  the  weight  of  the  beam, 
and  P  the  suspended  weight ;  then  the  position  of  equili- 
brium is  defined  by  the  equation 

cose{W sin  a  —  2P)  =  0.  (1) 

Hence  we  draw  two  conclusions : — 

(a)  If  the  given  quantities  satisfy  the  equation  W  sm  « 
—  3P  =  0,  the  beam  will  rest  in  all  positions. 

(i)  There  is  one  position  of  equilibrium,  namely,  that  in 
which  the  beam  is  vertical. 

This  position  requires  that  both  planes  be  conceived  as 
prolonged  through  their  line  of  intersection. 

45.  A  uniform  beam,  AB,  movable  in  a  vertical  plane 
about  a  smooth  horizontal  axis  fixed  at  one  extremity,  A,  is 
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attached  by  means  of  a  rope  BC,  whose  weight  is  neghgible, 
to  a  fixed  point  C  in  the  horizontal  line  through  A,  such 
that  AB  =  AC ;  find  the  pressure  on  the  axis. 

Ans.    It  d  =  <CAB,  W  =  weight  of   beam,    the    re- 
action is 


CHAPTER  IV. 

CENTRE  OF  GRAVITY*  (CENTRE  OF  MASS). 

66.  Centre  of  Gravity. — Gravity  is  the  name  given  to 
the  force  of  attraction  which  the  earth  exerts  on  all  bodies ; 
the  effects  of  this  force  are  twofold,  (1)  statical  in  virtue  of 
which  all  bodies  exert  pressure,  and  (2)  kinetical  in  virtue 
of  which  bodies  if  unsupported,  will  fall  to  the  ground 
(Art.  15).  The  force  of  gravity  varies  slightly  from  place 
to  place  on  the  eatth's  surface  (Art.  33) ;  but  at  each  place 
it  is  a  force  exerted  upon  every  body  and  upon  every 
particle  of  the  body  in  directions  that  are  normal  to  the 
earth's  surface,  and  which  therefore  converge  towards  the 
earth's  centre ;  but  as  this  centre  is  very  distant  compared 
with  the  distance  between  the  particles  of  any  body  of 
ordinary  magnitude,  the  convergence  is  so  small  that  the 
lines  in  which  the  force  of  gravity  acts  are  sensibly  parallel. 

The  centre  of  gravity  of  a  body  is  the  point  of  application 
of  the  resultant  of  all  the  forces  of  gravity  which  act  upon 
every  particle  of  the  lody ;  and  since  these  forces  are 
'practically  parallel,  the  problem  of  finding  its  position  may 
be  treated  in  the  same  way  as  that  of  finding  the  centre  of  a 
system  of  parallel  forces  (Arts.  45,  59,  63).  The  centre  of 
gi-avity  may  also  be  defined  as  the  point  at  which  the  whole 
weight  of  a  body  acts.  If  the  body  be  supported  at  this 
point  it  will  rest  in  any  position  whatever. 

Tlie  toeigU  of  a  body  is  the  resultant  of  all  the  forces  of 
gravity  which  act  upon  every  particle  of  it,  and  is  equal  in 
magnitude  and  directly  opposite  to  the  force  which  will  just 
support  the  body.     Since  the  centre  of  gravity  is  here 

*  Called  also  Centre  of  Mass  and  CerUre  of  Inertia ;  and  tlie  term  Centroid  has 
lately  come  into  use  to  designate  it. 
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regarded  as  the  centre  of  parallel  forces,  it  is  more  truly- 
conceived  of  as  the  "centre  of  mass;"  yet  in  deference  to 
usage  we  shall  call  the  point  the  "  centre  of  gravity." 

67.  Planes  of  Symmetry.— Axes  of  Symmetry.— If 

a  homogeneous  body  be  symmetrical  with  reference  to  any 
plane,  the  centre  of  gravity  is  in  that  plane. 

If  two  or  more  such  planes  of  symmetry  intersect  in 
one  line,  or  axis  of  symmetry,  the  centre  of  gravity  is  in 
that  axis. 

If  three  or  more  planes  of  symmetry  intersect  each  other 
in  a  point,  that  point  is  the  centre  of  gravity. 

By  observing  these  principles  of  the  symmetry  of  the 
figure  there  are  many  cases  where  the  centre  of  gravity  is 
known  at  once ;  thus,  the  centre  of  gravity  of  a  straight 
line  is  its  middle  point.  The  centre  of  gravity  of  a  circle 
or  of  its  circumference,  or  of  a  sphere  or  of  its  surface,  is  its 
centre.  The  centre  of  gravity  of  a  parallelogram  or  of  its 
perimeter  is  the  point  in  which  the  diagonals  intersect. 
The  centre  of  gravity  of  a  cylinder  or  of  its  surface  is  the 
middle  of  its  axis ;  and  in  a  similar  manner  we  shall 
frequently  conclude  from  the  symmetry  of  the  figure,  that 
the  centre  of  gravity  of  a  body  is  in  a  particular  line  which 
can  be  at  once  determined. 

When  we  speak  of  the  centre  of  gravity  of  a  line,  we 
are  really  considering  a  material  line  of  the  same  density 
and  thickness  throughout,  whose  section  is  infinitesimal ; 
and  when  we  consider  the  centre  of  gravity  of  any  surface, 
we  are  really  considering  the  surface  as  a  thin  uniform 
lamina,  the  thickness  of  which,  being  uniform,  can  be 
neglected. 

68.  Body  Suspended  from  a  Point.— TFAew  a  lody  is 
suspended  from  a  point  about  which  it  can  turn  freely,  it 
ivill  rest  with  its  centre  of  gravity  in  the  vertical  line  passing 
through  the  point  of  suspension.     For,  if  the  point  of  sus- 
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pension  and  the  centre  of  grayity  are  not  in  a  vertical  line, 
the  weight  acting  vertically  downwards  at  the  centre  of 
gravity  and  the  reaction  of  the  point  of  suspensioa  vertically 
upwards  form  a  statical  couple  and  hence  there  will  be 
rotation. 

69.  Body  Supported  on  a  Surface. —  When  a  body  is 
placed  on  a  surface  it  will  stand  or  fall  according,  as  the 
vertical  line  through  the  centre  of  gravity  falls  within  or 
without  the  base.  For  if  it  falls  withiti  the  base  the  reaction 
of  the  surface  upward  and  the  action  of  the  weight  down- 
ward will  be  in  the  same  vertical  line,  and  so  there  will  be 
equilibrium.  But  if  it  falls  without  the  base  the  reaction 
of  the  surface  upward  and  the  action  of  the  weight  down- 
ward form  a  statical  couple  and  hence  the  body  will  rotate 
and  fall. 

70.  Different  Kinds  of  Equilibrium. — According  to 
the  proposition  just  proved  (Art.  69)  a  body  ought  to  rest 
upon  a  single  point  without  falling,  provided  that  its  centre 
of  gravity  is  placed  in  the  vertical  line  through  the  point 
which  forms  its  base.  And,  in  fact,  a  body  so  situated 
would  be,  mathematically  speaking,  in  a  position  of  equili- 
brium, though  practically  the  equilibrium  would  not  sub- 
sist. The  body  would  be  moved  from  its  position  by  the 
least  force,  and  if  left  to  itself  it  would  depart  farther  from 
it,  and  never  return  to  that  position  again.  This  kind  of 
equilibrium,  and  that  which  is  practically  possible,  are 
distinguished  by  the  names  of  unstable  and  stable.  Thus 
an  egg  on  either  end  is  in  a  position  of  unstable  equihbrium, 
but  when  resting  on  its  side  it  is  in  a  position  of  stable 
equilibrium.  The  distinction  may  be  defined  generally  as 
follows : 

When  the  body  is  in  such  a  position  that  if  slightly  dis- 
placed it  tends  to'  return  to  its  original  position,  the  equili- 
brium is  stable.    When  it  tends  to  move  further  away  from 
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its  original  position,  its  equilibrium  is  unstable.  When  it 
remains  in  its  new  position,  its  equilibrium  is  neutral.  A 
sphere  or  cyhndrical  roller,  resting  on  a  horizontal  surface, 
is  in  neutral  equilibrium.  In  staUe  eqmlihrium  the  centre 
of  gravity  occupies  the  lowest  possible  position  j  and  in 
unstable  it  occupies,  the  highest  position. 

We  shall  first  give  a  few  elementary  examples. 

71.  Given  the  Centres  of  Gravity  of  two  Masses, 
Ml  and  Jl/g,  to  find  the  Centre  of  Gravity  of  the  two 
Masses  as  one  System.-^Let  g^,  denote  the  centre  of 
gravity  of  the  mass  M^,  and  g^  the  centre  of  gravity  of  the 
mass  Mg.    Join  g^  g^  and  divide  it  at  the  point,  0,  so  that 

-jp'  =  -^ ,  then  Q  is  the  centre  of  gravity  of  the  two 

masses  as  one  system  (Art.  45). 

72.  Given  the  Centre  of  Gravity  of  a  Body  of 
Mass,  M,  and  also  the  Centre  of  Gravity  of  a  part 
of  the  Body  of  Mass,  ntn,  to  find  the  Centre  of 
Gravity  of  the  remainder. — Let  0  denote  the  centre  of 
gravity  of  the  mass,  M,  and  ^^  the  centre  of  gravity  of  the 
mass,  m^.  Join  Gg-^  and  produce  it  through  Q  tog^,  so  that 

— ^  =  -TT^ — .  then  Oo  is  the  centre  of  gravity  of  the 

remainder  (Art.  45). 

73.  Centre  of  Gravity  of  a  Triangular  Figure  of 
Uniform  Thickness  and  Density. — Let  ABC  be  the 

triangle;  bisect  BC  in  D,  and  join  AD; 

draw  any  line  bdc  parallel  to  BC  ;  then  it 

is  evident  that  this  line  wiU  be  bisected  by 

AD  in  d,  and  will  therefore  have  its  centre 

of  gravity  at  d;  similarly  every  line  in  the 

triangle  parallel  to  BC  will  have  its  centre 

of  gravity  in  AD,  and  therefore  the  centre  of  gravity  of  the 

triangle  must  be  somewhere  in  AD. 
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In  like  manner  the  centre  of  gravity  must  lie  on  the  line 
BE  which  joins  B  to  the  middle  point  of  AC.  It  is  there- 
fore at  the  intersection,  G,  of  AD  and  BE. 

Join  DE,  whih  will  be  parallel  to  AB ;  then  the  triangles, 
ABG,  DE(t,  are  similar;  therefore 

AG  _  AB  _  BO  _  2 
GD  ""  DB  "■  DC  ~  1 ' 

or  GD  =  iAG  =  ^AD. 

Hence,  to  find  the  centre  of  gravity  of  a  triangle,  Used  any 
side,  join  the  point  of  bisection  with  the  opposite  angle,  the 
centre  of  gravity  lies  one  third  the  way  up  this  bisection. 

Cor.  1. — If  three  equal  particles  be  placed  at  the  rertices 
of  the  triangle  ABC  their  centre  of  gravity  will  coincide 
with  that  of  the  triangle. 

For,  the  centre  of  gravity  of  the  two  equal  particles  at  B 
and  C  is  the  middle  point  of  BC,  and  the  centre  of  gravity 
of  the  three  lies  on  the  line  joining  this  point  to  A. 
Similarly,  it  lies  on  the  line  joining  B  to  the  middle  of  AC. 
Therefore,  etc. 

CoK.  3. — The  centre  of  gravity  of  any  plane  polygon  may 
be  found  by  dividing  it  into  triangles,  finding  the  centre  of 
gravity  of  each  triangle,  and  then  by  Art.  59  deducing  the 
centre  of  gravity  of  the  whole  figure. 

CoR.  3. — Let  the  co-ordinates  of  A,  referred  to  any  axes, 
be  a;,,  y^,  z^ ;  those  of  B,  x^,  y^,  «g ;  and  those  of  C,  x^, 
2/3,  0g ;  then  (Art.  59),  the  co-ordinates,  x,  y,  i,  of  the  centre 
of  gravity  of  three  equal  particles  placed  at  A,  B,  0,  respec- 
tively, are 

-  _  x^+x^+  x^ ,       _  yi+yi  +  ya , 
X-  3  ,    y-  3  , 

-  ^1   T  ^8  "r  ^3  . 
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which  are  also  the  co-ordinates  of  the  centre  of  gravity  of 
the  triangle  ABC  (Gor.  1). 

74.  Centre  of  Gravity  of  a  Triangular  Pyramid  of 
Uniform  Density.— Let  D-ABC  be  a  triangular  pyramid; 
bisect  AC  at  E;  join  BE,  DE;  take  EF 
=  -^EB,  then  F  is  the  centre  of  gravity  of 
ABC  (Art.  73).  Join  FD ;  draw  db,  Ic,  ca 
parallel  to  AB,  BC,  CA  respectively,  and 
let  DF  meet  the  plane,  abc,  at  /;  join  if 
and  produce  it  to  meet  DE  at  e.     Then  j..     ^. 

since  in  the  triangle  ADC,  ac  is  parallel  ''" 

to  AC,  and  DE  bisects  AC,  e  is  the  middle  point  of  ac ;  also 

i/  _  5£  _  ^L 
BP^DF"  EP' 

EF  =  pp, 


but 
therefore 


therefore /is  the  centre  of  gravity  of  the  triangle  abc  (Art. 
73).  Now  if  we  suppose  the  pyramid  to  be  divided  by 
planes  parallel  to  ABO  into  an  indefinitely  great  number  of 
triangular  laminae,  each  of  these  laminae  has  its  centre  of 
gravity  in  DF.  Hence  the  centre  of  gravity  of  the  pyramid 
is  in  DF. 

Again,  take  EH  =  pD ; .  join  HB  cutting  DF  at  G. 
Then,  as  before  the  centre  of  the  pyramid  must  be  on  BH. 
It  is  therefore  at  the  intersection,  G,  of  the  lines  DF 
and  BH. 

Join  FH  ;  then  FH  is  parallel  to  DB.  Also,  EF  =  pB, 
therefore  FH  =  pB ;  and  in  the  similar  triangles,  FGH 
and  BGD,  we  have 


FG 
DG 


FH 
DB 


1 
3' 


therefore 


FG  =  pG  =  pp. 
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Hence,  the  centre  of  gravity  of  the  pyramid  is  one-fourth 
of  the  way  up  the  line  joinitig  the  centre  of  gravity  of  the 
base  with  the  vertex.  (Todhunter's  Statics,  p.  "108.  Also 
Pratt's  Mechanics,  p.  53.) 

Cob.  1. — The  centre  of  gravity  of  four  equal  particles 
placed  at  the  Tcrtices  of  the  pyramid  coincides  with  the 
centre  of  gravity  of  the  pyramid. 

CoE.  3, — Let  (a?!,  y^,  Zj)  be  one  of  the  vertices ;  (cCg,  y^,  z^) 
a  second  vertex,  and  so  on;  let  (5,  y,  z)  be  the  centre  of 
gravity  of  the  pyramid  ;  then  (Art.  59) 

«  =  i  (^'l   +  «2    +  «3   +  ^i)- 

Cor.  3. — The  perpendicular  distance  of  the  centre  of 
gravity  of  a  triangular  pyramid  from  the  base  is  equal  to  \ 
of  the  height  of  the  pyramid. 

75.  Centre  of  Gravity  of  a  Cone  of  Uniform 
Density  having  any  Plane  Base. — Consider  a  pyramid 
whose  base  is  a  polygon  of  any  number  of  sides.  Divide 
the  base  into  triangles;  join  the  vertex  of  the  pyramid  with 
the  vertices  of  all  the  triangles ;  then  we  may  consider  the 
pyramid  as  composed  of  a  number  of  triangular  pyramids. 
Now  the  centre  of  gravity  of  each  of  these  triangular 
pyramids  lies  in  a  plane  whose  distance  from  the  base  is 
one-fourth  of  the  height  of  the  pyramid  (Art.  74,  Cor.  3) ; 
therefore  the  centre  of  gravity  of  the  whole  pyramid  lies  in 
this  plane,  i.  e,,  its  perpendicular  distance  from  the  base  is 
one-fourth  of  the  height  of  the  pyramid. 

Again,  if  we  suppose  the  pyramid  to  be  divided  into  an 
indefinitely  great  number  of  laminae,  as  in  Art.  74,  each  of 
these  laminae  has  its  centre  of  gravity  on  the  right  line 
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Joining  the  vertex  to  the  centre  of  gravity  of  the  base ;  and 
hence  the  centre  of  gravity  of  the  whole  pyramid  lies  on 
this  line,  and  hence  it  must  be  one-fourth  the  way  up  this 
line.  There  is  no  limit  to  the  number  of  sides  of  the  poly- 
gon which  forms  the  base  of  the  pyramid,  and  hence  they 
may  form  a  continuous  curve. 

Therefore,  the  centre  of  gravity  of  a  cone  whose  base  is 
any  plane  curve  whatever  is  found  by  joining  the  centre  of 
gravity  of  the  base  to  the  vertex,  and  taking  a  point  one- 
fourth  of  the  way  up  this  line. 

76.  Centre  of  Gravity  of  the  Frustum  of  a  Pyra- 
mid.— Let  ASG-abc  (Fig.  38)  be  the  frustum,  formed  by 
the  removal  of  the  pyramid,  J)-abc,  from  the  whole  pyramid, 
D-ABC ;  let  Aj  and  H  be  the  perpendicular  heights  of  these 
pyramids,  respectively;  let  m  and  ilf  denote  their  masses; 
and  let  z^,  z^,  i  denote  the  perpendicular  distances  of  the 
centres  of  gravity  of  the  pyramids  D-ABO,  and  Ji-dbc,  and 
the  frustum,  from  the  base ;  then  we  have  (Art.  59,  Sch.  1) 

Jf2j  =  z{M—  m)  +  mzg ; 

Mz.  —  mz~  „ , 

H 

But  2i  =  ^; 

z,  =  {H-h,)+^-^^H-ih,. 

Also,  the  masses  of  the  pyramids  are  to  each  other  as  their 
volumes  *  by  (1)  of  Art.  12,  and  therefore  as  the  cubes  of 
their  heights.    Hence  (1)  becomes 


*  If  the  bodies  are  homogeneous,  the  volumes  or  the  weights  are  proporti6nal  to 
the  masses,  and  may  be  substituted  tbr  them. 


108  EXAMPLES. 

_  1    H^  -  mhi»  +  dhj* 


(2) 


Instead  of  the  heights  we  may  use  any  two  corresponding 
lines  in  the  lower  and  upper  bases,  to  which  the  heights  are 
proportional,  as  for  example  AB  and  ab.  Denoting  these 
lines  by  a  and  b,  and  the  altitude  of  the  frustum  by  h,  (JJ) 
becomes 

_  h    a?  +  2ai  +  W  ,  , 

^  —  4,""a8  +  «5  +  J3  '  \^i 

This  is  true  of  a  frustum  of  a  pyramid  on  any  base,  a 
and  6  being  homologous  sides  of  the  two  ends,  and  hence  it 
is  true  of  the  frustum  of  a  cone  standing  on  any  plane  base. 

EXAMPLES. 

1.  Find  the  centre  of  gravity  of  a  trapezoid  in  terms  of 
the  lengths  of  the  two  parallel  sides,  a  and  6,  and  of  the 
line,  h,  joining  their  middle  points. 

Take  moments  with  reference  to  tlie  longer  parallel  side. 

Ans.  On  the  line  bisecting  the  parallel  sides  and  at  a 

distance  from  its  lower  end  =  -  • ^• 

3     a  -^0 

3.  If  out  of  any  cone  a  similar  cone  is  cut  so  that  their 
axes  are  in  the  same  line  and  their  bases  in  the  same  plane, 
find  the  height  of  the  centre  of  gravity  of  the  remainder 
above  the  base. 

Take  moments  with  reference  to  the  base. 
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Ans.  J  •  p TTg ,  where  h,  is  the  height  of  the  original 

cone,  and  h',  the  height  of  that  which  is  cut  out  tof  it. 

3.  If  out  of  any  cone  another  cone  is  cut  having  the 
same  base  and  their  axes  in  the  same  line,  find  the  height 
of  the  centre  of  gravity  of  the  remainder  above  the  base. 

Ans.  J  (A  +  hi),  where  h  and  h^  are  the  respective 
heights  of  the  original  cone  and  the  one  that  is  cut  out 
of  it. 

4.  If  out  of  any  right  cylinder  a  cone  is  cut  of  the  same 
base  and  height,  find  the  centre  of  gravity  of  the  remainder. 

Ans.  |ths  of  the  height  above  the  base. 

77.    Investigations    Involving   Integration. — The 

general  formulae  for  the  co-ordinates  of  the  centre  of  gravity 
vary  according  as  we  consider  a  material  line,  an  area  or 
thin  lamina,  or  a  solid  ;  and  assume  different  forms  accord- 
ing to  the  manner  in  which  the  matter  is  supposed  to  be 
divided  into  infinitesimal  elements. 

In  either  case  the  principle  is  the  same ;  the  quantity  of 
matter  is  divided  into  an  infinite  number  of  infinitesimal 
elements,  the  mass  of  the  element  being  dm ;  multiplying 
the  element  by  its  co-ordinate,  x,  for  example,  we  get 
X  •  dm,  which  is  the  moment  of  the  element*  with  respect  to 
the  plane  yz  (Art.  63) ;  and  fx  ■  dm  is  the  sum  of  the 
moments  of  all  the  elements  with  respect  to  the  plane  yz, 
and  which  corresponds  to  2Pa;  of  Art.  63.  Also,  /dm  is 
the  sum  of  the  masses  of  all  the  elements  which  correspond 
to  SP  of  the  same  Article.  Hence,  dividing  the  former  by 
the  latter  we  have 

*  The  moment  of  the  force  acting  on  element  dm  is  strictly  dm .  g'  •  a;,  hut  since 
the  constant  ff  appears  in  hoth  terms  of  expression  for  co-ordinates  of  centre  of 
gravity,  it  may  he  omitted  and  it  hecomes  more  convenient  to  speak  of  the  mojneni 
of  the  element,  meaning  hy  it  the  product  of  the  mass  of  the  element  dm,  and  its 
arm,  x.  The  moment  of  an  element  measures  its  effect  in  determining  the  position 
of  the  centre  of  gravity. 
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fx  •  dm 

'^  =  — TTJ • 

jam 


(1) 


s  =  ^^rs — ;  (3) 

/dm  ^  ' 

the  limits  of  integration  being  determined  by  the  form  of 
the  body ;  the  sign,  /,  is  used  as  a  general  symbol  of  sum- 
mation, to  be  replaced  by  the  symbols  of  single,  double,  or 
triple  integration,  according  as  dm  denotes  the  mass  of  an 
elementary  length  or  surface  or  solid.  Hence,  the  co-or- 
dinate of  the  centre  of  gravity  referred  to  any  plane  is  equal 
to  the  sum  of  the  moments  of  the  elements  of  the  mass 
referred  to  the  same  plane  divided  by  the  sum  of  the  elements, 
or  the  whole  mass.  If  the  body  has  a  plane  of  symmetry 
(Art.  67),  we  may  take  it  to  be  the  plane  icy,  and  only  (1) 
and  (3)  are  necessary.  If  it  has  an  axis  of  symmetry  we 
may  take  it  to  be  the  axis  of  x,  and  only  (1)  is  necessary. 

78.  Centre  of  Gravity  of  the  Arc  of  a  Curve. — If 

the  body  whose  centre  of  gravity  we  want  is  a  material  line 
in  the  form  of  the  arc  of  any  curve,  dm  denotes  the  mass  of 
an  elementary  length  of  the  curve. 

Let  ds  =  the  length  of  an  element  of  the  curve ;  let 
k  =  the  area  of  a  normal  section  of  the  curve  at  the  point 
{x,  y,  z),  and  let  p  =  the  density  of  the  matter  at  this 
point.  Then  (Art.  11),  we  have  dm  =  kpds,  which  is  the 
mass  of  the  element ;  multiplying  this  mass  by  its  co-or- 
dinate, X,  for  example,  we  have  the  moment  of  the  element, 
(kpxds),  with  respect  to  the  plane,  yz. 

Hence,  substituting  for  dm  in  (1),  (2),  (3),  of  Art.  77, 
the  linear  element,  kpds,  we  obtain,  for  the  position  of  the 
centre  of  gravity  of  a  body  in  the  form  of  any  curve,  the 
equations 
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flcpxds 

~  fkpds  ' 

-  _  fTcpyds 
"  ~  fkpds  ' 

_  fkpzds 
~  fkpds 
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(1) 

(2) 

(3) 


The  quantities  k  and  p  must  be  giren  as  functions  of  the 
position  of  the  point  {x,  y,  z)  before  the  integrations  can 
be  performed. 

If  the  curve  is  of  double  curvature  all  three  equations 
are  required.  If  it  is  a  plane  curve,  we  may  take  it  to  be 
in  the  plane  xy,  and  (1)  and  (3)  are  sufficient  to  determine 
the  centre  of  gravity,  since  i  =  0.  If  the  curve  has  an  axis 
of  symmetry,  the  axis  of  x  may  be  made  to  coincide  with 
it,  and  (1)  is  sufficient. 


EXAMPLES. 

1.  To  find  the  centre  of  gravity  of  a  circular  arc  of  uni 
form  thickness  and  density. 

Let  BC  be  the  arc,  A  its  middle  point, 
and  0  the  centre  of  the  circle.  Then  as 
the  arc  is  symmetrical  with  respect  to  OA 
its  centre  of  gravity  must  lie  on  this  line. 
Take  the  origin  at  0,  and  OA  as  axis  of  a;. 
Then,  since  k  and  p  are  constant,  (1)  be- 
comes 

fxds 


fds' 


(1) 


X  being  the  co-ordinate  of  any  point,  P,  in  the  arc.     Let  0 
be  the  angle  POA,  and  a  the  radius  of  the  circle,  and  let 
=  the  angle  BOA.    Then 
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X  =  a  COS  0, 

and  ds  =^  a  dd. 

y  V  cos  d  dd         y"cos  e  dd 
add  J   dd 


_       „  _„                           _  _„                       sm  ee 
Hence  x  = — ■ =  a ;— :=  a • 


Therefore,  the  distance  of  the  centre  of  gravity  of  the  arc  of 
a  circle  from  the  centre  is  the  product  of  the  radius  and  the 
chord  of  the  arc  divided  ly  the  length  of  the  arc. 

CoE. — The  distance  of  the  centre  of  gravity  of  a  semi- 

circle  from  the  centre  is  — 

7r 

2.  Find  the  centre  of  gravity  of  the  quadrant,  AD,  (Pig. 
39),  referred  to  the  co-ordinate  axes  OX,  OY. 
The  equation  of  the  circle  is 


x^  +  y'>  =z  aK 

dx  _ 

y  ~ 

dy         Vdsi?  +  dy^ 
—  X         Va;^  +  / 

_  ds 

~"    0 

-         axdx 
.    xds  =■ , 

yds  =  adx, 

,        adx 
ds  = ; 

and 

y 

which  in  (1)  and  (2),  after  canceling  Jc  and  p,  give 


P"     xdx  r  ,nffl 

r-M=      rsin-»?T 
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-^        /q^^         _       Ho       ^2,. 
/    -7- sin-i  - 

3.  Find  the  centre  of  gravity  of  the  arc  of  a  cycloid. 

Take  the  origin  at  the  starting  point  of  the  cycloid,  and 
let  the  base  be  taken  as  the  axis  of  x.  The  equation  of 
the  curve  is 

a;  =  a  vers"^  -  —  (2ay  —  ^^)^  ; 
dx  _        dy        _     ^*    . 


y^       (2a -y)^       (3fl)*' 

it  is  evident  that  the  centre  of  gravity  wiU  be  in  the  axis  of 
the  cycloid ;  therefore  x  =  na ;  and  as  k  and  p  are  constant, 
(3)  becomes 


_  '^0    (20!  —  y)^  _ 


/»»« dy_ 

^0    (2a  — 


=  ¥• 


(2a  -  y)* 

CoE. — For  the  arc  of  a  semi-cycloid,  we  get 
x  =  \a,    y  =  fa. 

4.  Find  the  centre  of  gravity  of  a  circular  arc  of  uniform 
section,  tHe  density  varying  as  the  length  of  the  arc  from 
one  extremity. 

Let  AB  (Fig.  39),  be  the  arc  ;  let  p  be  the  density  at  the 
units  distance  from  A,  then  jus  will  be  the  density  at  the 
distance  s  from  A ;  let  OA  be  the  axis  of  x,  and  a  the 
Z_  AOB.  Then,  putting  jus  for  p,  and  a  cos  0,  a  sin  d,  a  dd, 
and  ad,  for  x,  y,  ds,  and  s,  in  (1)  and  (3), 
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JTc  •  fiaO  •  a  COS  0  •  add  I  6  cosddd 


=  a- 


J  h- (I  ad -add  JO  dd 

„    «5  sin  «  +  cos  a  —  1 
=  2a 5 

J  k  •  \iad  ■  asiia.6  .  add  I  6smQ  d& 

= p =  a-^a 

J  k-fiad-add  J   Odd 


„    sm  05  —  «  cos  a 
=  2a 5 


Cor. — ^Por  a  quadrant  we  get 

ia ,        .,      -       8rt 


X 


=  -{n~2),     y  = 


5.  Find  the  centre  of  grayity  of  one-half  of  a  loop  of  a 
lemniscate  whose  equation  is  r^  =  a^  cos  •  28,  I  being  the 
length  of  the  half-loop. 

„  dr  rdBds, 

Here  — ^—. — s3  =  "5 TTa  —  t  i  •'•  ^'C. 

—a'  Bin  38      a?  cos  29      o" 

a^       -  2^  —  1 

2^1  ■  2n 

6.  Find  the  centre  of  gravity  of  a  straight  rod,  the  den- 
sity of  which  varies  as  the  wth  power  of  the  distance  of 
each  point  from  one  end. 

Take  the  origin  at  this  end,  suppose  the  axis  of  x  to  coincide  with 
the  axis  of  the  rod,  and  let  I  =  the  length  of  the  rod. 

.         -        n  +  1. 
Ans.  X  =  — —^  I. 
n  +  2 
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1.  Find  the  centre  of  gravity  of  the  arc  of  a  semi-car- 
dioid,  its  equation  being 

?•  =  «(!  +  cos  6), 

Ans.  The  co-ordinates  of  the  centre  of  gravity  referred 
to  the  axis  of  the  curve  and  a  perpendicular  through  the 
cusp,  as  axes  of  x  and  y,  are 


y 


i«. 


79.  Centre  of  G-ravity  of  a  Plane 
Area. — Let  ABCD  be  an  area  bounded 
by  the  ordinates,  AC  and  BD,  the  curve 
AB  whose  equation  is  given,  and  the  axis 
of  X  ;  it  is  required  to  find  the  centre  of 
gravity  of  this  area,  the  lamina  (Art.  67) 
being  supposed  of  uniform  thickness  and  density.  We 
divide  the  area  into  an  infinite  number  of  infinitesimal 
elements  (Art.  77).  Suppose  this  to  be  done  by  drawing 
ordinates  to  the  curve.  Let  PM  and  QN  be  two  consecil- 
tive  ordinates,  let  {x,  y)  be  the  point,  P,  and  let  g  be  the 
centre  of  gravity  of  the  trapezoid,  MPQN,  whose  breadth  is 
dx  and  whose  parallel  sides  are  y  and  y  +  dy.  The  area  of 
this  trapezoid  is  y  dx,  (Cal.,  Art.  184). 

Let  p  be  the  density  and  h  the  thickness  of  the  lamina. 
Then  (Art.  11)  we  have  dm  =  kpy  dx,  which  is  the  mass 
of  the  element  MPQN ;  multiplying  this  mass  by  its  co-or- 
dinate, X,  for  example,  we  have  the  moment  of  the  element 
(Jcpxydx),  with  respect  to  OY,  and  multiplying  by  the 
other  co-ordinate,  \y,  we  have  the  moment  with  respect  to 
OX.  Hence,  substituting  for  dm  in  (1)  and  (2)  of  Art.  77, 
the  surface  element,  Jepy  dx,  and  remembering  that  h  and  p 
are  constants,  we  obtain,  for  the  position  of  the  centre  of 
gravity  of  a  body  in  the  form  of  a  plane  area,  the  equations, 
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_  fxydx         _    fy^dx_ 

-  fydx'    ^-^fydx'  W 

the  integrations  extending  over  the  whole  area  CABD. 

EXAMPLES. 

1.  Find  the  centre  of  gravity  of  the  area  of  a  semi-parab- 
ola whose  equation  is  y'^  =  2px. 

Let  a  =  the  axis,  and  b  the  extreme  ordinate,  then  we 
'    have  from  (1) 

/    V^px^dx         I  x^  dx 

-  "0  "0  q 


/   V^x^dx         I  xi  dx 

'^0  '^0 


pa  pa 

I  %pxdx  r-    I  xdx 


J   's/'ipx^dx        ^      J  x^  dx 


2.  Find  the  centre  of  gravity  of  the  area  of  an  elliptic 
quadrant  whose  eiquation  is 


y  =  -  Va^  —  x^. 


a 


Here 


/a  pa  f)       ^ 

xydx        I    -  (a^  —  a;^)*  x 


dx 


£ydx         /"-(««-^')* 


dx 


4a 
Stt' 


Pfdx           r^Ac?-^dx 
_  1  'H 1  t^o    tp 

y  —  ^    pa  ~  ^    pah  ,        ' 
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45 


Hence  for  the  centre  of  gravity  of  the  area  of  a  circular 
quadrant  we  have 

-       -       4fl( 
="  =  ^  =  3^- 

3.  Find  the  centre  of  gravity  of  the  area  of  a  semi- 
cycloid. 

Take  the  axis  of  the  ciirve  as  axis  of  x,  and  a  tangent  at 
the  highest  point  as  axis  of  y ;  then  the  equation  is  (Anal. 
Geom.,  Art.  157), 

y  ^  a  yerS"!  — f-  y  3aa;  —  x^; 

■where  a  is  the  radius  of  the  generating  circle.    From  (1)  we 
have 

J,  y^''     \_y''-J''^y[ 

_  \[yx^-fx(%ax-7?)^dx'^  ^     7r«(2a)^-iTO3 
~     [yx-/{2ax-x')Ux~^  *™.2«-iua^' 

since  when  a;  =  0  and  2a,  y  =  0  and  -rca. 
Also, 


y=i 


/M  r  p  -fa 

y^  dx         'fx  —  %  J  yx  dy\ 

/»2o     T~  ~  37m« 
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\fx—%  Jy  (2ax  —  x^)i  dxT 


Sttu^ 


\y^x—2aj{2ax—a?)^  vers-»  -  dx—%J{^ax—3?)  doi\  " 


37r«2 


\y'>x  —  2ax^  +  f  a^  —  2a J  {2ax  —  a^)*  vers-^  -  dxT 


Sna^ 


27tV  — 


8a'       7r2a8 


-3-        f"'a' 


SfflS  — 


8as 


3na^ 


S-rra^ 


which  the  student  can  verify  by  assuming 


vers' 


1-1 -  =  0. 


(See  Todhunter's  Statics,  p.  118.) 

80.  Polar  Elements  of  a  Plane 
Area. — Let  AB  be  the  arc  of  a  curve, 
and  let  it  be  required  to  find  the  centre  of 
gravity  of  the  area  bounded  by  the  arc 
AB  and  the  extreme  radii- vectors,  OA 
and  OB,  drawn  from  the  pole,  0,  to  the 
extremities  of  the  arc. 

Divide  the  area  into  infinitesimal  triangles,  such  aa  POQ, 
included  between  two  consecutive  radii-vectors,  OP  and 
OQ.  Let  (r  -  0)  be  the  point,  P,  then  the  area  of  the 
element,  POQ  =  ^r^dO  (Cal.,  Art.  191) ;  and  if  the  thick- 
ness and  density  of  the  lamina  are  uniform,  the  centre  of 


Fig.4l 
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grayity  of  this  elementary  triangle  will  be  on  a  straight  line 
drawn  from  0  to  the  middle  of  PQ,  and  at  a  distance  of 
two-thirds  of  this  straight  line  from  0  (Art.  73).  Hence 
the  co-ordinates  of  the  centre  of  gravity,  g,  of  POQj  are 
OM  and  'Kg,  or, 

fr  cos  0,    and    f r  sin  6. 
Hence,  (Art.  77), 


(1) 
(3) 


.  _  /!?•  cos  g  ■  ^  de  _  2  /r°  cos  e  de 
*~  f^r'dd         ~'^      fr^dd      ' 

-  _  /jr  sin  d  .  jr^  dd  _     fr^  sin  8  dO 
^~  fir^dO         "~  *     fr^dO     "' 

the  integrations  extending  over  the  whole  area,  AOB. 

EXAMPLE. 

Find  the  centre  of  grayity  of  the  area  of  a  loop  of  Ber- 
nouilli's  Lemniscate  whose  equation  is  r'  =  a^  cos  W. 

As  the  axis  of  the  loop  is  symmetrical  with  respect  to 
the  axis  ot  x,  y  =  0,  and  the  abscissa  of  the  centre  of 
grayity  of  the  whole  loop  is  evidently  the  same  as  that  of 
the  half-loop  above  the  axis.     Substituting  in  (1)  for  r  its 

value  a  cos'  26,  we  have 

«• 
/cost  20  cos  6  dd 


'cos  26  de 


IT 

=  fa  P{1  —  2  sin3  0)t  d  sin  0. 


Put  sin  0  =  ^^— ,  then 
V2 
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X  = 


^'^     Aos*  ^  #  =  -^  •  1 5  (Cal.,  Art.  157). 


3  v^  ^0       ^         3  Va  ^ 

-  * .     a?  = • 

4  Va 

81.  Double  Integration. — Polar  Formulae.— When 

the  density  of  the  lamina  varies  from  point  to  point,  it  may 
be  necessary  to  divide  it  into  elements  of  the  second  order 
instead  of  rectangular  or  triangular  elements  of  the  first 
order  (Arts.  79  and  80). 

Suppose  that  the  density  of  the  lamina  AOB  (Fig.  41), 
is  not  uniform.  If  we  divide  it  into  triangular  elements, 
POQ,  the  element  of  mass  will  be  no  longer  proportional  to 
the  element  of  area,  POQ  =  ^r^dd;  nor  will  the  centre  of 
gravity  of  the  triangle,  POQ,  be  -fr  distant  from  0. 

Let  a  series  of  circles  be  described  with  0  as  a  centre, 
the  distance  between  any  two  successive  circles  being  dr. 
These  circles  will  divide  the  triangle,  POQ,  into  an  infinite 
number  of  rectangular  elements,  abed  =  rdOdr.  If  h  is 
the  thickness  and  p  is  the  density  of  the  lamina  at  this  ele- 
ment, the  element  of  mass  will  be  dm  =  kprdOdr;  and 
the  co-ordinates  of  its  centre  of  gravity  will  be  r  cos  6  and 
r  sin  d.     Hence,  from  (1)  and  (3)  of  Art.  77,  we  have 


/   I  k  pr  cos  0  rdd  dr         I   I  hpr^ cos  Odd dr 
I  I  kpr  dO  dr  I    I  kpr 


dddr 


(1) 


f  fhpr^  sin  0  dd  dr 

and  y  = jr-ji (3) 

/    /  kpr  dddr 

In  each  of  these  integrals  the  values  of  h  and  p  are  to  be 
substituted  in  terms  of  r  and  6,  and  the  integrations  taken 
between  proper  limits. 
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EXAMPLE. 

Find  the  centre  of  gravity  of  the  area  of  a  cardioid  in 
which  the  density  at  a  point  increases  directly  as  its  distance 
from  the  cusp. 

Let  (I  =  the  density  at  the  unit's  distance  from  the 
cusp,  then  p  =  fj,r,  is  the  density  at  the  distance  r  from 
the  cusp. 

As  the  axis  of  the  curve  is  an  axis  of  symmetry  (Art.  67), 
y  =z  Q,  and  the  abscissa  of  the  whole  curve  is  the  same  as 
for  the  half  above  the  axis ;  then  (1)  becomes 


t'O    '-'0 


'  cos  B  dO  dr 


r^  dQ  dr 


fr'^  cos  Q  de 
/   r^dO 

by  performing  the  r-integration. 

The  equation  of  the  cuitc  is 

•  0 

r  —  a{l  +  cos6)  =  2a  cOs' ^• 

a 

Substituting  this  value  for  r,  and  putting  -  =  0,  we  have 


f^cos^  <l>  (3  cos8  ^  —  1) 

'- ;; 

/    cos'  0  d<l> 


=  Ua. 
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82.  Double  Integration.— Rectangular  Formulae.— 

Let  a  series  of  consecutive  straight  lines  be  drawn  parallel 
to  the  axes  of  x  and^  respectively,  dividing  the  area,  ABCD, 
(Fig.  40),  into  an  infinite  number  of  rectangular  elements 
of  the  second  order.  Then  the  area  of  each  element,  as 
abed,  =  dxdy;  and  if  Ic  and  p  are  the  thickness  and  density 
of  the  lamina  at  this  element,  the  element  of  mass  will  be 
dm  =  Top  dx  dy ;  and  the  co-ordinates  of  its  centre  of  gravity 
will  be  X  and  y.  Hence  from  (1)  and  (2)  of  Art.  77,  we 
have 

I   fk  px  dx  dy 

X  = ;  (1) 

f  I  Icpdx  dy 

I  I  Icpydx  dy 

y  =  "—-^ (3) 

/       kpdx  dy 

the  integrations  being  taken  between  proper  limits. 

EXAMPLE 

Find  the  centre  of  gravity  of  the  area  of  a  cycloid  the 
density  of  which  varies  as  the  «th  power  of  the  distance 
from  the  base. 

Take  the  base  as  the  axis  of  x  and  the  starting  point  as 
the  origin.    Then  the  equation  of  the  curve  is 


a;  =  ffl  vers^i  -  —  {^ay  —  y^)^ ; 


V%ay  —  y^ 
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Let  p  =  nyn  =  density  at  the  distance  y  from  the  base. 
It  is  evident  that  the  centre  of  gravity  will  be  in  the  axis  of 
the  cycloid ;  therefore  x  =  na;  and  as  yfc  is  constant  (3) 
becomes 

^2irffl 


Jo    J^y^'^^ydx 

Jo  Jo  ^^y^"" 


_  n  +  Up ^ 

/      ««+i  dx 

—  w  +  1  '^0     Viay  —  y^ 
~  n  +  2    P^""   «/»+2  dy 

^0 


V'iay  —  y^ 

/>2>ro     yn+2^y 


n  +  1    2n  +  5     ^o     V2ay  —  y^  ^ 


n  +  %     w  +  3        /'*™    «»+« 


/ 


0     's/%ay  —  / 
n  +  \    2re  +  5 

••■  2'  =  ^4:3--^+^«- 

83.  Centre  of  Gravity  of  a  Surface  of  Revolu- 
tion.— Let  a  surface  be  generated  by  the  revolution  of  the 
curve,  AB  (Pig.  40),  round  the  axis  of  x.  Then -the 
elementary  arc,  PQ,  {=  ds),  generates  an  element  of  the 
surface  whose  area  =  2-ny  ds  (Cal.,  Art.  193).  If  k  is  the 
thickness  and  p  the  density  of  the  lamina  or  shell  in  this 
elementary  zone,  the  element  of  mass  will  be  dm  =  2nhpi/  ds. 
Also  the  centre  of  gravity  of  this  zone  is  in  the  axis  of  x  at 
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the  point  Jf  whose  abscissa  is  x  and  ordinate  0.    Hence  (1) 
of  Art.  77  becomes,  after  cancelling  ^tt, 

/  kpxy  ds 

-=-r (1) 

/  kpyds 

the  integrations  being  taken  between  proper  limits. 

EXAMPLES. 

1.  Find  the  centre  of  gravity  of  the  surface  formed  by 
the  rerolution  of  a  semi-cycloid  round  its  base. 
The  equation  of  the  generating  curve  is 


or 


a  vers"'  -  — 
a 

V2ay 

-f; 

dx 

dy 

ds 

y 

'S/'Hay  - 

-f 

's/^ay' 

ds 

V'^o 

idy 

's/%a  —  y 
which  in  (1)  gives,  after  cancelling  a/^a  hp. 


xydy 


0    '\/2a  ~  y 


Ma 


ydy 


0    V'2a  —  y 

3.  Find  the  centre  of  gravity  of  the  surface  formed  by 
the  revolution  of  a  semi-cycloid  round  its  axis. 

It  is  clear  that  the  centre  of  gravity  lies  on  the  axis  of 
the  curve ;  hence  y  =  0, 
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The  equation  of  the  generating  curve  is 

y  =  a  Ters-i  -  +  V^acc  —  W. 


Here  dy  =  \/^^^^=^  dx, 

•SO 

ds  =  \/%a  ce~*  dx, 
I    yxi  dx 


which  in  (1)  gives 


/     yx'^dx 

_\ly«^^-\f^^dy'^ 
\%yx^  —  2  fx^ dyT 

\y^  ~%  f  ^VSa  —  x  dx\ 
^yx^  —  3  C'\/%a  —  X dxT 

^f7r«(aa)t-^(ga)t 
27r  (2a)4  —  |  (3a)^ 


2       157r  —  I 


3.  Find  the  centre  of  gravity  of  the  surface  formed  by 
the  revolution  of  the  semi-cycloid  round  the  axis  of  y  in  the 
last  example,  i.  e.,  round  the  tangent  to  the  curve  at  the 
highest  point. 

Ans.  ^  =  -^  (157r  —  8). 
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84.  Centre  of  G-ravity  of  Any  Curved  Surface. — 

Let  there  be  a  shell  having  any  given  curved  surface  for 
one  of  its  boundaries ;  and  let  k  =  the  thickness,  p  =  the 
density,  and  ds  =  the  area  of  an  element  of  the  surface  at 
the  point  {x,  y,  z) ;  then  (1)  of  Art.  83  becomes 


/  kpz  ds 
—^ (1) 


ds 


and  similar  expressions  for  y  and  z. 

Substituting  the  value  of  ds  (Cal.,  Art.  301^  and  cancel- 
ling Ic  and  p,  we  have 


J Jv  +  M  +  d^^]  ^""^y 
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1.    Find    the  centre  of   gravity  of  one-eighth  of    the 
surface  of  a  sphere. 

Here  x^  -^  y^  -{-  i^  =  a^, 

\    +  dx^  +  dyV    ~  (a*  -  a;*  —  y^)^' 

r  C      xdxdy 

r  r         dxdy 
J  J  (a2  _  -2  —  «/«)* 


SOhlD    OF  REVOLUTION. 
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First  perform  the  y-integra- 
Jion,  X  being  constant,  from 
y  =  0    to   y  =  LI  =  y^   = 

•v/«'  —  x^ ;  the  efEect  will  be 
to  sum  up  all  the  elements 
similar  to  pq  from  H  to  I. 
The  effect  of  a  subsequent 
^-integration  will  be  to  sum 
all  these  elemental  strips  that 
are  comprised  in  the  surface 
of  which  OAB  is  the  projec- 
tion, and  the  limits  of  this  integration  are  x  =  0  and 
z  =  OA  =  a.    Hence 


Jq  Jq    {a^  —  ^^'^)^ 

"T^o  /^y*        dx  dy  

Jo  Jo    {a^-x'-f)^ 


^■nx  dx 


na 
«^0 


i«. 


dx 


Similarly 


=  ia, 


=  *a. 


2.  Find  the  centre  of  gravity  of  one-eighth  of  the  surface 

of  the  sphere  if  the  density  yaries  as  the  z-ordinate  to  any 

point  of  it.     Here  p  =  fiz. 

ia     -       4a     -       2a 
Ans.  ^=.^;  y  =  ^;  .  =  -j. 

85.  Centre  of  Gravity  of  a  Solid  of  Revolution.— 

Let  a  solid  be  generated  by  the  revolution  of  the  curve,  AB, 
(Fig.  40),  round  the  axis  of  x.  Then  the  elementary 
rectangle,  PQNM,  (=  ydx),  generates  an  element  of  the 
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solid  whose  Tolume  =  rry^  ^x  (Cal.,  Art.  303).  Hence  if  the 
density  of  the  solid  is  uniform,  we  have  for  the  position  of 
the  centre  of  gravity  (which  evidently  is  in  the  axis  of  x), 


I  ny^  dx         I  y^  Ax 
I  Try^  dx  /  ^  dx 


(1) 


the    integrations    being    extended    over    the  whole  area, 
CABD,  of  the  bounding  curve. 

n  the  density  varies,  the  element  of  mass  may  require  to 
be  .taken  differently.  If  the  density  varies  with  x  alone,  i.  e,, 
if  it  is  uniform  all  over  the  rectangular  strip,  PQNM,  the 
volume  may  be  divided  up  as  already  done,  and  the  element 
of  mass  =  -npy^  dx.    Hence,  we  shall  have  in  this  case, 


Jpy'^x 


dx 

(3) 


jpy^  dx 

If  the  density  varies  as  y  alone,  we  may  take  a  rectangular 
element  of  area  of  the  second  order,  dx  dy,  at  the  point 
{x,  y) ;  this  area  will  generate  an  element  of  volume 
=  27ry  dx  dy  ;  therefore  the  element  of  mass  =  37rpy  dx  dy, 
and  we  have 

/  /  pxy  dx  dy 

'^  =  -4-7. ;  (3) 

J  J  pydx  dy 

the  ^-integrations  being  performed  first,  from  0  to  y,  the 
ordinate  of  a  point  P,  on  the  bounding  curve ;  and  then 
the  ^-integrations  from  00  to  OD. 
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EXAM  PLES. 

1.  Find  the  centre  of  gravity  of  the  hemisphere  generated 
by  the  revolution  of  the  quadrant,  AD,  (Fig,  39),  round  OA 
(taken  as  axis  of  x),  (1)  when  the  density  is  uniform ;  (3) 
when  it  is  constant  over  a  section  perpendicular  to  OA  and 
varies  as  the  distance  of  this  section  from  OD ;  (3)  when 
it  is  constant  at  the  same  distance  from  OA  and  varies  as 
this  distance. 

(1)  From  (1)  we  have 

/  y^x  dx 
/  y^dx 

Putting  a;  =  r  cos  6,  and  ^  =  >•  sin  d,  where  r  is  the 
radius  of  the  circle    and  integrating  between  0  =  0  and 

0  =  -,  we  have 

IV 

X  =  |r. 

(2)  Since  p  =  (ix,  we  have  from  (2) 

»y  dx 


P 


f' 


3 

\fidx 


W 

which  gives  x  =  ■^. 

(3)  Since  p  =  fiy,  we  have  from  (3) 

I   fxy'^  dx  dy         I  x'f  dx 
C  Cy^  dx  dy         Jy^  dx 
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and  the  previous  substitutions  for  x  and  y  give 

16r 
157r 

2.  Find  the  centre  of  gravity  of  a  paraboloid  of  revolu- 
tion, the  length  of  whose  axis  is  h.  Ans.  x  =  |/t. 

3.  Find  the  centre  of  gravity  (1)  of  a  portion  of  a  prolate 
spheroid,  the  length  of  whose  axis  measured  from  the  vertex 
is  c,  and  (3)  of  a  hemi-spheroid. 

Ans.  (1)  5  =  I  j^^->  (3)  ^  =  |a. 

86.  Polar  Formulae. — Let  a  solid  be  generated  by  the 
revolution  of  AB,  (Fig.  41),  round  the  axis  of  x.  Then  the 
elemental^  rectangle,  abed,  whose  mass  =  pr  dO  dr,  (Art. 
81),  the  thickness  being  omitted,  generates  a  ring  which  is 
an  element  of  the  solid  whose  volume  =  %-nr  sin  0  pr  dO  dr ; 
and  the  abscissa  of  the  centre  of  gravity  of  the  ring  is 
r  cos  0.    Hence  (1)  of  Art.  77  becomes 


ffpr^ 


sin  0  cos  6  dd  dr 

~-  ..  ^ (1) 

/    /  pr^  sin  6  dd  dr 

in  which  p  must  be  a  function  of  r  and  d  in  order  that  the 
integrations  may  be  effected. 

If  the  density  depends  only  on  the  distance  from  a  fixed 
point  in  the  axis  of  revolution,  this  point  may  be  taken  as 
origin,  and'p  will  be  a  function  of  r ;  if  the  density  depends 
only  on  the  distance  from  the  axis  of  revolution,  p  will 
be  a  function  of  r  sin  8. 

EXAMPLE. 

The  vertex  of  a  right  circular  cone  is  in  the  surface  of  a 
sphere,  the  axis  of  the  cone  coinciding  with  a  diameter  of 
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the  sphere,  the  base  of  the  cone  being  a  portion  of  the  sur- 
face of  the  sphere.  Find  the  distance  of  the  centre  of 
gravity  of  the  cone  from  its  vertex,  %a  being  its  vertical 
angle,  and  a,  the  radius  of  the  sphere. 

Here  the  r-limits  are  0  and  2a  cos  d ;  the  S-limits  are  0 
and  « ;  p  is  constant ;  hence  from  (1)  we  have 


X  =^ 


=  i 


r^  sin  6  cos  d  dd  dr 

'0  t/Q 

r^  sin  0  dd  dr 

I   (2a  cos  ey  sin  0  cos  0  dd 
"0 

/ '"(2a  cos  ey  sin  d  dd 
/   cos5  e  sin  e  dO 


cos8  d  sin  e  do 

1  —  cos'  a 
1  —  cos^  « 


87.  Centre  of  G-ravity  of  any  Solid.— Let  {x,  y,  z) 

and  {x  +  dx,  y  +  dy,  z  +  dz)  be  two  consecutive  points  E 
and  P,  (Kg.  42),  within  the  solid  whose  centre  of  gravity  is 
to  be  found.  Through  E,  pass  three  planes  parallel  to  the 
co-ordinate  plaaes  xy,  yz,  zx;  also  through  P  pass  three 
planes  parallel  to  the  first.  The  solid  included  by  these  six 
planes  is  an  infinitesimal  parallelepiped,  of  which  E  and  E 
are  two  opposite  angles,  and  the  volume  =  dx  dy  dz.  If  p 
is  the  density  of  the  body  at  E,  the  element  of  mass  at  E 
=  pdxdy  dz.  Hence  the  co-ordinates  of  the  centre  of 
gravity  of  the  solid  are  given  by  the  equations 


(1) 


(2) 


(3) 
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I  I  I  pxdxdydz 
I   /  I  pdxdydz 

I  f   I  ?y  dxdy  d» 
J  I  I  pdxdydz 

I   /  I  pz  dxdy  dz 
I  I  I  pdxdydz 

the  integrafidSS'  bdng  extended  over  the  whole  solid. 

EXAMPLES. 

1.  Find  the  centre  of  gravity  of  the  eighth  part  of  an 
ellipsoid  included  between  its  three  principal  planes.* 

Let  the  equation  of  the  ellipsoid  be 

o3  -1-  j3  -I-  es.  -  ■^• 
Here  the  limit*  of  the  2-integratioB  are 

which  call  z^  and  0  ;  flke  limits  of  y  are 

Z?=s(l-^*  and  Q, 
which  call  y^  aud"  0 ;  the  ar-limits  are  a  and  0. 

•  Planes  of  xg;  ye,  zx. 
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First  integrate  with  respect  to  z,  and  we  obtain  the 
infinitesimal  prismatic  column  whose  base  is  PQ,  (Fig.  42), 
and  whose  height  is  Pp.  Then  we  integrate  with  respect 
to  y,  and  obtain  the  sum  of  all  the  columns  which  form 
the  elemental  slice  Uphnq.  Then  integrating  with  respect 
to  X,  we  obtain  the  sum  of  all  the  slices  included  in  the 
solid,  OABC.  Hence  (1)  becomes,  since  the  density  is 
uniform, 

/     /      /    X  dxdydz 

*  pa     /Jjr,     />s, 

III    dxdydi 

•^0   "0     «^o 


n^-^ 


dx 


.•.    a;  =  f  a. 
Similarly  ^  =  |5,    a  =  ^e. 

2.  Find  the  centre  of  gravity  of  the  solid  bounded  by  the 

planes  z  =  fix,  z  =  yx,  and  the  cylinder  y^  =  2ax  —  xK 

5a 
Ans.  i  =  |a;  y  =  0;  i  =  -g-  (/3  +  r)- 

88.  Polar  Elements  of  Mass.— Let  Fig,  43  repre- 
sent the  portion  of  the  volume  of  a  solid  includftij  betweeij 
its  bounding  surface  and  three  rectangular  co-ordinate 
planes. 
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(1)  Through  the  axis  of  z  draw 
a  series  of  consecutive  plaues,  divid- 
ing the  solid  into  wedge-shaped 
slices  such  as  COB  A. 

(2)  Round  the  axis  of  z  describe 
a  series  of  right  cones  with  their 
vertices  at  0,  thus  dividing  each 
slice  into  elementary  pyramids  like 
0-PQST. 

(3)  With  0  as  a  centre  describe 
a  series  of    consecutive  spheres ; 
thus  the  solid  is  divided  into  elementary  rectangular  par- 
allelepipeds similar  to  aipt,  whose  volume  =  ap  •  ps-  st. 

Let  XOA  =  <l>,    COP  =  e,    Op  =  r, 

AOB  =  #,  POQ  =  de,  pa  =  dr. 

Then  pq  is  the  arc  of  a  circle  whose  radius  is  r,  and  the 

angle  is  dB  ;  therefore 

pq  =  rd6. 

Also  ps  is  the  arc  of  a  circle  in  which  the  angle  is  d^, 
and  the  radius  is  the  perpendicular  from  p  on  OZ,  or 
r  sin  6 ;  therefore 

ps  =z  r  sin  0  d<p. 

Therefore  the  volume  of  the  elementary  paraUelopiped  = 
r^  sin  6  dr  dO  d<j) ; 

and  if  p  is  the  density  of  the  solid  at  p,  the  element  of 

mass  is 

pr^  sin  0  dr  dd  d<l>. 

Also  the  co-ordinates  of  the  centre  of  gravity  of   this 
element  are 


r  sin  9  cos  (j),    r  sin  0  sin  ^,     and    r  cos0  ; 
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hence  for  the  cenia-e  of  gravity  of  the  whole  solid  we  have 
I  I  I  pr^  sin*  0  cos  0  dr  dd  d^ 
J  f  fp'T^  sin  6  dr  dO  d4> 

III  P^  si'^^  ^  si'i  ^  ^'''  ^^  ^^ 
f  f  fpf^  sin  ddrdOdf^ 

I  I    /  pr^  sin  9  cos  6  dr  dO  d<l> 

f  f  f^"^^  ®^^  ^  ^''  ^^  ^ 

the  limits  of  integration  being  determined  by  the  figure  of 
the  solid  considered. 

The  angles,  0  and  <^,  are  sometimes  called  the  co-latitude, 
and  longitude,  respectively. 

EXAMPLES. 

1.  Find  the  centre  of  gravity  of  a  hemisphere  whose 
density  varies  as  the  mth  power  of  the  distance  from  the 
centre. 

Take  the  axis  of  z  perpendicular  to  the  plane  base  of  the 
hemisphere.  Let  a  =  the  radius  of  the  sphere,  and 
p  =  \ir^,  where  ju  is  the  density  at  the  units  distance  from 
the  centre.  First  integrate  with  respect  to  r  from  0  to  a, 
and  we  obtain  the  infinitesimal  pyramid  0-PQ8T.  Then 
integrate  with  respect  to  d  from  0  to  \-n,  and  we  obtain  the 
sum  of  all  the  pyramids  which  form  the  elemental  sHce, 
COBA.  Then  integrating  with  respect  to  (^  from  0  to  %-n, 
we  obtain  the  sum  of  all  the  slices  included  in  the  hemi- 
.  sphere.     Hence, 
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m,"    />Jt   pa 

III    r**^. sin.  d  COS  0  dr  dd  d(j> 

t/p      t/Q      «^0 

/tin    piK     /*a 

III   r"+»  sin  e  dr  de  d<j> 

<J0      'Jo       '^0 


m  +  3 


I      I     ain  0  cos  6  dO  d(f> 
■^0    «^o 

/      I     sine  dO  d<j> 
n  +  3    a 


■  ■    '  —  w  +  4   a' 
and  it  is  clear  that        a  =  ^  =  0. 

2.  Find  the  centre  of  gravity  of  a  portion  of  a  solid 
sphere  contained  in  a  right  cone  whose  vertex  is  the  centre 
of  the  sphere,  the  density  of  the  solid  varying  as  the  mth 
power  of  the  distance  from  the  centre,  the  vertjpasl  angle  of 
the  cone  being  =  %a,  and  the  radius  =  a. 

Take  the  axis  of  tLe  cone  as  that  of  z,  and  any  plane  through  it  as 
that  from  which  longitude  is  measured. 

Ans.  i  = '-r  rr  (1  +  COS  &),  and  5  =  «  =  0. 

89.  Special  Methods- — In  the  preceding  Articles  we 
have  giv^n  the  usual  formulae  for  finding  the  centres  of 
gravity  of  bodies,  but  particular  cases  may  occur  which  may 
be  most  conveniently  treated  by  special  methods. 

EXAMPLES. 

1.  A  circle  revolves  round  a  tangent  line  through  an 
angle  of  18.0° ;  find  the  centre  of  gravity  of  the  solid 
generated. 
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Let  OY  Tie  tlie  tangent  line  about 
which  the  circle  revolv:es,  and  let  the 
plane  of  the  paper  bisect  the  solid ;  the 
centre  of  grayity  will  therefore  lie  in 
the  axis  of  x.  Let  P  and  Q  be  two 
consecutive  points  ;  and  let  OM  ==  x, 
and  MP  =  y  =  ^/%ax  —  xK  The 
elementary  rectangle,  PQgp,  will  gen- 
erate a  semi-cylindrical  shell,  whose  volume  =  2ynxdx, 
the  centre  of  gravity  of  which  will  be  in  the  axis  of  ic  at  a 

2x 
distance  —  from  0  (Art  78,  Ex,  1,  Cor.).    Hence, 


Fis.44 


Ja       n    y 


TTXdX 


J     ^ 


•nx  dx 


7r     o''^ 


ax  —  x^  dpa 


/     xV2, 

'^0 


ax  —  0^  dx 


5a 


2.  Find  the  centre  of  gravity  of  a  right  pyramid  of  uni- 
form density,  whose  base  is  any  regular  plane  figure. 

Let  the  vertex  of  the  pyramid  be  the  origin,  and  the  axis 
of  the  pyramid  the  axis  of  x;  divide  the  pyramid  into  slices 
of  the  thickness  dx  by  planes  perpendicular  to  the  axis. 
Then  as  the  areas  of  these  sections  are  as  the  squares  of 
their  homologous  sides,  and  as  the  sides  are  as  their  dis- 
tances from  the  vertex,  so  will  the  areas  of  the  sections  be  as 
the  squares  of  their  distances  from  the  vertex,  and  therefore 
the  masses  of  the  slices  are- as  the  squares  of  their  distances 
from  the  vertex.  Now  imagine  each  slice  to  be  condensed 
into  its  centre  of  grayity,  which  point  is  on  the  axis  of  x. 
Then  the  problem  is  reduced  to  fiuding  tjie  centre  of  grav- 


138  THEOREMS  OF  PAPPUS. 

ity  of  a  material  line  in  which  the  density  yaries  as  the 
square  of  the  distance  from  one  end,  and  which  may  be 
found  as  in  Ex.  6,  (Art.  78).  Calling  a  the  altitude  of  the 
pyramid,  we  have 


£' 


pa 


a?  dx 


a?  dx 

0 


which  is  the  same  as  in  Art.  75. 

90.  Theorems  of  Pappus.*— (1)  If  a  plane  curve 
revolve  round  any  axis  in  its  plane,  the  area  of  the 
surface  generated  is  equal  to  the  length  of  the 
revolving  curve  multiplied  hy  the  length  of  the 
path  described  hy  its  centre  of  gravity. 

Let  s  denote  the  length  of  the  curve,  x,  y,  the  co-ordinates 
of  one  of  its  points,  x,  y,  the  co-ordinates  of  the  centre  of 
gravity  of  the  curve;  then,  if  the  curve  is  of  constant 
thickness  and  density,  we  have  from  (3)  of  Art.  78, 


J  yds 


.*.     2nys  —  2n  /  y  ds;  (1) 

the  second  member  of  which  is  the  area  of  the  surface 
generated  by  the  revolution  of  the  curve  whose  length  is  s 
about  the  axis  of  x,  (Cal.,  Art.  193) ;  and  the  first  member 
is  the  length  of  the  revolving  curve,  s,  multiplied  by  the 
length  of  the  path  described  by  its  centre  of  gravity,  2ny. 

*  Uenally  called  Quldin's  Theoreme,  but  originayy  enunciated  by  Pappus.    (See 
Walton's  Mechanical  Problems,  p.  42, 3d  Ed.) 
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(3)  If  a  plane  area  revolve  round  any  axis  in  its 
plane,  the  volume  generated  is  equal  to  the  area  of 
the  revolving  figure  multiplied  by  the  length  of  the 
path  described  by  its  centre  of  gravity. 

Let  A  denote  the  plane  area,  and  let  it  be  of  constant 
thickness  and  density,  then  (2)  of  Art.  82  becomes 

JJy  dx  dy 
I  I  dxdy 

or  27ry  /    I  dA.  ■=.  2tt  I  j  y dxdy, 

(substituting  dK  for  dx  dy), 

.-.     •^■nyK  —  nfy^dx,  (2) 

the  integral  being  taken  for  every  point  in  the  perimeter  of 
the  area ;  but  the  second  member  is  the  volume  of  the 
solid  generated  by  the  revolution  of  the  area  (Cal.,  Art. 
203);  and  the  first  member  is  the  area  of  the  revolving 
figure,  A,  multiplied  by  the  length  of  the  path  described 
by  its  centre  of  gravity,  %iry. 

Cor. — If  the  curve  or  area  revolve  through  any  angle,  0, 
instead  of  2tt,  (1)  and  (2)  become 


ofy  ds. 


(3) 

and  ByK  =  ydJy^dx,  (4) 

and  the  theorems  are  still  true. 

SCH.— If  the  axis  cuts  the  revolving  curve  or  area,  the 
theorems  still  apply  with  the  convention  that  the  surface 
or  volume  generated  by  the  portions  of  the  curve  or  area  on 
opposite  sides  of  the  axis  are  affected  with  opposite  signs. 
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EXAMPLES. 

1.  A  circle  of  radius,  a,  revolves  round  an  axis  in  its  own 
plane  at  a  distance,  c,  from  its  centre ;  find  the  surface  of 
the  ring  generated  by  it. 

The  length  (circumference)  of  the  revolving  curve  = 
37ra;  the  length  of  the  path  described  by  its  centre  of 
gravity  =  ^■nc; 

.  ■ .    the  area  of  the  surface  of  the  ring  =  477-%c. 

2.  An  ellipse  revolves  round  an  axis  in  its  own  plane, 
the  perpendicular  distance  of  which  from  the  centre  is  c  ; 
find  the  volume  of  the  ring  generated  during  a  complete 
revolution. 

Let  a  and  h  be  the  semi-axes  of  the  ellipse ;  then  the 
revolving  area  =  nab ;  the  length  of  the  path  described  by 
its  centre  of  gravity  =  2ttc  ; 

.  • .    the  volume  of  the  ring  =  2n^0.bc. 

Observe  that  the  volume  is  the  same  for  any  position  of  the  axes 
of  the  ellipse  with  respect  to  the  axis  of  revolution,  provided  the  per- 
pendicular distance  from  that  axis  to  the  centre  of  the  ellipse  is  the 
same. 

3.  The  surface  of  a  sphere,  of  radius  a,  =  irra^;  the 
length  of  a  semi-circumference  =  ttu  ;  find  the  length  of 
the  ordinate  to  the  centre  of  gravity  of  the  arc  of  a  semi- 
circle. .         _        2fl! 

Ans.  y  =  — • 
7r 

4.  The  volume  of  a  sphere,  of  radius  a,  =  f^a';  the 

area  of  a  semicircle  =  tto^  ;  find  the  distance  of  the  centre 

of  gravity  of  the  semicircle  from  the  diameter. 

i        -       4« 
Ans.  y  =  5-f 

5.  A  circular  tower,  the  diameter  of  which  is  80  ft.,  is 
being  built,  and  for  every  foot  it  rises  it  inclines  1  in.  from 
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the  vertical ;  find  the  greatest  height  it  can  reach  without 
falling.  j_ns.  340  ft. 

6.  A  circular  table  weighs  20  lbs.  and  rests  on  four  legs 
in  its  circumference  forming  a  square ;  find  the  least  ver- 
tical pressure  that  must  be  applied  at  its  edge  to  overturn  it. 
Ans.  30  (a/3  +  1)  =  48.38  lbs. 

t.  If  the  sides  of  a  triangle  be  3,  4,  and  5  feet,  find  the 
distance  of  the  centre  of  gravity  from  each  side. 

Ans.  f ,  1,  f  ft. 

8.  An  equilateral  triangle  stands  vertically  on  a  rough 
plane  ;  find  the  ratio  of  the  height  to  the  base  of  the  plane 
when  the  triangle  is  on  the  point  of  overturning. 

Ans.   VS  :  1. 

9.  A  heavy  bar  14  feet  long  is  bent  into  a  right  angle  so 
that  the  lengths  of  the  portions  which  meet  at  the  angle 
are  8  feet  and  6  feet  respectively ;  show  that  the  distance 
of  the  centre  of  gravity  of  the  bar  so  bent  from  the  point 
of  the  bar  which  was  the  centre  of  dravity  when  the  bar 

was  straight,  is  — ^ —  feet. 

10.  An  equilateral  triangle  rests  on  a  square,  and  the  base 

of  the  triangle  is  equal  to  a  side  of  the  square  ;  find  the 

centre  of  gravity  of  the  figure  thus  formed. 

Ans.  At  a  distance  from  the  base  of  the  triangle  equal  to 
3 

;=  of  the  bage. 

8  +  3  VS 

11.  Find  the  inclination,  of  a  rough  plane  on  which  half 
a  regular  hexagon  can  just  rest  in  a  vertical  position  with- 
out overturning,  with  the  shorter  of  its  parallel  sides  in 
contact  with  the  plane.  ^ns.  3  Vs  :  5. 

13.  A  cylinder,  i;he  diaffleijeir  of  which  is  10  ft.,  and  height 
60  ft.,  rests  on  another  cylinder  the  diameter  of  which  is 
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18  ft.,  and  height  6  ft. ;  and  then-  axes  coincide ;  find  their 
common  centre  of  gravity.  Ans.  27||f  ft.  from  the  base. 

1.3.  Into  a  hollow  cylindrical  vessel  11  ins.  high,  and 
weighing  10  lbs.,  the  centre  of  gravity  of  which  is  5  ins. 
from  the  base,  a  uniform  solid  cylinder  6  ins.  long  and 
weighing  30  lbs.,  is  just  fitted ;  find  their  common  centre  of 
gravity.  Ans.  3|  ins.  from  base. 

14.  The  middle  points  of  two  adjacent  sides  of  a  square 
are  joined  and  the  triangle  formed  by  this  straight  line  and 
the  edges  is  cut  off;  find  the  centre  of  gravity  of  the 
remainder  of  the  square. 

Ans.  -^  of  diagonal  from  centre. 

15.  A  trapezoid,  whose  parallel  sides  are  4  and  12  ft. 
long,  and  the  other  sides  each  equal  to  5  ft.,  is  placed  with 
its  plane  vertical,  and  with  its  shortest  side  on  an  inclined 
plane ;  find  the  relation  between  the  height  and  base  of  the 
plane  when  the  trapezoid  is  on  the  point  of  falling  over. 

Ans.  8  :  7. 

16.  A  regular  hexagonal  prism  is  placed  on  an  inclined 
plane  with  its  end  faces  vertical ;  find  the  inclination  of 
the  plane  so  that  the  prism  may  just  tumble  down  the  plane. 

Ans.  30°. 

17.  A  regular  polygon  just  tumbles  down  an  inclined 
plane  whose  inclination  is  10° ;  how  many  sides  has  the 
polygon  ?  Ans.  18. 

18.  From  a  sphere  of  radius  E  is  removed  a  sphere  of 
radius  r,  the  distance  between  their  centres  being  c ;  find 
the  centre  of  gravity  of  the  remainder. 

Ans.  It  is  on  the  line  joining  their  centres,  and  at  a  dis- 

tance  -^s- ;  from  the  centre. 

19.  A  rod  of  unifonn  thickness  is  made  up  of  equal 
lengths  of  three  substances,  the  densities  of  which  taken  in 
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order  are  in  the  proportion  of  1,  2,  and  3  ;  find  the  position 
of  the  centre  of  gravity  of  the  rod. 

Ans.  At  -^  of  the  whole  length  from  the  end  of  the 
densest  part. 

20.  A  heavy  triangle  is  to  be  suspended  by  a  string  pass- 
ing through  a  point  on  one  side ;  determine  the  position  of 
the  point  so  that  the  triangle  may  rest  with  one  side 
vertical. 

Ans.  The  distance  of  the  point  from  one  end  of  the  side 
=  twice  its  distance  from  the  other  end. 

21.  The  sides  of  a  heavy  triangle  are  3,  4,  5,  respectively ; 
if  it  be  suspended  from  the  centre  of  the  inscribed  circle 
show  that  it  will  rest  with  the  shortest  side  horizontal. 

22.  The  altitude  of  a  right  cone  is  h,  and  a  diameter  of 
the  base  is  5 ;  a  string  is  fastened  to  the  Tertex  and  to  a 
point  on  the  circumference  of  the  circular  base,  and  is  then 
put  over  a  smooth  peg ;  show  that  if  the  cone  rests  with  its 
axis  horizontal  the  length  of  the  string  is  ^{Jfi  +  ¥). 

23.  Find  the  centre  of  gravity  of  the  helix  whose  equa- 
tions are 

a;  =  a  cos  <^  ;     y  =  a  sin  <^  ;    z  =  Tca<p. 

A        -       1    y    -        T    a—x    -       z 
Ans.  X  ^  ka-;  y  =■  ka ;  z  =  t- 

Z  Z  a 

24.  Find  the  distance  of  the  centre  of  gravity  of  the 
catenary  (Cal.,  Art.  177),  from  the  axis  of  x,  the  curve 
being  divided  into  two  equal  portions  by  the  axis  of  y. 

Ans.  If  21  is  the  length  of  the  curve  and  (h,  Tc)  is  the 
extremity,  the  centre  of  gravity  is  on  the  axis  of  «/  at  a 

distance  — i-—  from  the  axis  of  x. 


144  mXAMPLES. 

35.  Find   the  centre  of  gravity  of  the  area  included 

between  the  arc  of  the  parabola,  y^  =  4mx,  and  the  straight 

line  y  =  kx.  .        .       8a     -       2a 

Ans..=  ^,;y=^. 

36.  Find  the  centre  of  gravity  of  the  area  bounded  by 
the  cissoid  and  its  asymptote,  the  equation  of  the  cissoid 

3? 

being  y^  =  -^ Ans.  as  z=  ^a. 

37.  Find  the  centre  of  gravity  of  the  area  of  the  witch 
of  Agnesi. 

Ans.  At  a  distance  from  the  asymptote  equal  to  \  of  the 
diameter  of  the  base  circle. 

38.  Find  the  centre  of  gravity  of  the  area  included  be- 
tween the  arc  of  a  semi-cycloid,  the  circumference  of  the 
generating  circle,  and  the  base  of  the  cycloid,  the  common 
tangent  to  the  circle  and  cycloid  at  the  vertex  of  the  latter 
being  taken  as  axis  of  x,  the  vertex  being  origin,  and  a  the 
radius  of  the  generating  circle. 

3w3_8 
Ans.  X  =  — a;  y  ^  ia. 

47:  * 

39.  Find  the  centre  of  gravity  of  the  area  contained  be^ 

tween  the  curves  y^  =  ax  and  «/*  =  2ax  —  x^,  which  is 

above  the  axis  of  a;.     .       .          IStt  —  44    .  a 

Ans.  X  =  a— j^;  y  = 


IStt  — 40'  ^  —  37T  — 8 

30.  Find  the  centre  of  gravity  of  the  area  included  by 
the  curves  «/*  =  ax  and  a^  =  by. 

Ans.  X  =  ^H^;  y  =  ^H^. 

31.  Find  the  distance  of  the  centre  of  gi-avity  of  the  area 
of  the  circular  sector,  BOCA,  (Fig.  39),  from  the  centre. 

Let  %0  =z  the  angle  included  by  the  bounding  radii. 

sin  0 
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33.  Find  the  distance  of  tbe  centre  of  gravity  of  the 
circular  segment,  BCA,  (Fig.  39),  from  the  centre. 
2  a  sin3  Q  BC° 


Ans. 


e  —  sin  (9  cos  0       \%  area  of  ABC' 


33.  Find  the  centre  of  gravity  of  the  area  bounded  by 
the  cardioid  »•  =  a  (1  +  cos  B).  Ans.  x  =  fa. 

34.  Find  the  centre  of  gravity  of  the  area  included  by  a 
loop  of  the  curve  r  ~  aoos  2d.  28a  V2 

Ans.  X  =  -— --  — 

lOOTT 

35.  Find  the  centre  of  gravity  of  the  area  included  by  a 
loop  of  the  curve  r  =  «  cos  3  .  _       g]^^^  y-g 

Ans.  X  =  — — 

80  rr 

36.  Find  the  centre  of  gravity  of  the  area  of  the 
sector  in  Ex,  31,  if  the  density  varies  directly  as  the  dis- 
tance from  the  centre.  .        .       Za    sin  d 

Ans.  a;  =  — - . 

4        8 

37.  Find  the  centre  of  gravity  of  the  area  of  a  circular 
sector  in  -ffhich  the  density  varies  as  the  mth  power  of  the 
distance  from  the  centre. 

Ans.   -75  ■  ^-,  where  a  is  the  radius  of  the  circle,  I  the 

n  +  6     I 

length  of  the  arc,  and  c  the  length  of  the  chord,  of  the 

sector. 

38.  Find  the  centre  of  gravity  of  the  area  of  a  circle  in 
which  the  density  at  any  point  varies  as  the  mth  power  of 
the  distance  from  a  given  point  on  the  circumference. 

Ans.  It  is  on  the  diameter  passing  through  the  given 
point  at  a  distance  from  ithis  point  equal  to  ■  a, 

a  being  the  radius. 

7 
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39.  Find  the  centre  of  gravity  of  the  area  of  a  quadrant 
of  an  ellipse  in  which  the  density  at  any  point  varies  as 
the  distance  of  the  point  from  the  major  axis. 

Ans.  X  =  ^a;  y  =  --b. 

40.  Find  the  distance  of  the  centre  of  gravity  of  the  sur- 
face of  a  cone  from  the  vertex. 

Let  a  =  the  altitude.  Ans.  »  =  fa. 

41.  Find  the  centre  of  gravity  of  the  surface  formed  by 
revolving  the  curve 

r  =  a  (1  +  cos  6), 

KC\/r 

round  the  initial  line.  Ans.  x  =  -—-, 

63 

43.  A  parabola  revolves  round  its  axis ;  find  the  centre 
of  gravity  of  a  portion  of  the  surface  between  the  vertex 
and  a  plane  perpendicular  to  the  axis  at  a  distance  from 
the  vertex  equal  to  f  of  the  latus  rectum. 

Ans.  Its  distance  from  the  vertex  =  ff  (latus  rectum). 

43.  Find  the  centre  of  gravity  of  a  cone,  the  density  of 
each  circular  slice  of  which  varies  as  the  nth  power  of  its 
distance  from  a  parallel  plane  through  the  vertex. 

Let  the  vertex  be  the  origin  and  a  the  altitude. 

Ans.  X  = 7  a. 

■M  +  4 

44.  Find  the  centre  of  gravity  of  a  cone,  the  density  of 
every  particle  of  which  increases  as  its  distance  from  the 
axis. 

Ans.  X  =  fa,  where  the  vertex  is  the  origin  and  a  the 
altitude. 

45.  Find  the  centre  of  gravity  of  the  volume  of  uniform 
density  contained  between  a  hemisphere  and  a  cone  whose 
vertex  is  the  vertex  of  the  hemisphere  and  base  is  the  base 
of  the  hemisphere. 
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Ans.  ^  =  o  J  where  the  vertex  is  the  origin  and  a  the 
altitude. 

46.  Find  the  distance  of  the'  centre  of  gravity  of  a  hemi- 
sphere from  the  centre,  the  radius  being  a. 

Ans.  X  =  |a. 

47.  Find  the  centre  of  gravity  of  the  solid  generated  by 
the  revolution  of  the  cycloid, 

y  =  ySfla;  —  aP  +  a  vers"^ -, 

(1)  round  the  axis  of  x,  and  (3)  round  the  axis  of  y. 

Ans.  {l)x-    g  ^g^^  _  ^g^  ,    (2)  y  _  ^-  +  -j  -. 

48.  Find  the  centre  of  gravity  of  the  volume  formed  by 
the  revolution  round  the  axis  of  x  of  the  area  of  the  curve 

^  —  axy^  +  x^  =  0. 

.        -       3aTT 
Ans..=-^. 

49.  Find  the  centre  of  gravity  of  the  volume  generated 
by  the  revolution  of  the  area  in  Ex.  39  round  the  axis  of  y. 

5a 


At 


3  (157T  —  44) 


50..  Find  the  centre  of  gravity  of  a  hemisphere  when 

the  density  varies  as  the  square  of  the  distance  from  the 

centre.  .        .       oa 

Ans.  X  =  — • 
1« 

51.  Find  the  centre  of  gravity  of  the  solid  generated  by  a 
semi-parabola  bounded  by  the  latus  rectum,  revolving 
round  the  latus  rectum. 

Ans.  Distance  from  focus  =  ^  of  latus  rectum. 
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52.  The  vertex  of  a  right  circular  cone  is  at  the  centre  of 
a  sphere ;  find  the  centre  of  gravity  of  a  body  of  uniform 
density  contained  within  the  cone  and  the  sphere. 

Ans.  The  distance  of  the  centre  of  gravity  from  the  ver- 

tex  of  the  cone  =  -5-  (1  +  cos  a),  where  a  =  the  semi- 

o 

vertical  angle  of  the  cone  and  a  =  the  radius  of  the 
sphere. 

53.  Find  the  distance  from  the  origin  to  the  centre  of 
gravity  of  the  solid  generated  by  the  revolution  of  the 
cardioid  round  its  prime  radius,  its  equation  being 

r  =  o  (1  +  cos  0). 

Ans.  X  =  fa. 

54.  Find  by  Art.  90  (1)  the  surface  and  (2)  the  volume 
of  the  solid  formed  by  the  revolution  of  a  cycloid  round 
the  tangent  at  its  vertex. 

Ans.  Surface  =p  ^^&^',  Volume  =  •tV. 

55.  Find  (1)  the  surface  and  (2)  the  volume  of  the  solid 
formed  by  the  revolution  of  a  cycloid  round  its  base. 

Ans.  (1)  '^na^ ;  (3)  oTrSa'. 

56.  An  equilateral  triangle  revolves  round  its  base, 
whose  length  is  a ;  find  (J)  the  area  of  the  surfa.ce, 
and  (2)  the  volume  of  the  figure  described. 

Ans.  (1)  to8  V3  ;  (3)  ^^ 

57.  Find  (1)  the  surface  and  (2)  the  volume  of  a  ring 
with  a  circular  section  whose  internal  diameter  is  12  ins., 
and  thickness  3  ins. 

Ans.  (1)  444.1  sq.  in.;  (2)  333.1  cub.  in. 


CHAPTER    V. 

FRICTION. 

91.  Friction. — Friction  is  that  force  which  acts  between 
two  bodies  at  their  surface  of  contact,  and  in  the  direction 
of  a  tangent  to  that  surface,  so  as  to  resist  their  sliding  on 
each  other.  It  depends  on  the  force  with  which  the  bodies 
are  pressed  together.  All  the  curves  and  surfaces  which  we 
have  hitherto  considered  were  supposed  to  be  smooth,  and, 
as  such,  to  offer  no  resistance  to  the  motion  of  a  body  in 
contact  with  them  in  any  other  than  a  normal  direction. 
Such  curves  and  surfaces,  however,  are  not  to  be  found  in 
nature.  Every  surface  is  capable  of  destroying  a  certain 
amount  of  force  in  its  tangent  plane,  i.  e.,  it  possesses  a  certain 
degree  of  roughness,  in  virtue  of  which  it  resists  the  sliding 
of  other  surfaces  upon  it.  This  resistance  is  called  friction, 
and  is  of  two  kinds,  viz.,  sliding  and  rolling  friction.  The 
first  is  that  of  a  heavy  body  dragged  on  a  plaae  or  other 
surface,  an  axle  turning  in  a  fixed  box,  or  a  vertical  shaft 
turning  on  a  horizontal  plate.  Friction  of  the  second  kind 
is  that  of  a  wheel  rolling  along  a  plane.  Both  kinds  of 
friction  are  governed  by  the  same  laws ;  the  former  is  much 
greater  than  the  latter  under  the  same  circumstances,,  and 
is  the  only  one  that  we  shall  consider. 

A  smooth  surface'  is  one  which  opposes  no  resistance  to 
the  motion  of  a  body  upon  it.  A  rough  surface  is  one 
which  does  oppose  a  resistance  to  the  motion  of  a  body 
upon  it. 

The  surfaces  of  all  bodies  consist  of  very  small  elevations  and 
depressions,  so  that  if  they  are  pressed  against  each  other,  the 
elevations  of  one  fit,  more  or  less,  into  the  depressions  of  the  other, 
and  the  surfaces  interpenetrate  each  other ;  and  the  mutual  penetra- 
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tion  is  of  course  greater,  if  the  pressing  force  is  greater.  Hence, 
■when  a  force  is  applied  so  as  to  cause  one  body  to  move  on  another 
with  which  it  is  in  contact,  it  is  necessary,  before  motion  can  take 
place,  either  to  break  off  the  elevations  or  compress  them,  or  force  the 
bodies  to  separate  far  enough  to  allow  them  to  pass  each  other. 
Much  of  this  roughness  may  be  removed  by  polishing ;  and  the  effect 
of  much  of  it  may  he  destroyed  by  lubrication. 

Friction  always  acts  along  a  tangent  to  the  surface  at  the  point  of 
contact ;  and  its  direction  is  opposite  to  that  of  the  line  of  motion  ;  it 
presents  itself  in  the  motion  of  a  body  as  a  passive  force  or  resistance,* 
since  it  can  only  hinder  motion,  but  can  never  produce  or  aid  it.  In 
investigations  in  mechanics  it  can  be  considered  as  a  force  acting  in 
opposition  to  every  motion  whose  direction  lies  in  the  plane  of  contact 
of  the  two  bodies.  Whatever  may  be  the  direction  in  which  we  move 
a  body  resting  upon  ».  horizont!^l  or  inclined  plane,  the  friction  will 
always  act  in  the  opposite  direction  to  that  of  the  motion,  i.  e.,  when 
we  slide  a  body  down  an  inclined  plane,  it  will  appear  as  a  force  up 
the  plane.  A  surface  may  also  resist  sliding  motion  by  means  of  tha 
adhesion  between  its  substance  and  that  of  another  body  in  contact 
with  it.-j- 

The  friction  of  a  body  on  a  surface  is  measured  by  the 
least  force  which  will  put  the  body  in  motion  along  the 
surface. 

92.  Laws  of  Friction. — In  our  ignorance  of  the 
constitution  of  bodies,  the  laws  of  friction  must  be  deduced 
from  experiment.  Experiments  made  by  Coulomb  and 
Morin  have  established  the  following  laws  of  friction: 

(1)  The  friction  varies  as  the  normal  pressure  when  the 
materials  of  the  surfaces  in  contact  remain  the  same.  Subse- 
quent experiments  have,  however,  considerably  modified 
this  law,  and  shown  that  it  can  be  regarded  only  as  an 
approximation  to  the  truth.  When  the  pressure  is  very 
great  it  is  found  that  the  friction  is  less  than  this  law 
would  give. 

•  Weisbach,  p,  309. 

t  See  liankine's  Applied  MechanlcB,  p.  209. 


LAWS  OF  FRICTION.  151 

(3)  The  friction  is  independent  of  the  extent  of  the  sur- 
faces in  contact  so  long  as  the  normal  pressure  remains  the 
same.  When  the  surfaces  iu  contact  are  very  small,  as  for 
instance  a  cylinder  resting  on  a  surface,  this  law  gives  the 
friction  much  too  great. 

These  two  laws  are  true  when  the  body  is  on  the  point  of  moving, 
and  also  when  it  is  actually  in  motion ;  but  in  the  case  of  motion  the 
magnitude  of  the  friction  is  not  always  the  same  as  when  the  body  is 
beginning  to  move  ;  when  there  is  a  difference,  the  friction  is  greater 
in  the  state  bordering  on  motion  than  in  actual  motion. 

(3)  The  friction  is  independent  of  the  velocity  when  the 
body  is  in  motion. 

It  follows  from  these  laws  that,  if  B  be  the  normal 
pressure  between  the  bodies,  F  the  force  of  friction,  and  ft 
the  constant  ratio  of  the  latter  to  the  former  when  slipping 
is  about  to  ensue,  we  have 

F  —  fiE.  (1) 

The  fraction  ju  is  called  the  co-efficient  of  friction  j  and  if 
the  first  law  were  true,  fi  would  be  strictly  constant  for  the 
same  pair  of  bodies,  whatever  the  magnitude  of  the  normal 
pressure  between  them  might  be.  This,  however,  is  not 
the  case.  When  the  normal  pressure  is  nearly  equal  to  that 
which  would  crush  either  of  the  surfaces  in  contact,  the 
force  of  friction  increases  more  rapidly  than  the  normal 
pressure.  Equation  (1)  is  nevertheless  very  nearly  true 
when  the  differences  of  normal  pressure  are  not  very  great ; 
and  in  what  follows  we  shall  assume  this  to  be  the  case. 

Ebmakk.— The  laws  of  friction  were  established  by  Coulomb,  a 
distinguished  French  officer  of  Engineers,  and  were  founded  on 
experiments  made  by  him  at  Rochefort.  The  results  of  these  experi- 
ments were  presented  in  1781  to  the  French  Academy  of  Sciences,  and 
in  1785  his  Memoir  on  Friction  was  published.  A  very  full  abstract 
of  this  paper  is  given  iu  De  Young's  Natural  Philosophy,  Vol.  11, 
p.  170  (1st  Ed.).  Further  experiments  were  made  at  Metz  by  Morin, 
1831-34,  by  direction  of  the  French  military  authorities,  the  result  of 
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which  has  been  to  confirm,  with  slight  exceptions,  all  the  results  of 
Coulomb,  and  to  determine  with  considerable  precision  the  numerical 
values  of  the  coeflBcients  of  friction,  for  all  the  substances  usually 
employed  in  the  construction  of  machines.  (See  Galbraith's  Me- 
chanics, p.  68,  Tiwisdeu's  Practical  Mechanics,  p.  138,  and  Weisbach's 
Mechanics,  Vol.  I,  p.  317.) 

93.  Magnitudes  of  Coefficients  of  Friction. — Prac- 
tically there  is  no  observed  coefficient  much  greater  than  1. 
Most  of  the  ordinary  coefficients  are  less  than  \.  The  fol- 
lowing results,  selected  from  a  table  of  coefficients,*  will 
afford  an  idea  of  the  amount  of  friction  as  determined  by 
experiment ;  these  results  apply  to  the  frietion  of  motion. 

For  iron  on  stone      ju  varies  between  .3  and  .'7. 
'  For  timber  on  timber  "      "  "        .2  and  .5. 

For  timber  on  metals "      "  "        .3  and  .6. 

For  metals  on  metals  "      "  "      .15  and  .35. 

For  full  particulars  on  this  subject  the  student  is  referred 
to  Eankine's  Applied  Mechanics,  p.  309,  and  Mosiley's 
Engineering,  p.  134,  also  to  the  treatise  of  M.  Morin,  where 
he  will  find  the  subject  investigated  in  all  its  completeness. 

94.  Angle  of  Friction. — The  angle  at  which  a  rough 
plane  or  surface  may  be  inclined  so  thai  a  body,  when  acted 
upon  by  the  force  of  gravity  only  may  just  rest  upon  it  with- 
out sliding,  is  called  the  Angle  of  Friction,  j 

Let  a  be  the  angle  of  inclination  of  ^      uR 

the  plane  AB  just  as  the  weight  is  on  Ji*=***^ 

the  point  of    slipping    down;    W  the 
weight  of  the  body  ;  R  the  normal  pres- 
sure on  the  plane;  F  the  force  of  fric-  Fig.4s 
tion  acting  along  the  plane  =  fj-R  (Art. 
92).    Then,  resolving  the  forces  along  and  perpendicular  to 
the  plane  we  have  for  equilibrium 

*  iUnldne's  Applied  MecbanicB,  p.  211. 

t  Sometimes  called  "  the  angle  of  repose ; "  also  called  "  the  limiting  angle  of 
resistance." 
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uR  =  1^  sin  a ;  R  =  Wcosa; 

■  • .    tan  a  =  p,  (1) 

which  giTes  the  limiting  Yalue  of  the  inclination  of  the 
plane  for  which  equilibrium  is  possible.  The  body  will  rest 
on  the  plane  when  the  angle  of  inclination  is  less  than  the 
angle  of  friction,  and  will  slide  if  the  angle  of  inclination 
exceeds  that  angle ;  and  this  will  be  the  case  however  great 
W  may  be ;  the  reason  being  that  in  whatever  manner 
we  increase  W,  in  the  same  proportion  we  increase  the 
friction  upon  the  plane,  which  serves  to  prevent  PFfrom 
sHding. 

From  (1)  we  see  that  the  tangent  of  the  angle  of  friction 
is  equal  to  the  coefiScient  of  friction. 

95.  Reaction  of  a  Rough  Curve 
or  Surface. — Let  AB  be  a  rough  curve 
or  surface ;  P  the  position  of  a  particle 
on  it ;  and  suppose  the  forces  acting  on 
P  to  be  confined  to  the  plane  of  the 
paper.  Let  R^  =  the  normal  resistance  of  the  surface, 
acting  in  the  normal,  PJV,  and  F  =  the  force  of  friction, 
acting  along  the  tangent,  PT. 

The  resultant  of  i?i  and  i^,  called  the  Total  Resistance* 
of  the  surface,  is  represented  in  magnitude  and  direction  by 
the  line  PR  =  R,  which  is  the  diagonal  of  the  parallelo- 
gram determined  by  R^  and  F.  We  have  seen  that  the 
total  resistance  of  a  smooth  surface  is  normal  (Art.  41) ;  but 
this  limitation  does  not  apply  to  a  rough  surface.  Let  <p 
denote  the  angle  between  R  and  the  normal  R^ ;  then  (p  is 
given  by  the  equation 

F 
tan  0  =  ^-• 
Ml 

*  Minclun's  Statics,  p.  54. 
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Hence,  ^  will  be  a  maximum  when  the  force  of  friction, 
F,  bears  the  greatest  ratio  to  the  normal  pressure  i?, .  But 
this  greatest  ratio  is  attained  when  the  body  is  just  on  the 
point  of  slipping  along  the  surface,  and  is  what  we  called 
the  coefficient  of  friction  (Art.  92),  that  is 

F 

Rl  =  ^' 

■  •  ■    tan  ^  =  ju. 

Therefore  the  greatest  angle  ly  which  the  Total  Resistance 
of  a  rough  curve  or  surface  can  deviate  from  the  normal  is 
the  angle  whose  tangent  is  the  coefficient  of  friction  for  the 
bodies  in  contact ;  and  this  deviation  is  attained  when  slip- 
ping is  about  to  commence. 

Cob. — By  (1)  of  Art.  94,  tan  «  =  |u ; 

.-.    ^  =  «s; 

hence,  the  direction  of  the  total  resistance,  R,  is  inclined  at 
an  angle  a  to  the  normal ;  i.  e.,  the  greatest  angle  that  the 
Total  Resistance  of  a  rough  curve  or  surface  can  make  with 
the  normal  is  equal  to  the  angle  of  friction,  corresponding 
to  the  tioo  bodies  in  contact. 

96.  Friction  on  an  Inclined  Plane. — A  body  rests  on 
a  rough  inclined  plane,  and  is  acted  on  by  a  giyen  force,  P, 
in  a  vertical  plane  which  is  perpendicular  to  the  inclined 
plane ;  find  the  limits  of  the  force,  and  the  angle  at  which 
the  least  force  capable  of  drawing  the  particle  up  the  plane 
must  act. 

Let  i  =  the  inclination  of  the  plane  to  the  horizon ;  6  = 
the  angle  between  the  inclined  plane  and  the  line  of  action 
of  P;  ft  =  the  coefficient  of  friction;  aud  let  us  first  sup- 
pose that  the  body  is  on  the  point  of  moving  down  the 
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plane,  so  that  friction  is  a  force  acting  up  the  plane,  then 
resolving  along,  and  perpendicular  to,  the  plane,  we  have 

F  +  P  coBd  =  Wsmi, 

B  +  P  sine  =  Wcosi, 

F=  fiB; 

...    p^f^sini-fieosi 

cos  0  —  |(i  sin  0  ^  ' 

And  if  P  is  increased  so  that  motion  zip  the  plane  is  just 
beginning,  F  acts  in  an  opposite  direction,  and  therefore 
the  sign  of  fj  must  be  changed  and  we  have 

P  =  ^sirii  +  ficosi 

cos  0  +  ju  sin  5  ^  ' 

Hence,  there  will  be  equilibrium  if  the  body  be  acted  on  by 
a  force,  the  magnitude  of  which  lies  between  the  values  of 
P  in  (1)  and  (3).  Substituting  tan  <p  for  ft  (Art.  95) ;  (3) 
becomes 

P=W'^±^,.  (3) 

cos  {(f>  —  6)  ^  ' 

To  determine  6  in  (3)  so  that  P  shall  be  a  minimum  we 
must  put  the  first  derivative  of  P  with  respect  to  0  =  0, 
therefore 

dP       ^ ,  .     .  ,  .,     sin  e  —  fi  cos  <5         „ 

-     -jx  =  VT  (sm  *  +  ft  cos  t)  -. x~r-^ — =— ma  =  "  j 

dQ  ^  .         (cos  0  +  ft  sin  Qf 

. ' .    tan  0  =  ft ; 

that  is,  the  force  P  necessary  to  draw  the  body  up  the  plane 
will  be  the  least  possible  when  d  =  the  angle  of  friction. 
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Hence  we  infer  that  a  given  force  acts  to  the  greatest 
advantage  in  dragging  a  weight  up  a  hill,  if  the  angle  at 
which  its  line  of  action  is  inclined  to  the  hill  is  equal  to 
the  angle  of  friction  of  the  hill.  Similarly,  a  force  acts  to 
the  greatest  advantage  in  dragging  a  weight  along  a  hori- 
zoatal  plane  if  its  line  of  action  is  inclined  to  the  plane 
at  the  angle  of  friction  of  the  plane.  We  rnay  also  deter- 
mine from  this  the  angle  at  which  the  traces  of  a  drawing 
horse  should  be  inclined  to  the  plane  of  traction. 

These  results  are  those  which  are  to  be  expected,  because 
some  part  of  the  force  ought  to  be  expended  in  lifting  the 
weight  from  the  plane,  so  that  fiiction  may  be  diminished. 
(See  Price's  Anal.  Mech's,  Vol.  I,  p.  160.) 

97.  Friction  on  a  Double-Inclined  Plane.— Two. 
bodies,  whose  weights  are  P  and  Q,  rest  on  a  rough  double- 
inclined  plane,  and  are  connected  by  a  string  which  passes 
over  a  smooth  peg  at  a  point,  A,  vertically  over  the  intersec- 
tion, B,  of  the  two  planes.  Find  the  position  of  equili- 
brium. 

Let  «  and  |3  be  the  inclinations  of 
the  two  planes ;  let  Z  =  the  length  of 
the  string,  and  h  =  AB;  and  let  6 
and  6'  be  the  angles  the  portions  of 
the  string  make  with  the  planes. 

Suppose  P  is  on  the  point  of 
ascending,  and  Q  of  descending. 
Then,  since  the  motion  of  each  body  is  about  to  ensue,  the 
total  resistances,  R  and  S,  must  each  make  the  angle  of 
friction  with  the  corresponding  normal  (Art.  95,  Oor.) ;  and 
since  the  weight,  P,  is  about  to  move  upwards  the  friction 
must  act  downwards,-  and  therefore  B  must  lie  below  the 
normal,  whUe,  since  Q  is  about  to  move  downwards,  the 
friction  must  act  upwards,  and  therefore  8  must  be  above 
the  normal. 
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If  T  is  the  tension  of  the  string,  we  have  for  the  equi- 
librium of  P,  (Art.  32), 

y_  pBin(«i  +  0) 
cos  (0'  —  ^) 

And  for  the  equilibrium  of  Q, 

T  —  a  sin  (^  -  '^) 

^  ^  cos  (e'  +  0)' 

Equating  the  values  of  T  we  get 

„  sin  {a  +  0)  _      sin  (/3  —  0) 
cos  (0  —  0)        ^cos(e'  +  0)' 

and  if  P  is  about  to  move  down  the  plane,  the  friction  acts 
in  an  opposite  direction,  and  therefore  the  sign  of  <j>  must 
be  changed  and  we  have 

sin  («  —  0)  _  „  sin  ((i  +  0)  .g^ 

cos  (0  +  0)  -  "^  cos  (6'  -  0)'  ^  ■* 

(1)  or  (2)  is  the  only  statical  equation  connecting  the 
given  quantities. 

We  obtain  a  geometric  equation  by  expressing  the  length 
of  the  string  in  terms  of  h,  «,  ft  G,  and  6',  which  is 

I  =  n  fc  +  'A  (3) 

\sin  0       sm  o  /  ^  ' 

From  (1)  or  (3)  and  (3)  the  values  of  0  and  6'  can  be  found, 
and  this  determines  the  positions  of  P  and  Q. 

Otherwise  thus:. 

Instead  of  considering  the  total  resistances,  R  and  8,  we 
may  consider  two  normal  resistances,  ^j  and  S^,  and  two 
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forces  of  friction,  fiBi  and  iiS-^,  acting  respectiyely  down 
the  plane  a  and  up  the  plane  |3.  In  this  case,  considering 
the  equilibrium  of  P,  and  resolving  forces  along,  and  per- 
pendicular to,  the  plane  a,  we  have 

f  sin  a  +  jui^i  =  T  cos  d,  \  .  , 

P  cos  «  =  -Bi  +  r  sin  0,    I  ^  ' 

and  for  the  equilibrium  of  Q, 

g  sin  i3  =  tiSi  +  Tcos  d',  \ 

Qcosl3  =  S^  +  Tsmd'.    \  ^^' 

Eliminating  B^,  S^,  and  T  from  (4)  and  (5)  we  get  (1), 
the  same  statical  equation  as  before. 

The  method  of  considering  total  resistances  instead  of 
their  normal  and  tangential  components  is  usually  more 
simple  than  the  separate  consideration  of  the  latter  forces. 
(See  Minchin's  Statics,  p.  60.) 

Cor. — If  Q  is  given  and  P  be  so  small  that  it  is  about  to 
ascend,  its  value,  Pj,  will  be  given  by  (1), 

_      sin  (/3  -  0)  cos  (e  -  4,) 
^  ~  ^  sin  («  +  (t>)  cos  (0'  +  <t>)'  ^  ' 

and  if  P  is  so  large  that  it  is  about  to  drag  Q  up,  its  value, 
Pg,  will  be  given  by  (2) 

_  ^  sin  (H  +  0)  cos  {e  +  0)  . 

«  ~  ^  sin  (a  -  0)  cos  (6'  -<t>)  ^'' 

the  angles  d  and  d'  being  connected  by  (3). 

There  will  be  equilibrium  if  Q  be  acted  on  by  any  force 
whose  magnitude  lies  between  Pj  and  Pg, 
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98.  Priction  on  Two  Inclined  Planes. — A  beam 
rests  on  two  rough  inclined  planes;  find  the  position  of 
equilibrium. 

Let  a  and  b  be  the  segments,  AG- 
and  BG,  of  the  beam ;  let  d  be  the 
inclination  of  the  beam  to  the  hori- 
zon, «  and  |8  the  inclinations  of  the 
planes,  and  R  and  8  the  total  resist- 
ances. Suppose  that  A  is  on  the 
point  of  ascending ;  then  the  total 
resistances,  R  and  S,  must  each 
make  the  angle  of  friction  with  the  corresponding  normal 
and  act  to  the  right  of  the  normal. 

The  three  forces,  W,  R,  8,  must  meet  in  a  point  0  (Art. 
63) ;  and  the  angles  GOA  and  GOB  are  equal  to  «  -f-  ^, 
and  (3  —  ^,  respectively. 


Fi3.48 


Hence     (a  -f  b)  eot  BGO  =  a  cot  GOA  —  5  cot  GOB, 

or      {a  +  b)  tan  0  —  a  cot  {a  +  (ji)  —  b  cot  (j3  —  (p).     (1) 

CoK, — If  the  planes  are  smooth,  0  =  0,  and  (1)  becomes 

{a  +  b)  tan  6  =  a  cot  a  —  6  cot  fi. 
(See  Ex.  7,  Art.  63.) 

99.  Friction  of  a  Trunnion.* — Trunnmis  are  the 
cylindrical  projections  from  the  ends  of  a  shaft,  which  rest 
on  the  concave  surfaces  of  cylindrical  boxes.  A  shaft  rests 
in  a  horizontal  position,  with  its  trunnions  on  rough 
cylindrical  surfaces;  find  the  resistance  due  to  friction 
which  is  to  be  overcome  when  the  shaft  begins  to  turn 
about  a  horizontal  axis. 


*  Sometimes  called  "  Journal.' 
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Let  lAd  and  BAED  be  two  right 
sections  of  the  trunnion  and  its  box; 
the  two  circles  are  tangent  to  each 
other  internally.  If  no  rotation 
takes  place  the  trunnion  presses 
upon  its  lowest  point,  H,  through 
which  the  direction  of  the  resulting 
pressure,  R,  passes ;  if  the  shaft 
begins  to  rotate  in  the  direction  AH,  the  trunnion  ascends 
along  the  inclined  surface,  EAB,  in  consequence  of  the 
friction  on  its  bearing,  until  the  force,  S,  tending  to  moTe 
it  down  just  balances  the  friction,  P.  Eesolving  R  into  a 
normal  force  JVand  a  tangential  one,  S,  we  have,  since  the 
tangential  component  of  R  in  urging  the  trunnion  down 
the  surface  =  the  friction  which  opposes  it. 

S=F=  fiN]    but    i22  =  /S«  +  N^; 

or  i22  =  ii^m  +  m ; 

R 


therefore 
and  the  friction 
F- 


N  = 


fiR 


Vl  +  (i^' 


R  tan  0 


or 


Vl  +  ("^        Vl  +  tana  ^ 
P  =  72  sin  ^. 


(Art.  95), 


Hence,  to  find  the  friction  upon  a  trunnion,  multiply  the 
resultant  of  the  forces  which  act  upon  it  hy  the  sine  of  the 
angle  of  friction. 

100.    Friction  of  a  Pivot. — A   heavy  circular  shaft 
rests  in  a  vertical  position,  with  its  end,  which  is  a  circular 
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section,  on  a  horizontal  plate;  find  the  resistance  due  to 

friction  which  is  to  be  OYercome,  when  the  shaft  begins  to 

revolve  about  a  vertical  axis. 

Let  a  be  the  radius  of  the  circular  section  of  the  shaft; 

let  the  plane  of  (r,  6)  be  the  horizontal  one  of  contact 

between  the  end  of  the  shaft  and  the  plate;  and  let  the 

centre  of  the  circular  area  of  contact  be  the  pole.    Let 

W  =  the  weight  of  the  shaft,  then  the  vertical  pressure  on 

W 
each  unit  of  surface  is  — = :  and  therefore,  if  rdrdO  is  the 

area-element,  we  have 

W 
the  pressure  on  the  element  =  — ^  rdrdO; 


W 
. ' .    the  friction  of  the  element  =  u  — ^  r  dr  dd. 

The  friction  is  opposed  to  motion,  and  the  direction  of  its 
action  is  tangent  to  the  circle  described  by  the  element ; 
the  moment  of  the  friction  about  the  vertical  axis  through 
the  centre 

(i  Wr^  dr  dd 


therefore  the  moment  of  friction  of  the  whole  circular  end 
-"^  nWr^  dr  dd       %nWa 


and  consequently  varies  as  the  radius.  Hence  arises  the 
advantage  of  reducing  to  the  smallest  possible  dimensions 
the  area  of  the  base  of  a  vertical  shaft  revolving  with  its 
end  resting  on  a  horizontal  bed. 

Prom  (1)  we  may  regaird  the  whole  friction  due  to  the 
pressure  as  acting  at  a  single  point,  and  at  a  distance  from 
the  centre  of  motion  equal  to  two-thirds  of  the  radius  of 
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the  base  of  the  shaft.    This  distance  is  called  the  mean 
lever  of  friction. 

When  the  shaft  is  vertical,  and  rests  upon  its  circular  end 
in  a  cylindrical  socket  the  cylindrical  projection  is  called  a 
Pivot. 

EXAMPLES. 

!.•  A  mass  whose  weight  is  750  lbs.  rests  on  a  horizontal 
plane,  and  is  pulled  by  a  force,  P,  whose  direction  makes 
an  angle  of  15°  with  the  horizon ;  determine  P  and  the 
total  resistance,  R,  the  coefficient  of  friction  being  .63. 

Ans.   P  =  413-3  lbs.;  B  =  756-9  lbs. 

2.  Determine  P  in  the  last  example  if  its  direction  is 
horizontal.  Ans.  P  =  465  lbs. 

3.  Find  the  force  along  the  plane  required  to  draw  a 
weight  of  35  tons  up  a  rough  inclined  plane,  the  coefficient 
of  friction  being  -^,  and  the  inclination  of  the  plane  being 
such  that  7  tons  acting  along  the  plane  would  support  the 
weight  if  the  plane  were  smooth. 

Ans.  Any  force  greater  than  17  tons.. 

4.  Find  the  force  in  the  preceding  example,  supposing 
it  to  act  at  the  most  adyantageous  inclination  to  the  plane. 

Ans.  15-j^  tons. 

5.  A  ladder  inclined  at  an  angle  of  60°  to  the  horizon 
rests  between  a  rough  pavement  and  the  smooth  wall  of  a 
house.  Show  that  if  the  ladder  begin  to  slide  when  a  man 
has  ascended  so  that  his  centre  of  gi'avity  is  half  way  up, 
then  the  coefficient  of  friction  between  the  foot  of  the 
ladder  and  the  pavement  is  ^  VS. 

6.  A  body  whose  weight  is  30  lbs.  is  just  sustained  on  a 
rough  inclined  plane  by  a  horizontal  force  of  3  lbs.,  and  a 
force  of  10  lbs.  along  the  plane  ;  the  coefficient  of  friction  is 
f ;  find  the  inclination  of  the  plane.        Ans.  tan"^  (||). 
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7.  A  heayy  body  is  placed  on  a  rough  plane  whose 
inclination  to  the  horizon  is  sin"^  (f),  and  is  connected  by 
a  string  passing  over  a  smooth  pulley  with  a  body  of  equal 
weight,  which  hangs  freely.  Supposing  that  motion  is  on 
the  point  of  ensuing  up  the  plane,  find  the  inclination  of 
the  string  to  the  plane,  the  coefficient  of  friction  being  ^. 

Ans.  d  =  2  tan-i  (^). 

8.  A  heavy  body,  acted  upon  by  a  force  equal  in  magni- 
tude to  its  weight,  is  just  about  to  ascend  a  rough  inclined 
plane  under  the  influeuce  of  this  force ;  find  the  inclination, 
6,  of  the  force  to  the  inclined  plane. 

Ans.  9  ^  K  —  i,  ov  %(p  ■{■  i  —  -,  where  i  :=  inclination 

of  the  plane,  and  tf>  =  angle  of  friction.     {6  is  here  sup- 
posed to  be  measured  from  the  upper  side  of  the  inclined 

plane).    If  ^  >  30  -|-  i,  0  is  negative  and  the  applied  force 

will  act  towards  the  under  side. 

9.  In  the  first  solution  of  the  last  example,  what  is  the 
magnitude  of  the  pressure  on  the  plane  ? 

Ans.  Zero.     Explain  this. 

10.  If  the  shaft,  (Art.  100),  is  a  square  prism  of  the 
weight  W,  and  rotates  about  an  axis  in  its  centre,  prove 
that  the  moment  of  the  friction  of  the  square  end  varies  as 
the  side  of  the  square. 

11.  If  the  shaft  is  composed  of  two  equal  circular 
cylinders  placed  side  by  side,  and  rotates  about  the  line  of 
contact  of  the  two  cylinders,  show  that  the  moment  of  the 
friction  of  the  surface  in  contact  with  the  horizontal  plane 

~      97r 

13.  What  is  the  least  coefificient  of  friction  that  will 
allow  of  a  heavy  body's  being  just  kept  from  sliding  down 
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an  inclined  plane  of  given  inclination,  the  body   (whose 

weight  is  W)  being  sustained  by  a  given  horizontal  force,  P  ? 

.        Wthni  —  P 

Am.  :. 

W  +  P  tan  z 

13.  It  is  observed  that  a  body  whose  weight  is  known  to 
be  W  can  be  just  sustained  on  a  rough  inclined  plane  by  a 
horizontal  force  P,  and  that  it  can  also  be  just  sustained  on 
the  same  plane  by  a  force  Q  up  the  plane ;  express  the 
angle  of  friction  in  terms  of  these  known  forces. 

PW 

Ans.  Angle  of  friction  =  cos"* — 

Q  \/P*  +  W* 

14.  It  is  observed  that  a  force,  Q^,  acting  up  a  rough 
inclined  plane  will  just  sustain  on  it  a  body  of  weight  W, 
and  that  a  force,  Q^,  acting  up  the  plane  will  just  drag  the 
same  body  up ;  find  the  angle  of  frictioii. 

Ans.  Angle  of  friction  =  sin"*  ^ —         -^^— — 

15.  A  heavy  uniform  rod  rests  with  its  extremities  on 
the  interior  of  a  rough  vertical  circle;  find  the  limiting 
position  of  equilibrium. 

Ans.  If  2o6  is  the  angle  subtended  at  the  centre  by  the 
rod,  and  X  the  angle  of  friction,  the  limiting  inclination  of 
the  rod  to  the  horizon  is  given  by  the  equation 

,      „  sin  %X 

tan  0  = 


cos  3/1  +  cos  2« 


16.  A  solid  triangular  prism  is  placed,  with  its  axis 
horizontal,  on  a  rough  inclined  plane,  the  inclination  of 
which  is  gradually  increased  ;  determine  the  nature  of  the 
initial  motion  of  the  prism. 

Ans.  If  the  triangle  ABC  is  the  section  perpendicular  to 
the  axis,  and  the  side  AB  is  in  contact  with  the  plane,  A 
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being  the  lower  vertex,  the  initial  motion  will  be  one  of 
tumbling  if 

S2  +  3c2  _  ^2 


l^> 


4A 


the  sides  of  the  triangle  being  a,  b,  c,  and  its  area  A.  If  fj, 
is  less  than  this  value,  the  initial  motion  will  be  one  of 
slipping. 

17.  A  frustum  of  a  solid  right  cone  is  placed  with  its 
base  on  a  rough  inclined  plane,  the  inclination  of  which- 
is  gradually  increased ;  determine  the  nature  of  the  initial 
motion  of  the  body. 

Ans.  If  the  radii  of  the  larger  and  smaller  sections  are  R 
and  r,  and"  h  is  the  height  of  the  frustum,  the  initial  motion 
will  be  one  of  tumbling  or  slipping  according  as 

4^      JR^  +  Rr  +  r> 
^■^'^  h  '  R!>  +  2Rr  +  3r^' 

18.  An  elliptic  cylinder  rests  in  limiting  equilibrium 
between  a  rough  vertical  and  an  equally  rough  horizontal 
plane,  the  axis  of  the  cylinder  being  horizontal,  and  the 
major  axis  of  the  ellipse  inclined  to  the  horizon  at  an  angle 
of  45°.    Find  the  coefQcient  of  friction. 

■v/l  +  2^ 6* 1 

Ans.  ju  = —-X :^ ,  e  being  the  eccentricity 

of  the  ellipse. 


CHAPTER    VI. 

THE    PRINCIPLE    OF    VIRTUAL   VELOCITIES* 

101.  Virtual  Velocity. — If  the  point  of  application  of 
a  force  be  conceived  as  displaced  through  an  indefinitely  small 
space,  the  resolved  part  of  the  displacement  in  the  direction 
of  the  force,  is  called  the  Virtual  Velocity  of  the  force ;  and 
the  product  of  the  force  into  the  virtual  velocity  has  been 
called  the  virtual  moment;  of  the  force. 

Thus,  let  0  be  the  original,  and  A 
the  new  point  of  application  of  the 
force,  P,  acting  in  the  direction  OP, 
and  let  AN  be  drawn  perpendicular  to 
it.  Then  ON  is  the  virtual  velocity  of 
P,  and  P  •  ON  is  the  virtual  moment.  OA  is  called  the 
virtual  displacement-  of  the  point. 

If  the  projection  of  the  virtual  displacement  on  the  line 
of  the  force  lies  on  the  side  of  0  toward  which  P  acts,  as  in 
the  figure,  the  virtual  velocity  is  considered  positive  j  but 
if  it  lies  on  the  opposite  side,  i.  e.,  on  the  action  line  pro- 
longed through  0,  it  is  negative.  The  forces  are  always 
regarded  as  positive ;  the  sign,  therefore,  of  a  virtual  mo- 
ment will  be  the  same  as  that  of  the  virtual  velocity. 

CoE. — If  0  be  the  angle  between  the  force  and  the  virtual 
displacement,  we  have  for  the  virtual  moment, 

P  •  ON  =  P  •  OA  cos  0  =  P  cos  e  .  OA. 

*  The  principle  of  Virtual  Velocities  was  discovered  by  Galileo,  and  was  very 
fiilly  developed  by  Bernonilli  and  Lagrange. 

+  Sometimes  called  "  Virtual  Work."  The  name  "  Virtual  Moment "  was  given 
by  Duhamel. 
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Now  P  COS  6  is  the  projection  of  the  force  on  the  direction 
of  the  displacement,  and  is  equal  to  OM,  OP  being  the 
force  and  PM  being  drawn  perpendicular  to  OA.  Hence 
we  may  also  define  the  virtual  moment  of  a  force  as  the 
product  of  the  virtual  displacement  of  its  point  of  applica- 
tion into  the  projection  of  .the  force  on  the  direction  of  this 
displacement  J  and  this  definition  for  some  purposes  is 
more  convenient  than  the  former. 

Rbmakk. — A  force  is  said  to  do  work  if  it  moves  the  body  to  whicli 
it  is  applied ;  and  tlie  work  done  by  it  is  measured  by  the  product  of 
the  force  into  the  space  through  which  it  moves  the  body.  Generally, 
the  work  done  by  any  force  during  an  infinitely  small  displacement  of 
its  point  of  application  is  the  product  of  the  resolved  part  of  the  force 
in  the  direction  of  the  displacement  into  the  displacement ;  and  this 
is  the  same  as  the  virtual  moment  of  the  force. 

102.  Principle  of  Virtual  Velocities.  —  (1)  I7ie 
virtual  moment  of  a  force  is  equal  to  the  sum  of  the  virtual 
moments  of  its  components. 

Let  OK  represent  a  force,  R,  act- 
ing at  0;  and  let  its  components  be 
P  and  Q,  represented  by  OP  and 
OQ.  Let  OA  be  the  virtual  dis- 
placement of  0,  and  let  its  projec- 
tions on  R,  P,  and  Q,  be  r,  p,  and  F's-si 
q,  respectively.    Then  the  virtual 

moments  of  these  forces  are  R  •  r,  P  ■  p,  Q  ■  q-  Draw  Rn, 
Pm,  and  Qo,  perpendicular  to  OA.  Then  On,  Om,  and  Oo 
(=  mn),  are  the  projections  of  R,  P,  and  Q,  on  the  direc- 
tion of  the  displacement ;  and  hence  (Art.  101,  Cor.)  we  have 

R-r  =  OK-On; 
P.p=  04- Om; 
Q  •  q  =  OA  •  mn. 
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Hence  P  •  jo  -f-  ^  •  §■  =  OA  (Owi  +  mn) 

=  OA- On  =  R-r. 
(See  Minchin's  Statics,  p.  68. ) 

(2)  If  there  are  any  number  of  component  forces  we  may 
compound  them  in  order,  taking  any  two  of  them  first,  and 
finding  the  virtual  moment  of  their  resultant  as  above,  then 
finding  the  virtual  moment  of  the  resultant  of  these  two 
and  a  third,  likewise  the  virtual  moment  of  the  resultant  of 
the  first  three  and  a  fourth,  and  so  on  to  the  last ;  or  we 
may  use  the  polygon  of  forces  (Art.  33).  The  sum  of  the 
virtual  moments  of  the  forces  is  equal  to  the  virtual  dis- 
placement multiplied  by  the  sum  of  tlie  projections  on  the 
displacement  of  the  sides  of  the  polygon  which  represent 
the  forces  (Art.  101,  Cor.).  But  the  sum  of  these  projec- 
tions is  equal  to  the  projection  of  the  remaining  side  of  the 
polygon,*  and  this  side  represents  the  resultant,  (Art.  33, 
Cor.  1).  Therefore,  the  sum  of  the  virtual  moments  of  any 
number  of  concurring  forces  is  equal  to  the  virtual  moment 
of  the  resultant. 

(3)  If  the  forces  are  in  equilibrium,  their  resultant  is 
equal  to  zero ;  hence,  it  follows  that  when  any  number  of 
concurring  forces  are  in  equilibrium,  the  sum  of  their 
virtual  moments  =  0, 

This  principle  is  generally  known  as  the  Principle  of 
Viiiual  Velocities,  and  is  of  great  use  in  the  solution  of 
practical  problems  in  Statics. 

*  From  the  nature  of  projectionB  (Anal.  Geom.,  Art.  168),  it  is  clear  that  in  any 
Beries  of  points  the  projection  (on  a  given  line)  of  the  line  which  joins  the  first  and 
last,  is  eqnal  to  the  sum  of  the  projections  of  the  lines  which  join  the  points,  two 
and  two.  Thus,  if  the  sides  of  a  closed  polygon,  taken  in  order,  be  marked  with 
arrows  pointing  from  each  vertex  to  the  next  one ;  and  if  their  projections  be 
marked  with  arrows  in  the  same  directions,  then,  lines  measured  IVom  left  to-  right 
being  considered  positive,  and  lines  li'om  right  to  left  negative,  the  sum  tf  the  pro- 
jectUms  cf  the  eidea  of  a  dosed  polygon  on  amy  right  line  is  zero. 


VIBTVAL  MOMENTS.  lQ<d 

103.  Nature  of  the  Displacement. — It  must  be  care- 
fully obseryed  that  the  displacement  of  the  particle  on 
which  the  forces  act  is  virtual  and  a/rlitrary.  The  word 
virtual  in  Statics  is  used  to  intimate  that  the  displacements 
are  not  really  made,  but  only  supposed,  i.  e.,  they  are  not 
actual  but  imagined  displacements ;  but  in  the  motion  of  a 
particle  treated  of  in  Kinetics,  the  displacement  is  often 
taken  to  be  that  which  the  particle  actually  undergoes. 
In  Art.  101,  the  displacement  was  hmited  to  an  iniinitesi- 
mal.  In  some  cases,  however,  &  finite  displacement  may  be 
used,  and  it  may  be  even  more  convenient  to  consider  a 
finite  displacement.  But  in  very  many  eases  any  finite  dis- 
placement is  suflBcient  to  alter  the  amount  or  direction  of 
the  forces,  so  as  to  prevent  the  principle  of  virtual  velocities 
from  being  applicable.  This  difficulty  can  always  be  avoid- 
ed in  practice  by  assuming  the  displacement  to  be  infinitesi- 
mal ;  and  if  the  virtual  displacement  is  infinitesimal  the 
virtual  velocities  are  all  infinitesimal. 

104.  Equation  of  Virtual  Moments. — Let  Pj,  P^, 

Pg,  etc.,  denote  the  forces,  and  6p^,  6p^,  6p^,  etc.,  the  vir- 
tual velocities ;  then  the  principle  of  virbual  velocities  is 
expressed  (Art.  102)  by  the  equation 

^1  •  ^Pi  +  P^  ■  ^P%  +  ^3  •  <??'3  +  etc.  =  0; 

or  ^P6p  —  0,  (1) 

which  is  called  the  equation  of  virtual  moments.* 

ScH.-r-If  the  virtual  displacement  is  at  right  angles  to 
the  direction  of  any  force,  it  is  clear  that  6p,  the  virtual 
velocity,  is  equal  to  zero.  Hence,  zoJien  the  virtual  dis- 
placement is  at  right  angles  to  the  direction  of  the  force, 

*  Or  i>irtiial  work  (See  Art.  101,  Rem.).  This  equation  has  been  made  hy  La- 
grange  the  foundation  of  his  great  work  on  Mechanics,  "  Mecanique  Analytique," 
(Price's  Anal.  Mech.,  Vol,  I,  p.  148.) 
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the  virtual  moment  of  the  force  =  0,  and'  the  force  will  not 
enter  into  the  equation  of  virtual  moments. 

Such  a  virtual  displacement  is  always  a  convenient  one 
to  choose  when  we  wish  to  get  rid  of  some  unknown  force 
which  acts  upon  a  particle  or  system. 

105.  System  of  Particles  Rigidly  Connected.— (1) 

If  a  particle  in  equilibrium,  under  the  action  of  any  forces, 
be  constrained  to  maintain  a  fixed  distance  from  a  given 
fixed  point,  the  force  due  to  the  constraint  (if  any)  is 
directed  towards  the  fixed  point. 

Let  B  be  the  particle,  and  A  the  fixed  point.  Then  it  is 
clear  that  we  may  substitute  for  the  string  or  rigid  rod 
which  connects  B  with  A,  a  smooth  circular  tube  enclosing 
the  particle,  with  the  centre  of  the  tube  at  A.  Now,  in 
order  that  B  may  be  in  equilibrium  inside  the  tube,  it  is 
necessary  that  the  resultant  of  the  forces  acting  upon  it 
should  be  normal  to  the  tube,  i.  e.,  directed  towards  A. 

(2)  Let  there  be  any  number  of 
particles,  m^,  m^,  m^,  etc.,  each 
acted  on  by  any  forces,  P^,  Pg,  Pg, 
etc.,  and  connected  with  the  others 
by  inflexible  right  lines  so  that  the 
figure  of  the  system  is  invariable.  /K!^' 

Then  each  particle  is  acted  on  by  all  "5    p> 

the  external  forces  applied  to  it,  and  '^'S-^'* 

by  all  the  internal  forces  proceeding  from  the  internal  con- 
nections of  the  particle  with  the  other  particles  pi  the 
system.  Thus  the  particle,  m,  is  acted  on  by  P^,  Pg,  etc., 
and  by  the  internal  forces  which  proceed  from  its  connec- 
tion with  m^,  m^,  m^,  etc.,  and  which  act  along  the  lines, 
wzrrtj,  mm^,  etc.,  by  (1)  of  this  Article.  Denote  the  forces 
along  the  lines  mm^,  mm^,  mtn^,  etc.,  by  t^,  t^,  is,  etc., 
and  their  virtual  velocities  by  6t^,  dig,  61^,  etc.      Now 
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imagine  that  the  system  is  slightly  displaced  so  as  to 
occupy  a  new  position.  Then  (1)  of  Art.  104  gives  us 
for  m, 

■Pi^Pi  +  Fi^Pi  +  etc.  +  t-^St^  +  t^8t^  +  etc.  =  0,   (1) 

for  OTi, 

PJPi  +  Pf^Pi  +  etc.  +  t^dt^  +  t^dt^  +  etc.  =  0,   (a) 

proceeding  in  this  way  as  many  equations  may  be  formed  as 
there  are  particles  in  the  system. 

Now  it  is  clear  that  t-^St.^,  and  t^^tc^,  in  (1)  have  contrary 
signs  from  what  they  have  in  (3).  Thus  if  the  system  is 
moved  to  the  right  in  its  displacement,  t^St^,  and  t^6t^  will 
be  positive  in  (1)  and  negative  in  (3)  (Art.  101),  and  hence, 
if  we  add  (1)  and  (3)  together,  these  terms  will  disappear ; 
in  the  same  way,  the  virtual  moment  of  the  internal  force 
along  the  line  connecting  m  with  any  other  particle  disap- 
pears by  addition,  and  the  same  is  true  for  the  internal 
force  between  any  two  particles  of  the  system.  Hence, 
adding  together  all  the  equations,  the  internal  forces 
disappear,  and  the  resulting  equation  for  the  whole 
system  is 

•ZPSp  =  0,  (1) 

and  the  same  result  is  evidently  true  whatever  be  the  num- 
ber of  particles  forming  the  system.  Hence,  if  any  num- 
her  of  forces  in  a  system  are  in  equilibrium,  the  sum  of 
their  virtual  moments  =  0. 

The  converse  is  evidently  true,  that  if  the  sum  of  the 
virtual  moments  of  the  forces  vanishes  for  every  virtual 
displacement,  the  system  is  in  equilibrium. 

The  following  are  examples  which  are  solved  by  the 
principle  of  virtual  velocities. 
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1.  Determine  the  condition  of  equilibrium  of  a  heavy 
body  resting  on  a  smooth  inclined  plane  under  the  action 
of  given  forces. 

Let  W  be  the  weight  of  the  body 
sustained  on  the  plane  BC  by  the 
force,  P,  making  an  angle,  6,  with  the 
plane.  To  avoid  bringing  the  un- 
known reaction,  K,  into  our  equation, 
we  make  the  displacement  of  its  point 
of  application  perpendicular  to  its  line  of  action,  (Art.  104, 
Sch.);  hence  we  conceive  0  as  receiving  a  virtual  dis- 
placement, OA,  at  right  angles  to  E,  the  magnitude  of 
which  in  the  present  case  is  unlimited.  Draw  Km  and 
Aw  perpendicular  to  W  and  P  respectively,  Om  and  On 
are  the  virtual  velocities  of  W  and  P,  (Art.  101) ;  and 
W  •  Om  and  P  •  On  are  their  virtual  moments.  Hence  (1) 
of  Art.  104,  gives 

W  •  0»i  —  P  •  Ow  =  0. 


But  Om  =  OA  sin  a, 

and  On  =  OA  cos  0 ; 

therefore  W  sin  es  —  P  cos  0  =  0 ; 


(1) 


which  agrees  with  Ex.  3,  Art.  41. 

If  the  force  acts  parallel  to  the  plane,  0  =  0,  and  (1) 
becomes 

P  =  W  sin  «  ; 


which  agrees  with  Ex.  1,  Art,  41, 
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2.  Suppose  the  plane  in  Ex.  1  to  be  rough,  and  that  the 
body  is  on  the  point  of  being  dragged  up  the  plane,  find 
the  condition  of  equilibrium. 

The  normal  resistance  will  now  be 
replaced  by  the  total  resistance,  R, 
inclined  to  the  normal  at  an  angle 
=  <f>,  the  angle  of  friction  (Art.  95, 
Cor. ).  Let  the  virtual  displacement, 
OA,  take  place  perpendicularly  to 
E,  then  (1)  of  Art.  104,  gives 

W  •  Om  —  P  •  Ow  z=  0. 

But  Om  =  OA  sin  («  +  <p), 

and  On  =  OA  cos  (4>  —  0); 

therefore        W  sin  (a  +  ^)  =  P  cos  {(j>  —  0) ; 
which  agrees  with  (3)  of  Art.  96. 

3.  Determine  the  horizontal  force 
which  will  keep  a  particle  in  a  given 
position  inside  a  circular  tube,  (1) 
when  the  tube  is  smooth  and  (3)" 
when  it  is  rough. 

(1)  Let  the  virtual  displacement, 
OA,  be  an  infinitesimal,  =  ds,  along  F'S-ss 

the  tube.    Then  since  ds  is  infinibes- 
imal  the  virtual  velocity  of  E  =  0.     Then  the  equation  of 
virtual  moments  is 

—  W  •  Om  +  P  •  Ore  =  0. 


But 

Om  =  ds  ■  sin  6, 

and 

On  ^  ds  •  cos  0 

therefore 

"W-sine  =  P-  COS0; 

or 

t  =  W  tan  e. 
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(2)  Suppose  the  force,  P,  just  sustains  the  particle  ;  the 
normal  resistance  must  now  be  replaced  by  the  total  resist- 
ance, making  the  angle,  ^,  with  the  normal  at  the  right  of 
it.  Take  the  virtual  displacement,  OA',  at  right  angles  to 
the  total  resistance  (Art.  105,  Sch.),  and  let  it  be  as  before, 
an  infinitesimal  ds.    Then  (1)  of  Art.  104,  gives 

—  "W  •  Owi  +  P  .  On'  =  0. 

But  Om  =  ds  •  sin  {0  —  (fy), 

and  On'  —  ds  •  cos  {6  —  <^), 

therefore      W  •  sin  (&  —  </>)  =  P  ■  cos  (6  —  ^); 
or  P  =  W  •  tan  (0  —  <^). 

Similarly,  if  the  force,  P,  will  just  drag  the  particle  up 
the  tube  we  obtain 

P  =  W  -tan  {e  +  0). 

4.  Solve  by  virtual  velocities  Ex.  6,  Art.  63. 

Let  the  displacement  be  made  by  diminishing  the  angle 
a,  which  the  beam  makes  with  the  horizontal  plane,  by  da, 
the  ends  of  the  beam  still  remaining  in  contact  with  the 
horizontal  and  vertical  planes.     Then  the  virtual  velocity  of 

T  —  d  ■  2a  cos  «  =  —  3a  sin  «  da; 
and  that  of 

W  =  da  sin  «  =  a  cos  a  da, 

and  those  of  the  reactions,  R  and  K'j  vanish.     Then  the 
equation  of  virtual  moments  is 
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—  T  2a  sin  a  (?«  +  W  a  cos  «  «?«  =  0 ; 
-  • .    2T  sin  a  =  W  cos  a. 

5.  SoItc  Ex.  8,  Art.  63,  by  virtual  velocities. 

Let  the  displacement  be  made  by  increasing  the  angle 
0  by  dO,  the  point,  A,  remaining  in  contact  with  the  wall ; 
the  virtual  displacement  of  B  is  at  right  angles,  to  the 
direction  of  the  tension,  T,  and  hence  the  virtual  moment 
of  T  is  zero  ;  the  virtual  velocity  of  W  is 

d  (5  cos  1^  —  a  cos  0)  =  a  sin  9  tZfl  —  5  sin  ^  d<t>. 
Then  (1)  of  Art.  104,  gives 

-      W  (fl  sin  e  de  —  I  sin  ^  d<l>)  =  0 ; 
.  • .     5  sin  0  c?0  =  a  sin  9  dO. 
But  from  the  geometry  of  the  figure  we  have 
S  sin  ^  =  2a  sin  0 ; 
.'.    h  cos  (j)  d(p  =  2a  cos  6  dd; 
.  • .    2  tan  <t>  =  tan  d ; 

which,  combined  with  (5)  of  Ex.  8,  Art.  62,  gives  us  the 
values  of  sin  6  and  cos  0 ;  and  these  in  (6)  of  that  Ex. 
give  us  the  value  of  x. 

6.  Solve  Ex.  38,  Art.  65,  by  virtual  velocities. 

Since  the  bar  is  to  rest  in  all  positions  on  the  curve  and  the 
peg,  its  centre  of  gravity  will  neither  rise  nor  fall  when  the 
bar  receives  a  displacement,  hence  its  virtual  velocity  will  =  0 ; 
,  • .    etc. 
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7.  In  Ex.4,  Art.  42,  prove  that  (1)  is  the  equation  of 
virtual  moments. 

8.  Find  the  indination  of  the  beam  to  the  vertical  in 
Ex.  31,  Art.  65,  by  virtual  velocities. 

9.  Deduce,  by  virtual  velocities,  (1)  the  formula  for  the 
triangle  of  forces  (see  1  of  Art.  33),  and  (3)  the  formula  for 
the  parallelogram  of  forces  (See  1  of  Art.  30). 


CHAPTER    VII. 

MACHINES. 

106.  Functions  of  a  Machine. — A  machine,  Statically^ 
is  any  instrument  by  means  of  which  we  may  change  the 
direction,  magnitude,  and  point  of  application  of  a  given 
force  ;  and  Kinetically,  it  is  any  instrument  hy  means  of 
which  we  may  change  the  direction  and  velocity  of  a  given 
motion. 

In  applying  the  principle  of  virtual  yelocities  to  a  system 
of  connected  bodies,  advantage  is  gained  by  choosing  the 
virtual  displacements  in  certain  directions  (Art.  104,  Sch). 
When  we  use  this  principle  in  the  discussion  of  machines 
the  displacements  which  we  shall  choose  will  be  those  which 
the  different  parts  of  a  machine  actually  undergo  when  it 
is  employed  in  doing  work,  and  instead  of  equations  of 
■virtual  work  we  shall  have  equations  of  actual  work ;  and 
in  future  the  principle  of  virtual  velocities  will  often  be 
referred  to  as  the  Principle  of  Work.  (See  Minchin's 
Statics,  p.  383.) 

Every  machine  is  designed  for  the  purpose  of  overcoming 
certain  forces  which  are  called  resistances  j  and  the  forces 
which  are  applied  to  the  machines  to  produce  this  effect  are 
called  movi?ig  forces.  When  the  machine  is  in  motion, 
every  moving  force  displaces  its  point  of  application  in  its 
own  direction,  while  the  point  of  application  of  a  resistance 
is  displaced  ia  a  direction  opposite  to  that  of  the  resistance. 
Hence,  a  moving  force  is  one  whose  elementary  work*  is 
positive,  and  a  resistance  is  one  whose  elementary  work  is 
negative.    The  moving  force  is,  for  convenience,  called  the 

*  See  Art.  101,  Kem. 
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power ;  and  because  the  attraction  of  gravity  is  the  most 
common  form  of  the  force  or  resistance  to  be  overcome  it  is 
usually  called  the  weight. 

The  weight  or  resistance  to  he  overcome  may  be  the  earth's  attrac- 
tion, as  in  raising  a  weight ;  the  molecular  attractions  between  the 
particles  of  a  body  as  in  stamping  or  catting  a  metal,  or  dividing 
wood ;  or  friction,  as  in  drawing  a  heavy  body  along  a  rough  road. 
The  power  may  be  that  of  men,  or  horses,  or  the  steam  engine,  etc., 
and  may  be  just  sijfficient  to  overcome  the  resistance,  or  it  may  be  in 
excess  of  what  is  necessary,  or  it  may  be  too  small.  If  just  sufficient, 
the  machine,  if  in  motion,  will  remain  uniformly  so,  or  it  it  be  at  rest 
it  will  be  on  the  point  of  moving,  and  the  power,  weight,  and  friction 
wUl  be  in  equilibrium.  If  the  power  be  in  excess,  the  machine  will 
be  set  in  motion  and  will  continue  in  accelerated  motion.  If  the 
power  be  too  small,  it  will  not  be  able  to  move  the  machine  ;  and  if 
it  be  already  in  motion  it  will  gradually  come  to  rest. 

The  general  problem  with  regard  to  machines  is  to  find 
the  relation  between  the  power  and  the  weight.  Some- 
times it  is  most  convenient  that  this  relation  should  be  one 
of  equality,  *.  e.,  that  the  power  should  equal  the  weight. 
Generally,  however,  it  is  most  convenient  that  the  power 
should  be  very  different  from  the  weight.  Thus,  if  a  man 
has  to  lift  a  weight  of  one  ton  hanging  by  a  rope,  it  is  clear 
that  he  cannot  do  it  unless  the  mechanical  contrivance 
provided  enable  him  to  lift  the  weight  by  exercising  a  pull 
of  very  much  less,  say  one  cwt.  When  the  power  is  much 
smaller  than  the  weight,  as  it  is  in'  this  case,  which  is  a 
very  common  one,  the  machine  is  said  to  work  at  a  mechan- 
ical advantage.  When,  as  in  some  other  cases,  it  is  desirable 
that  the  power  should  be  greater  than  the  weight,  there  is 
said  to  be  a  mechanical  disadvantage  of  the  machine. 

107.  Mechanical  Advantage.— (1)  Let  P  and  W  be 

the  power  and  weight,  and  p  and  w  their  virtual  velocities 
respectively ;  and  let  friction  be  omitted.  Then  from  the 
equation  of  virtual  work  (Art.  104),  we  have 

Pp  —  Ww  =  0,     or    -=.=  -, 
W       p 
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whicli  shows  tliat  the  smaller  P  is  in  comparison  with  W, 
the  smaller  w  will  be  in  comparison  with  p.  But  the 
smaller  P  is  in  comparison  with  W,  the  greater  is  the 
mechanical  advantage.  Hence,  the  greater  the  mechanical 
adrantage  is  the  less  will  be  the  virtual  velocity  of  the 
weight  in  comparison  with  that  of  the  power.  Now,  if 
motion  actually  takes  place  the  virtual  velocities  become 
actual  velocities ;  and  hence  we  have  the  principle  what  is 
gained  in  power  is  lost  in  velocity. 

(3)  There  are  no  cases  in  which  the  weight  and  power 
are  the  only  forces  to  be  considered.  In  every  movement 
of  a  machine  there  will  always  be  a  certain  amount  of  fric- 
tion ;  and  this  can  never  be  omitted  from  the  equation  of 
virtual  work.  There  are  cases,  however,  as  that  of  a  balance 
on  a  knife-edge,  where  the  friction  is  very  small;  and  for 
these  the  principle,  what  is  gained  in  power  is  lost  in 
velocity,  is  very  approximately  true.  Where  the  friction  is 
considerable  this  is  no  longer  the  case. 

Let  F  and  /  be  the  resistance  of  friction  and  its  virtual 
velocity,  then  the  equation  for  any  machine  wiU  take  the 
form 

Pp  —  Ww  —  Ff  =  0, 

which  shows  us  that  although  P  can  be  made  as  small  ais  we 
wish  by  taking  p  large  enough,  yet  the  mechanical 
advantage  of  diminishing  P  is  restricted  by  the  fact  that  / 
increases  with  p ;  and  therefore  as  P  diminishes  there  is  a 
corresponding  increase  of  the  work  to  be  done  against  fric- 
tion. Hence  if  friction  be  neglected,  there  is  no  practical 
limit  to  the  ratio  of  P  to  IF ;  but  if  the  friction  be  con- 
sidered, the  advantage  of  diminishing  P  has  a  limit,  since 
if  Pp  remains  the  same,  Ww  must  decrease  as  i?y  increases ; 
i.  e.,  the  work  done  against  friction  increases  with  the 
complexity  of  the  machine  ;  and  thus  puts  a  practical  limit 
to  the  mechanical  advantage  which  it  is  possible  to  obtain 
by  the  use  of  machines. 
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108.  Simple  Machines. — The  simple  machines,  some- 
times called  the  Mechanical  Powers,  are  generally  enumer- 
ated as  six  in  number  ;  the  Lever,  the  Wheel  and  Axle,  the 
Inclined  Plane,  the  Pulley,  the  Wedge,  and  the  Screiu. 
The  Lever,  the  Inclined  Plane,  and  the  Pulley,  may  be 
considered  as  distinct  in  principle,  while  the  others  are 
combinations  of  them. 

The  efficiency*  of  a  machiue  is  the  ratio  of  the  useful 
work  it  yields  to  the  whole  amount  of  work  performed  by 
it.  The  useful  work  is  j^hat  which  is  performed  in  over- 
coming useful  resistances,  while  lost  work  is  that  which  is 
spent  in  overcoming  wasteful  resistances.  Useful  resist- 
ances are  those  which  the  machine  is  specially  designed  to 
overcome,  while  the  overcoming  of  wasteful  resistances  is 
foreign  to  its  purpose.  Friction  and  rigidity  of  cords  are 
wasteful  resistances  while  the  weight  of  the  body  to  be 
lifted  is  the  useful  resistance. 

Let  W  be  the  work  done  by  the  moving  forces,  Wu  the 
useful  and  Wi  the  lost  work  when  the  machine  is  moving 
uniformly.     Then 

W  =Wu+  Wi, 
and  if  M  denote  the  efficiency  of  the  machine,  we  have 

In  a  perfect  machine,  where  there  is  no  lost  work,  the 
efficiency  is  unity ;  but  in  every  machine  some  of  the  work 
is  lost  in  overcoming  wasteful  resistances,  so  that  the 
efficiency  is  always  less  than  unity ;  and  the  object  of  all 
improvements  in  a  machine  is  to  bring  its  efficiency  as  near 
unity  as  possible. 

The  most  noticeable  of  the  wasteful  resistances  are  fric- 
tion and  rigidity  of  cords ;  and  of  these  we  shall  consider 

*  Sometimes  called  modulus. 
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only  the  first.  The  student  who  wants  information  on  the 
experimental  laws  of  the  rigidity  of  cords  is  referred  to 
Weisbach's  Mechanics,  Vol.  I,  p.  363. 

109.  The  /Lever. — A  IcTer  is  a  rigid  bar,  straight  or 
curved,  movable  about  a  fixed  axis,  which  is  called  the 
fulcrum.  The  parts  of  the  lever  into  which  the  fulcrum 
divides  it  are  called  the  arms  of  the  lever.  When  the  arms 
are  in  a  straight  line  it  is  called  a  straight  lever ;  in  all 
other  cases  it  is  a  bent  lever. 

Levers  are  divided,  for  convenience,  into  three  kinds, 
according  to  the  position  of  the  fulcrum.  In  the  first  kind 
the  fulcrum  is  between  the  power  and  the  weight ;  in  the 
second  kind  the  weight  acts  between  the  fulcrum  and  the 
power ;  in  the  third  kind  the  power  acts  between  the  ful- 
crum and  the  weight.  In  the  last  kind  the  power  is  always 
greater  than  the  weight. 

A  pair  of  scissors  furnishes  an  example  of  a  pair  of  levers 
of  the  first  kind;  a  pair  of  nut-crackers  of  the  second  kind; 
and  a  pair  of  shears  of  the  third  kind. 

110.  Conditions  of  Equilibrium 
of  the  Lever. — (1)  Without  Friction. 
Let  AB  be  the  lever  and  C  its  fulcrum; 
and  let  the  two  foi'ces,  P  and  W,  act  in 
the  plane  of  the  paper  at  the  points,  A 
and  B,  in  the  directions,  AP  and  BW. 
From  C  draw  CD  and  CB  perpendicular  to  the  directions 
of  P  and  W.  Let  «  and  /3  denote  the  angles  which  the 
directions  of  the  forces  make  with  the  lever.  Then,  taking 
moments  around  0,  we  have 

P-OD  =  jr-CE, 

P perpendicular  on  direction  of  W  •.  , 

W  ~  perpendicular  on  direction  of  P  ^  ' 
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That  is,  the  condition  of  equilibrium  requires  that  the 
poioer  and  weight  should  be  to  each  other  inversely  as  the 
length  of  their  respective  arms  (Art.  46). 

To  find  the  pressure  on  the  fulcrum,  and  its  direction  ; 
let  the  directions  of  the  pressures,  P  and  W,  intersect  in 
F;  join  C  and  F;  then,  since  the  lever  is  in  equilibrium 
by  the  action  of  the  forces,  P  and  W,  and  the  reaction  of 
the  fulcrum,  the  resultant  of  P  and  W  must  be  equal  and 
opposite  to  that  reaction,  and  hence  must  pass  through  0 
and  be  equal  to  the  pressure  on  the  fulcrum.  Denote  this 
resultant  by  R,  the  angle  which  it  makes  with  the  lever  by 
6 ;  and  the  angle  AFB  by  w ;  then  we  have  by  (1)  of  Art.  30 

m  -  P^+W^  +  %PW cos  AFB  ; 

or  i22=  P2  +  TF2  + SPFFcosw,  (2) 

tc'hich  gives  the  pressure,  R,  on  the  fulcrum. 

To  find  its  direction  resolve  P,  W,  and  R  parallel  and 
perpendicular  to  the  lever,  and  we  have 

for  parallel  forces,  P  cos  a  —  W  cos  p—R  cos  0  =  0; 

for  perpendicular  forces,  P  sin  «  +  TF  sin  j3— i2  sin  0  =  0; 

by  transposition  and  division  we  get 

+o^  fl  _  r^sin  a  +  W  sin  (3 

^^"^  "  -  Peosa-W  cos  P'  ^^^ 

which  gives  the  direction  of  the  pressure. 

CoE. — When  the  lever  is  bent  or  curved  the  condition  of 
equilibrium  is  the  same. 

Solution  by  the  principle  of  virtual  velocities. 

Suppose  the  lever  to  be  turned  round  C  in  the  direction 
of  P  through  the  angle  dd,  into  the  position  db ;  let  p  and 
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q  be  the  perpendiculars  CD  and  CE  respectively,  then  the 
virtual  velocity  of  P  will  be  (Art.  101), 

Aa  sin  «  =  AG-dO-  sin  a  =  pdO. 

Similarly,  the  virtual  velocity  of  1^  is  —  qdO. 
Hence,  by  the  equation  of  virtual  work  we  have 

P-p-dd  +  W-q-dd  =  0; 

.-.    Pp  =  W-q.  (4) 

which  is  the  same  as  (1). 

(3)  With  Friction. — In  the  above  we  have  supposed  fric- 
tion to  be  neglected ;  and  if  the  lever  turns  round  a  sharp 
edge,  like  the  scale  beam  of  a  balance,  the  friction  will  be 
exceedingly  small.  Levers,  however,  usually  consist  of  flat 
bars,  turning  aboat  rounded  pins  or  studs  which  form  the 
f  ulcrums,  and  between  the  lever  and  the  pin  there  will  of 
course  be  friction.  To  find  the  friction  let  r  be  the  radius 
of  the  pin  round  which  the  lever  turns ;  then  the  friction 
on  the  pin,  acting  tangentially  to  the  surface  of  the  pin 
and  opposing  motion,  =  ^  sin  ^  (Art.  99) ;  and  the  virtual 
velocity  of  the  point  of  application  of  the  friction  =  rdd  ; 
and  hence  the  virtual  work  of  the  friction  =  R  sin  (j>-rdd. 
Hence  the  equation  of  virtual  work  is 

P-pdd  —  W-qde  —  Rsin^  rdd  =  0. 

Substituting  the  value  of  B  from  (2),  and  omitting  dd,  we 
have 

Pp—Wq  =  r  sin  0  VP*  +  W^  +  aPrcbTw;     (5) 

solving  this  quadratic  for  P  we  have 
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__  .^pq  +  r^  cos  (0  sin^  <t> 


^    ■       Vp'  +  ^Pf  cos  10  +  q^  —  r*  sin^  <^  sini*  w  ,„. 

which  gives  the  relation  hetween  the  power  and  the  weight 
when  friction  is  considered,  the  upper  or  lower  sign  of 
r  sin  <j>  being  taken  according  as  P  or  W  is  about  to  pre- 
ponderate. 

CoE. — If  the  friction  is  so  small  that  it  may  he  omitted, 
r  sin  0  =  0,  and  (6)  becomes 

^  =  ^.  (7) 

111.  The  Common  Balance. — In  machines  generally 
the  object  is  to  produce  motion,  not  rest ;  in  other  words 
to  do  work.  The  statical  investigation  shows  only  the  limit 
of  force  to  be  applied  to  put  the  machine  on  the  point  of 
motion,  or  to  give  it  uniform  motion.  For  any  work  to  be 
done,  the  force  applied  must  exceed  this  limit,  and  the 
greater  the  excess,  the  greater  the  amount  of  work  done. 
There  is,  however,  one  class  of  applications  of  the  lever 
where  the  object  is  not  to  do  work,  but  to  produce  equi- 
librium, and  which  are  therefore  specially  adapted  for  treat- 
ment by  statics.  This  is  the  class  of  measuring  machines, 
where  the  object  is  not  to  overcome  a  particular  resistance, 
but  to  measure  its  amount.  The  testing  machine  is  a  good 
example,  measuring  the  pull  which  a  bar  of  any  material 
will  sustain  before  breaking.  The  common  balance  and 
steelyard  for  weighing,  are  familiar  examples. 

The  common  balance  is  an  instrument  for  weighing ;  it 
is  a  lever  of  the  first  kind,  with  two  equal  arms,  with  a 
scale-pan  suspended  from  each  extremity,  the  fulcrum 
being  vertically  above  the  centre  of  gravity  of  the  beam 
when  the  latter  is  horizontal,  and  therefore  vertically  above 
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,  the  centre  of  gravity  of  the  system  formed  by  the  beam,  the 
scale-pans,  and  the  weights  of  the  scale-pans.  The  sub- 
stance to  be  weighed  is  placed  in  one  scale-pan,  and  weights 
of  known  magnitude  are  placed  in  the  other  till  the  beam 
remains  in  equilibrium  in  a  perfectly  horizontal  position, 
in  which  case  the  weight  of  the  substance  is  indicated  by 
the  weights  which  balaace  it.  If  these  weights  differ  by 
ever  so  little  the  horizontality  of  the  beam  will  be  disturbed, 
and  after  oscillating  for  a  short  time,  in  consequence  of 
the  fulcrum  being  placed  above  the  centre  of  gravity  of  the 
system,  it  will  rest  in  a  position  inclined  to  the  horizon  at 
an  angle,  the  extent  of  which  is  a  measure  of  the  sensibility 
of  the  balance. 

The  preceding  explanation  represents  the  balance  in  its  simplest 
form ;  in  practice  there  are  many  modifications  and  contrivances 
introduced.  Much  skill  has  been  expended  upon  the  construction  of 
balances,  and  great  delicacy  has  been  obtained.  Thus,  the  beam 
should  be  suspended  by  means  of  a  knife-edge,  i.  e.,  a  projecting 
metallic  edge  transverse  to  its  len^h,  which  rests  upon  a  plate  of 
agate  or  other  hard  substance.  The  chains  which  support  the  scale- 
pans  should  be  suspended  from  the  extremities  of  the  beam  in  the 
same  manner.  The  point  of  support  of  the  beam  (fulcrum)  should  be 
at  equal  distances  from  the  points  of  suspension  of  .the  scales;  and 
when  the  balance  is  not  loaded  the  beam  should  be  horizontal.  We 
can  ascertain  if  these  conditions  are  satisfied  by  observing  whether 
tliere  is  still  equilibrium  when  the  substance  is  transferred  to  the 
scale  which  the  weight  originally  occupied  and  the  weight  to  that 
which  the  substance  originally  occupied. 

The  chief  requisites  of  a  good  balance  are  : 

(1)  When  eqnal  weights  are  placed  in  the  scale-pans  the 
beam  should  be  perfectly  horizontal. 

(3)  The  balance  should  possess  great  sensibility  ;  i.  e.,  if 
two  weights  which  are  very  nearly  equal  be  placed  in  the 
scale-pans,  the  beam  should  vary  sensibly  from  its  horizontal 
position. 
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(3)  When  the  balance  is   disturbed  it  should  readily 
return  to  its  state  of  rest,  or  it  should  have  stability. 

YL2.  To  Determine  the 
Chief  Requisites  of  a  Good 
Balemce. — Let  P  and   W  be 

the  weights  in  the  scale-pans ; 
0  the  fulcrum ;  h  its  distance 
from  the  straight  line,  AB, 
which  joins  the  points  of  at- 
tachment of  the  scale-pans  to 

the  beam ;  G-  the  centre  of  gravity  of  the  beam  ;  and  let 
AB  be  at  right  angles  to  OC,  the  line  joining  the  fulcrum 
to  the  centre  of  gravity  of  the  beam.  Let  AC  =  CB  =  a; 
OG  =z  h;  w  =  the  weight  of  the  beam ;  and  d  =  the 
angle  which  the  beam  makes  with  the  horizon  when  there 
is  equilibrium. 

Now  the  perpendicular  from  0 

on  the  direction  oi  P  =  a  cos  6  —  h  sin  0 ; 
"    "  "         W=  acosO  +  h  sin  6 ; 

"     "  "  w  =  k  sin  e ; 

therefore  taking  moments  round  0  we  have 

P  {a  cos  d—7i  sin  6)—W {acos  d  +  h  sin  6)—wk  sin  fl  =  0  ; 


(1) 


This  equation  determines  the  position  of  equilibrium.  The 
first  requisite — the  horizontality  of  the  beam  when  P  and 
W  are  equal — is  satisfied  by  making  the  arms  equal. 

The  second  requisite  [(2)  of  Art.  Ill],  requires  that,  for 
a  given  value  of  P  —  JF,  the  inclination  of  the  beam  to  the 
horizon  must  be  as  great  as  possible,  and  therefore  the  sen- 
sibility is  greater  the  greater  tan  0  is  for  a  given  value  of 
P  —  W;  and  for  a  given  value"  of  tan  0  the  sensibility  is 
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greater  the  smaller  the  value  ofP—Wis;  hence  the  sen- 
sibility may  be  measured  by  p^-fr^,  which  requires  that 

(P+  W)-  +  w- 
'  a         a 

be  as  small  as  possible.  Therefore  a  must  be  large,  and  to, 
h,  and  k  must  be  small ;  i.  e.,  the  arms  must  be  long,  the 
beam  light,  and  the  distances  of  the  fulcrum  from  the 
beam  and  from  the  centre  of  gravity  of  the  beam  must  be 
small. 

The  third  requisite,  its  stabihty,  is  greater  the  greater 
the  moment  of  the  forces  which  tend  to  restore  the  beam  to 
its  former  position  of  rest  when  it  is  disturbed,  li  P=W 
this  moment  is 

[(P  +W)h  +  wJc]  sin  0, 

which  should  be  made  as  large  as  possible  to  secure  the 
third  requisite. 

This  condition  is,  to  some  extent,  at  variance  with  the 
second  requisite.  They  may  both  be  satisfied,  however,  by 
making  {P  +  W)h  +  wk  large  and  a  large  also ;  i.  e.,  by 
increasing  the  distances  of  the  fulcrum  from  the  beam  and 
from  the  centre  of  gravity  of  the  beam,  and  by  lengthening 
the  arms.  (See  Todhunter's  Statics,  p.  180,  also  Pratt's 
Mechanics,  p.  78.) 

The  comparative  importance  of  these  qualities  of  sensi- 
bility and  stability  in  a  balance  will  depend  upon  the  use 
for  which  it  is  intended ;  for  weighing  heavy  weights, 
stability  is  of  more  importance;  for  use  in  a  chemical 
laboratory  the  balance  must  possess  great  sensilility ;  and 
instruments  have  been  constructed  which  indicate  a  varia- 
tion of  weight  less  than  a  millionth  part  of  the  whole.  In 
a  balance  of  great  delicacy  the  fulcrum  is  made  as  thin  as 
possible ;  it  is  generally  a  knife-edge  of  hardened  steel  or 
agate,  resting  on  a  polished  agate  plate,  which  is  supported 
on  a  strcng  vertical  pillar  of  brass. 
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113.  The  Steelyard. — This  is  a  kind  of  balance  in 
which  the  arms  are  unequal  in  length,  the  longer  one  beiu:.; 
graduated,  along  which  a  poise  may  be  moved  in  order  (a 
balance  different  weights  which  are  placed  in  a  scale-pan  on 
the  short-arm.  While  the  moment  of  the  substance 
weighed  is  changed  by  increasing  or  diminishing  its  quan- 
tity, its  arm  remaining  constant,  that  of  the  poise  is 
changed  by  altering  its  arm,  the  weight  of  the  poise 
remaining  the  same. 

114.  To  G-raduate  the  Common  Steelyard.— (1) 

When  the  point  of  suspension  is  coincident  with  the  centre 
of  gravity. 
Let  AF  be  the  beam  of  the  steel-  (Pj) 

yard  suspended  about  an  axis  pass-      a        <ffl f 

ing  through  its  centre  of  gravity,  (^)  @pi  m  i  i  ifli-u-u]| 
C  ;  on  the  arm,  OF,  place  a  mov-     CT  p 

able  weight,  P ;  then  if  a  weight,      o  Fig.sa 

W,  equal  to  P,  is  suspended  from 
A,  the  beam  will  balance  when  P 
on  the  long  arm  is  at  a  distance 

from  0  equal  to  AC  If  W  equals  twice  the  weight  of  P, 
the  beam  will  balance  when  the  distance  of  P  from  C  is 
twice  AC ;  and  so  on  in  any  proportion.  Hence  if  W  is 
successively  1  lb.,  3  lbs.,  3  lbs.,  etc.,  the  distances  of  the 
notches,  1,  3,  3,  4,  etc.,  where  P  is  placed,  are  as  1,  3,  3, 
etc.,  i.  e.,  the  arm  CF  is  divided  into  equal  divisions,  begin- 
ning at  the  fulcrum,  C,  as  the  zero  point. 

(3)  When  the  point  of  suspension  is  not  coincident  with 
the  centre  of  gravity. 

Let  0  be  the  fulcrum,  W  the  substance  to  be  weighed, 
hanging  at  the  extremity,  A,  and  P  the  movable  weight. 
Suppose  that  when  W  is  removed,  the  weight,  P,  placed  at 
B  will  balance  the  long  arm,  CF,  and  keep  the  steelyard  in 
a  horizontal  position ;  then  the  moment  of  the  instrument 
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itself,  about  C,  is  on  the  side,  OF,  and  is  equal  to  P-CB. 
Hence,  if  W  hangs  from  A,  and  P  from  any  point  E,  then 
for  equilibrium  we  must  have 

P-CE  +  P-BC  =  TT- AC; 

or  P.BB=r-AC; 


W 
BE  =  ^  .  AC. 


If  we  make  W  successively  equal  to  P,  3P,  3P,  etc.,  then 
the  values  of  BE  will  be  AC,  SAC,  SAC,  etc.,  and  these 
distances  must  be  measured  ofE,  commencing  at  B  for  the 
zero  point,  and  the  points  so  determined  marked  1,  2,  3,  4, 
etc.  Such  a  steelyard  cannot  weigh  below  a  certain  limit, 
corresponding  to  the  first  notch,  1. 

To  find  the  length  of  the  divisions  on  the  beam,  divide 
BE,  the  distance  of  the  poise  from  the  zero  point,  by  the 
weight,  W,  which  P  balances  when  at  the  point  E.  The 
steelyard  often  has  two  fulcrums,  one  for  small  and  the 
other  for  large  weights.  ' 

EXAMPLES. 

1.  What  force  must  be  applied  at  one  end  of  a  lever 
13  ins.  long  to  raise  a  weight  of  30  lbs.  hanging  4  ins.  from 
the  fulcrum  which  is  at  the  other  end,  and.  what  is  the 
pressure  on  the  fulcrum  ?  Ans.  10  lbs. :  20  lbs. 

3.  A  lever  weighs  3  lbs.,  and  its  weight  acts  at  its  middle 
point;  the  ratio  of  its  arms  is  1 :  3.  If  a  weight  of  48  lbs. 
be  hung  from  the  end  of  the  shorter  arm,  what  weight 
must  be  suspended  from  the  other  end  to  prevent  motion  ? 

Ans.  15  lbs. 
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3.  The  arms  of  a  bent  lever  are  3  ft.  and  5  ft.  and  inclined 
to  each  other  at  an  angle  6  =  150°.  To  the  short  arm  a 
weight  of  7  lbs.  is  applied  and  to  the  long  arm  a  weight  of 
6  lbs.  is  applied.  Required  the  inclination  of  each  arm  to 
the  horizon  when  there  is  equilibrium. 

Ans.  The  short  arm  is  inclined  at  an  angle  of  18°  23' 
above  the  horizon,  and  the  long  arm  is  inclined  at  an  angle 
of  48°  32'  below  the  horizon. 

115.  The  Wheel  and  Axle.— This 
machine  consists  of  a  wheel,  a,  rigidly 
connected  with  a  horizontal  cylinder, 
b,  movable  round  two  trunnions  (Art. 
99),  one  of  which  is  shown  at  c.  The 
power,  P,  is  applied  at  the  circumfer- 
ence of  the  wheel,  sometimes  by  a  cord 
coiled  round  the  wheel,  sometimes  by 
handspikes  as  in  the  capstan,  or  by 
handles  as  in  the  windlass  ;  the  weight,  W,  hangs  at  the 
end  of  a  cord  fastened  to  the  axle  and  coiled  round  it. 

116.  Conditions  of  Equilibrium  of  the  Wheel  and 
Axle. — (1)  Let  a  and  b  be  the  radii  of  the  wheel  and  axle 
respectively  ;  P  and  W  the  power  and  weight,  supposed  to 
act  by  strings  at  the  circumference  of  the  wheel  and  axle 
perpendicular  to  the  radii  a  and  b.  Then  either  by  the 
principle  of  virtual  velocities  or  by  the  principle  of  moments 
we  have 

Pa  =  Wb, 

P  _   radius  of  axle  -^ , 

W  ~  radius  of  wheel*  ^ 

It  is  evident  that,  by  increasing  the  radius  of  the  wheel 
or  by  diminishing  the  radius  of  the  axle,  any  amount  of 
mechanical  advantage  may  be  gained.    It  will  also  be  seen 
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that  this  machine  is  only  a  modification  of  the  lever  ;  the 
peculiar  advantage  of  the  wheel  and  axle  being  that  an  end- 
less series  of  levers  are  brought  into  play.  In  this  respect, 
then,  it  surpasses  the  common  lever  in  mechanical  advan- 
tage. 

In  the  above  we  have  supposed  friction  to  be  neglected, 
or,  what  amounts  to  the  same  thing,  have  assumed  that  the 
trunnion  is  indefinitely  small.  In  practice,  of  course,  the 
trunnion  has  a  certain  radius,  r,  and  a  certain  coefficient  of 
friction.  Calling  R  the  resultant  of  P  and  W,  and  taking 
into  account  the  friction  on  the  trunnion  we  have  for  the 
relation  between  P  and  W 


Pa  =Wb  +  r  sin  0  VP^  +  W^  +  3PTf  cos  u,      (2) 

0)   being  the   angle   between  the   directions   of  P  and  W 
exactly  as  in  Art.  110. 

(3)  Dififerential  "Wheel  and 
Axle. — By  diminishing  b,  the  radius 
of  the  axle,  the  strength  of  the 
machine  is  diminished ;  to  avoid  this 
disadvantage  a  differential  wheel  and 
axle  is  sometimes  employed.  In  this 
instrument  the  axle  consists  of  two 
cylinders  of  radii  i  and  b' ;  the  rope 
is  wound  round  the  former  in  one 
direction,  and  after  passing  under  a 
movable  pulley  to  which  the  weight 
is  attached,  is  wound  round  the  latter  in  the  opposite  direc- 
tion, so  that  as  the  power,  P,  which  is  applied  as  before, 
tangentially  to  the  wheel  of  radius,  a,  moves  in  its  own 
direction,  the  rope  at  b  winds  up  while  the  rope  at  V 
unwinds. 

For  the  equilibrium  of  the  forces  (whether  at  rest  or  in 
uniform  motion),  the  tensions  of  the  rope  in  hn  and  Vn 


Fig.60 
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are  each  equal  to  ^W.    Hence,  taking  momenis  round  the 
centre  of  the  trunnion,  c,  we  have 


Fa  +  iWb'  -iWb  =  0; 
•.    Pa  =  iW{b-i'), 


(3) 


hence  by  making  the  difference,  b  —  V,  small,  the  power 
can  be  made  as  small  as  we  please  to  lift  a  given  weight. 
Let  the  wheel  turn  through  the  angle  (50;  the  point  of 
application  of  P  will  describe  a  space  =  a&B,  and  the 
weight  will  be  lifted  through  a  space  =  ^  (5  —  b')  60, 
which  latter  will  be  very  small  if  b  —  V  is  very  sijiall. 
Therefore,  since  the  amount  of  worTe  to  be  done  to  raise  the 
weight  to  any  given  height,  is  constant,  economy  of  power 
is  accomplished  by  a  loss  in  the  time  of  performing  the 
work. 

117.  Toothed  Wheels. — Toothed  or  cogged  wheeU  are 
wheels  provided  on  the  circumferences  with  projectiona 
called  teeth  or  cogs  which  interlock,  as  shown  in  the  figure, 
and  which  are  therefore  capable  of  transmitting  force,  so 
that  if  one  of  the  wheels  be  turned  round  by  any  means, 
the  other  wiU  be  turned  round  also. 

When  the  teeth  are  on  the  sides  of  the  wheel  instead  of 
the  circumference,  they  are  called  crown  wheels.  When 
the  axes  of  two  wheels  are 
neither  perpendicular  nor 
parallel  to  each  other,  the 
wheels  take  the  form  of 
frustums  of  cones,  and  are 
called  beveled  wheels.  When 
there  is  a  pair  of  toothed 
wheels  on  each  axle  with  the 
teeth  of  the  large  one  on  one 
axle  fitting  between  the  teeth  j^q     Fig.6i 
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of  the  small  one  on  the  next  axle,  the  larger  wheel  of  each 
pair  is  called  the  wheel,  and  the  smaller  is  called  the  pinion. 
By  means  of  a  combination  of  toothed  wheels  of  this  kind 
called  a  train  of  wheels,  motion  may  be  transferred  from 
one  point  to  another  and  work  done,  each  wheel  driving 
the  next  one  in  the  series.  The  discussion  of  this  kind  of 
machinery  possesses  great  geometric  elegance  ;  but  it  would 
be  out  of  place  in  this  work.  We  shall  give  only  a  slight 
sketch  of  the  simplest  case,  that  in  which  the  axes  of  the 
wheels  are  all  parallel.  For  the  investigation  of  the  proper 
forms  of  teeth  in  order  that  the  wheels  when  made  shall 
run  truly  one  upon  another  the  student  is  referred  to  other 
works.* 

118.  To  Find  the  Relation  of  the  Power  and 
Weight  in  Toothed  Wheels.— Let  A  and  B  be  the  fixed 
centres  of  the  toothed  wheels  on  the  circumferences  of 
which  the  teeth  ■  are  arranged ;  QCQ  a  normal  to  the  sur- 
faces of  two  teeth  at  their  point  of  contact,  0.  Suppose  an 
axle  is  fixed  on  the  wheel,  B,  and  the  weight,  W,  suspended 
from  it  at  E  by  a  cord ;  also,  suppose  the  power,  P,  acts  at 
D  with  an  arm  DA;  draw  Ka  and  B5  perpendicular  to 
QCQ.  Let  Q  be  the  mutual  pressure  of  one  tooth  upon 
another  at  C ;  this  pressure  will  be  in  the  direction  of  the 
normal  QOQ.  Now  since  the  wheel,  A,  is  in  equilibrium 
about  the  fixed  axis,  A,  under  the  action  of  the  forces, 
P  and  Q,  we  have 

p.  AD  =  ^.  Aa;  (1) 

and  since  the  wheel,  B,  is  in  equilibrium  about  the  fixed 
axis,  B,  under  the  action  of  the  forces,  Q  and  W,  we  have 

Pf-BB  —  Q-'&h.  (2) 

*  See  Qoodeve's  Mementa  of  Mechanism ;  Rankine's  Applied  Meo/ianies ;  Moee- 
ley's  Engineering;  Willis's  Principles  of  Mecftanism;  Oollignon's  Statiqm;  aad 
a  Paper  of  Mr.  Airy's  in  t/ie  Cam6.  P/iU.  Tram.,  Vol.  11,  p.  877. 
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Dividing 

(1)  by  (2)  we  have 

p.  AD 

Aa 

r-BB  ~ 

Bb' 

moment  of  P 

Aa 

or 

moment  of  W 

~  BS 

If  the  direction  of  the  normal,  QCQ,  at  the  point  of  con- 
tact, C,  changes  as  the  action  passes  from  one  tooth  to  the 
succeeding,  the  relation  of  P  to  TT  becomes  variable.  But, 
if  the  teeth  are  of  such  form  that  the  normal  at  their  point 
of  contact  shall  always  be  tangent  to  both  wheels,  the  lines 
Aa  and  B5  will  become  radii,  and  their  ratio  constant. 
And  sinee  the  number  of  teeth  in  the  two  wheels  is  propor- 
tional to  their  radii,  we  have 

moment  of  P number  of  teeth  on  the  wheel  P     ,„, 

moment  of  IF      number  of  teeth  on  the  wheel  W 

119.  Relation  of  Power  to  Weight  in  a  Train  of  n 
Wheels. — Let  R^,  B^,  R^,  etc.,  be  the  radii  of  the  suc- 
cessive wheels  in  such  a  train ;  r^,  r^,  r^,  etc.,  the  radii  of 
the  ooiTesponding  pinions ;  and  let  P,  Pj,  Pg,  Pg,  .  .  .  W, 
be  the  powers  applied  to  the  circumferences  of  the  successive 
wheels  and  pinions.  Then  the  first  wheel  is  in  equilibrium 
about  its  axis  under  the  action  of  the  forces  P  and  Pj, 
since  the  power  applied  to  the  circumference  of  the  second 
wheel  is  equal  to  the  reaction  on  the  first  pinion,  therefore 

P  X  ^1  =  Pi  X  r^. 

Similarly  P^  y.  R^  =  P^  x  r^; 

"2  X  -tig  =  -£3  X  J'3 ; 

etc.       =       etc.; 

Pn-l  y.  Rn  =  W  y.  Tn. 
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Multiplying  these  equations  together  and  omitting  common 
factors,  we  have 

^1  X    >'2  X    r^  X  .  .  .  .  ,-. . 

W~  R^x  B^x  B^x ■  ^  ' 

It  will  be  obserred,  in  toothed  gearing,  that  the  smaller 
the  radius  of  the  pinion  as  compared  with  the  wheel,  the 
greater  will  be  the  mechanical  advantage.  There  is,  how- 
ever, a  practical  limit  to  the  size  that  can  be  given  to  the 
pinion,  because  the  teeth  must  be  large  enough  for  strength, 
and  must  not  be  too  few  in  number.  Six  is  generally  the. 
least  number  admissible  for  the  teeth  of  a  pinion.  Equa- 
tion (1)  shows  that  by  a  train  consisting  of  a  very  few  pairs 
of  wheels  and  pinions  there  is  an  enormous  mechanical 
advantage.  Thus,  if  there  are  three  pairs,  and  the  ratio  of 
each  wheel  to  the  pinion  is  10  to  1,  then  P  is  only  one 
thousandth  part  of  W;  but  on  the  other  hand,  W  will  only 
make  one  turn  where  P  makes  one  thousand.  Such  trains 
of  wheels  are  very  useful  in  machinery  such  as  hand  cranes, 
where  it  is  not  essential  to  obtain  a  quick  motion,  and 
where  the  power  available  is  very  small  in  comparison  to 
the  weight.     (See  Browne's  Mechanics,  p.  109.) 

EXAMPLES. 

1.  "What  is  the  diameter  of  a  wheel  if  a  power  of  3  lbs. 
is  Just  able  to  move  a  weight  of  13  lbs.  that  hangs  from  the 
axle,  the  radius  of  the  axle  being  %  ins.?        Ans.  16  ins. 

3.  If  a  weight  of  20  lbs.  be  supported  on  a  wheel  and 
axle  by  a  force  of  4  lbs.,  and  the  radius  of  the  axle  is 
f  in.,  find  the  radius  of  the  wheel.  Ans.  3^  ins. 

3.  A  capstan  is  worked  by  a  man  pushing  at  the  end  of 
a  pole.  He  exerts  a  force  of  50  lbs.,  and  walks  10  ft. 
round  for  every  2  ft.  of  rope  pulled  in.  What  is  the 
resistance  overcome  ?  Ans.  250  lbs. 
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4.  An  axle  whose  diameter  is  10  ins.,  has  on  it  two 
wheels  the  diameters  of  which  are  2  ft.  and  3^  ft.  respec- 
tively. Find  the  weight  that  would  be  supported  oil  tiie 
axle  by  weiglits  of  35  lbs.  and  34  lbs.  on  the  smaller  and 
larger  wheels  respectively.  Ans.  364  lbs. 

120.  The  Inclined  Plane. — This  has  already  been 
partly  considered  (Art.  96,  etc.).  Let  the  power,  P,  whose 
direction  makes  an  angle,  0,  with  a  rough  inclined  plane, 
be  employed  to  drag  a  weight,  W,  up  the  plane.  Then  if 
0  is  the  angle  of  friction  and  i  the  inclination  of  the  plane, 
we  have  from  (3)  of  Art.  96, 

Bin  {i+^ 

^  cos  (0  -  e)  ^^> 

If  P  acts  along  the  plane,  0  =  0,  and  (1)  becomes 

cos  0  ^  ' 

If  P  acts  horizontally,  6  =  —  i,  and  (1)  becomes 

P=  PFtan  {i  +  <p).  (3) 

Cor. — If  we  suppose  the  friction  =  0,  (1),  (3),  and  (3) 
become  respectively 

J>^W^^„,  (4) 

cos  0  ^  ' 

JP=  IF  sine,  (5) 

P  =  PF  tan  i.  (6) 

ScH. — It  follows  from  (4),  (5),  and  (6)  that  the  smaller 
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the  inclination*  of  the  plane  to  the  horizon,  the  greater  will 
be  the  mechanical  advantage.    If  we  take  in  friction  there 

is  an  exception  to    this    rule    when    t  >  k  —  0.      The 

til 

gradients  on  railways  are  the  most  common  examples  of 
the  use  of  the  inclined  plane ;  these  are  always  made  as  low 
as  is  convenient  in  order  to  enable  the  engine  to  lift  the 
heaviest  possible  train. 

121.  The  Pulley. — The  pulley  consists  of  a  grooved 
wheel,  capable  of  revolving  freely  about  an  axis,  fixed  into 
a  framework,  called  the  hlock.  A  cord  passes  over  a  por- 
tion of  the  circumference  of  the  wheel  in  the  groove. 
When  the  axis  of  the  pulley  is  fixed,  the  pulley  is  called  a 
fixed  pulley,  and  its  only  effect  is  to  change  the  direction 
of  the  force  exerted  by  the  cord ;  but  where  the  pulley  can 
ascend  and  descend  it  is  called  a  movable  pulley,  and  a 
mechanical  advantage  may  be  gained.  Combinations  of 
pulleys  may  be  made  in  endless  variety;  we  shall  consider 
only  the  simple  movable  pulley  and  three  of  the  more 
ordinary  combinations.  No  account  will  be  here  taken  of 
the  weight  of  the  pulleys  or  of  the  cord,  or  of  friction  and 
stiffness  of  cords.  The  weight  of  a  set  of  pulleys  is  gener- 
ally small  in  comparison  with  the  loads  which  they  lift ; 
and  the  friction  is  small.  The  use  of  the  pulley  is  to 
diminish  the  effects  of  friction  which  it  does  by  transferring 
the  friction  between  the  cord  and  circumference  of  the 
wheel  to  the  axis  and  its  supports,  which  may  be  highly 
polished  or  lubricated.  The  mechanical  principle  involved 
in  all  calculations  with  respect  to  the  pulley  is  the  constancy 
of  the  force  of  tension  in  all  parts  of  the  same  string 
(Art.  40). 

*  To  find  the  inclination  of  the  plane  for  a  maximum  value  of  P  when  it  acts 
parallel  to  the  plane  we  put  the  derivative  of  P  with  respect  to  i  =  0,  and  get 

^  =  W  --?-^  t^  =  0  .■.»  =  "-#.    Hence  while  the  inclination  of  the  plane 
di  COB  0  '  2 

is  diminishing  from  \io^-(ji,  mechanical  advantage  is  diminishing. 
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122.  The  Simple  Movable  Pulley. — Let  0  be  the 

centre  of  the  pulley  which  is  supported  by  a  cord  passing 
under  it  with  one  end  attached  to  a  beam  at  A  and  the 
other  end  stretched  by  the  force  P. 

Wow  since  the  tension  of  the  string, 
ABDP,  is  the  same  tHoughout,  and  the 
weight,  W,  is  supported  by  the  two 
strings  at  B  and  D,  in  each  of  which 
the  tension  is  P,  we  have 


^ 


op  —  W-      •      —  —  - 


P 

w 


I 


© 


pulley 


The  same  result  fallows  by  the  prin- 
ciple of  virtual  velocities.    Suppose  the  Fi3.62 
pulley  and  the  weight,  W,  to  rise  any 
distance.      Then  it  is  clear  that  both  halves  of  the  string 
must   be   shortened   by   the   same  distance,  and  hence  P 
must  rise  double  the  distance ;  and  therefore  the  equation 
of  virtual  work  gives 

P       1 

op  _    W.        .        _  —  ±. 

'i^  -  yy,   •  •    ^r-  2 

The  mechanical  advantage  with  a  single  movable 
is  2. 


123.  First  System  of  Pulleys,  in  which 
the  same  cord  passes  round  all  the  Pul- 
leys.— In  this  system  there  are  two  blocks,  A 
and  B,  the  upper  of  which  is  fixed  and  the 
lower  movable,  and  each  containing  a  number 
of  pulleys,  each  pulley  being  movable  round 
the  axis  of  the  block  in  which  it  is.  A  single 
cord  is  attached  to  the  lower  block  and  passes 
alternately  round  the  pulleys  in  the  upper  and 
lower  blocks,  the  portions  of  the  cord  between 
successive  pulleys  being  parallel.    The  portion 
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of  cord  proceeding  from  one  pulley  to  the  next  is  called  a 
ply ;  the  portion  at  which  the  power,  P,  is  applied  is 
called  the  tacMe-fall. 

Since  the  cord  passes  round  all  the  pulleys  its  tension  is 
the'  same  throughout  and  equal  to  P.  Then  if  n  be  the 
number  of  plies  at  the  lower  block,  nP  will  be  the  resultant 
upward  tension  of  the  cords  at  the  lower  block,  which 
must  equal  W; 

.-.    nP  z=W, 

P       1 

W      n 

This  result  follows  also  by  the  principle  of  virtual  veloci- 
ties. Let^  denote  the  length  of  the  tackle-fall  and  x  the 
common  length  of  the  plies  ;  then  since  the  length  of  the 
cord  is  constant,  we  have 


p  +  nx  - 

—  constant 

> 

.-.  dp  + 

ndx  -- 

=  0. 

But  the 

equation 

of  virtual  work 

is 

Pdp  + 

Wdx 

=  0; 

-■• 

n  ■ 

or 

P 

W~ 

1 

n 

This  system  is  most  commonly  used  on  account  of  its 
superior  portability  and  is  the  only  one  of  practical  impor- 
tance. The  several  pulleys  are  usually  mounted  on  a  com- 
mon axis,  as  in  the  flgui-e,  the  cord  being  inclined  slightly 
aside  to  pass  from  one  pair  of  pulleys  to  the  next. 

This  forms  what  is  called  a  set  of  Blochs  and  Falls.  It 
is  very  commonly  used  on  shipboard  and  wherever  weights 
have  to  be  lifted  at  irregular  times  and  places.  The  weight 
of  the  lower  set  of  pulleys  in  this  case  merely  forms  part  of 
the  gross  weight  W, 
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The  friction  on  the  spindle  of  any  particular  pulley  is 
proportional  to  the  total  pressure  on  the  pulley,  which  is 
clearly  2P.  Hence,  if  ]u  is  the  coefficient  of  friction,  the 
resistance  of  friction  on  any  pulley  =  SPju;  and  the 
amount  of  its  displacement,  when  W  is  raised,  will  be  to 
the  displacement  of  W  in  the  ratio  of  the  radius  of  the 
spindle  to  that  of  the  pulley. 

124.  Second  System  of  Pulleys, 
in  -which  each  Pulley  hangs  from  a 
fixed  block  by  a  separate  String. — 

Let  A  be  the  fixed  pulley,  n  the  number 

of  movable  pulleys ;  each  cord  has  one 

end  attached  to  a  fixed  point  in  the  beam, 

and  all  except  the  last  have  the  other  end 

attached  to  a  movable  pulley,  the  por-  Fij.e* 

tions  not  in  contact  with  any  pulley  being  all  parallel. 

Then  the  tension  of  the  cord  passing  under  the  first 

W 
(lowest)  pulley  =  -^  (Art.  123) ;  the  tension  of  the  cord 
/* 

W 
passing  under  the  second  pulley  =  — ,,  and  so  on  ;  and  the 

W 
tension  of  the  cord  passing  under  the  wth  pulley  =  -^j 

which  must  equal  the  power,  P ; 


P  _  J. 


(1) 


The  same  result  follows  by  the  principle  of  work.  Sup- 
pose the  first  pulley  and  the  weight  W  to  rise  any  distance, 
X ;  then  it  is  clear  that  both  portions  of  the  cord  passing 
round  this  pulley  will  be  shortened  by  the  same  distance, 
and  hence  the  second  pulley  must  rise  double  this  distance 
or  %x,  and  the  third  pulley  must  rise  double  the  distance  of 
the  second  or  2^,  and  so  on  ;  and  the  mth  pulley  must  rise 
2»-ia;  and  P  must  descend  2»a; ;  therefore  the  work  of  P 
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is  P3%  and  the  work  to  be  done  on  W  is  W-x.     Hence 
the  equation  of  work  gives 

W~  3»' 


P-%i-x  =  Wx, 


125.  Third  System  of  Pulleys,  in  which  each  cord 
is  attached  to  the  ^weight. — In  this  system  one  end  of 
each  cord  is  attached  to  the  bar  from  which  the  weight 
hangs,  and  the  other  supports  a  pulley,  the  cords  being  all 
parallel,  and  the  number  of  movable  pulleys  one  less  than 
the  number  of  cords. 

Let  n  be  the  number  of  cords;  then  the 
tension  of  the  cord  to  which  P  is  attached  is 
P ;  the  tension  of  the  second  cord  is  2P  (Art. 
133) ;  that  of  the  next  2^P,  and  so  on ;  and 
the  tension  of  the  nth  cord  is  3'»-iP.  Then 
the  sum  of  all  the  tensions  of  the  cords 
attached  to  the  weight  must  equal  W. 
Hence 

P  +  2P  +  2^P  + 


.  .  .  3»-iP  = 
P            1 

(3»- 

4w 

Fig:65 

-1)P==W; 

W  ~  2^  —  1 

In  this  system  the  weights  of  the  movable  pulleys  assist  P ; 
in  the  two  former  systems  they  act  against  it. 


EXAMPLES. 

1.  What  force  is  necessary  to  raise  a  weight  of  480  lbs. 
by  an  arrangement  of  six  pulleys  in  which  the  same  string 
passes  round  each  pulley  ?  Ans.  80  lbs. 

3.  Find  the  power  which  will  support  a  weight  of 
800  lbs.  with  three  movable  pulleys,  arranged  as  in  the 
second  system.  Ans.  100  lbs. 
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3.  If  there  be  equilibrium  between  P  and  W  with  three 
pulleys  in  the  third  system,  what  additional  weight  can  be 
raised  if  2  lbs.  be  added  to  P?  Ans.  14  lbs. 

126.  The  Wedge. — The  wedge  is  a  triangular  prism, 
usually  isosceles,  and  ia  used  for  separating  bodies  or  parts 
of  the  same  body  by  introducing  its  edge  between  them  and 
then  thrusting  the  wedge  forwai-d.  This  is  effected  by  the 
blow  of  a  hammer  or  other  such  means,  which  produces  a 
violent  pressure,  for  a  short  time,  in  a  direction  perpen- 
dicular to  the  back  of  the  wedge,  and  the  resistance  to  be 
overcome  consists  of  friction  and  a  reaction  due  to  the 
molecular  attractions  of  the  particles  of  the  body  which 
are  being  separated.  This  reaction  will  be  in  a  direction 
perpendicular  to  the  inclined  surface  of  the  wedge. 

127.  The    Mechanical  Ad- 
vantage of  the  Wedge.^ — Let 

AOB  represent  a  section  of  the 
wedge  perpendicular  to  its  in- 
clined faces,  the  wedge  having 
been  driven  into  the  material  a 
distance  equal  to  DC  by  a  force, 
P,  acting  in  the  direction  DO. 
Draw  DE,  DF,  perpendicular  to 
AC,  BC,  and  let  R  denote  the 

reactions  along  ED  and  PD  ;  then  fiR  will  be  the  friction 
acting  at  E  and  F  in  the  directions  EA  and  FB.  Let  the 
angle  of  the  wedge  or  ACB  =.2a. 

Eesolve  the  forces  which  act  on  the  wedge  in  directions 
perpendicular  and  parallel  to  the  back  of  the  wedge,  then 
we  have  for  perpendicular  forces 


Fig.66 


P  =  272  sin  a  +  ^jxR  cos  a. 


(1) 


This  equation  may  also  be  obtained  from  the  principle  of 
work  as  follows :    If  the  wedge  has  been  driven  into  the 
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material  a  distance  equal  to  DC  by  a  force,  P,  acting  in 
the  direction  DC,  then  -the  work  done  by  P  is  P  x  DO 
(Art.  101,  Rem.);  and  since  the  points  E  and  F  were 
originally  together,  the  work  done  against  the  resistance 
i?  is  i?  X  DB  +  ^  X  DF  =  3P  X  DB ;  and  the  work 
done  against  friction  is  2;ui?  x  BC.  Hence  the  equation 
of  work  is 

P  X  DC  =  2i2  X  DB  +  2/^^  X  BC,  (3) 

which  reduces  to  (1)  by  substituting  sin  a  and  cos  a  for 
DE  EC 

DC  ^"^  DC' 

Cor. — If  friction'  be  neglected,  (2)  becomes 

P  _  SDE  _  AB 
P  ~  DC   ~  AC 

,      .  P back  of  the  wedge 

R       length  of  one  of  the  equal  sides' 

It  follows  that  the  narrower  the  back  of  the  wedge,  the 
greater  will  be  the  mechanical  advantage.  Knives,  chisels, 
and  many  other  implements  are  examples  of  the  wedge. 

In  the  action  of  the  wedge  a  great  part  of  the  power  is 
employed  in  cleaving  the  material  into  which  it  is  driven. 
The  force  required  to  efEect  this  is  so  great  that  instead  of 
applying  a  continuous  pushing  force  perpendicular  to  the 
back  of  the  wedge,  it  is  driven  by  a  series  of  blows.  Be- 
tween the  blows  there  is  a  powerful  reaction,  P,  acting  to 
push  the  wedge  back  again  out  of  the  cleft,  and  this  is 
resisted  by  the  friction  which  now  acts  in  the  directions 
BC  and  BC.  Hence  when  the  wedge  is  on  the  point  of 
starting  back,  between  the  blows,  the  equation  of  equi- 
librium will  be  from  (1) 

2P  sin  a  —  2juP  cos  te  =  0  ; 

.  • .    a  ==  tan~'  fi. 
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TBE  SCREW. 


And  the  wedge  will  fly  back  or  not  according  as  «  >  or 
<  taa~i  fi,  (See  Browne's  Mechanics,  p.  11 7.  Also  Magnus's 
Mechanics,  p.  157.) 


Fig. 67 


128.  The  Screw. — The  screw  consists  of  a  right  cir- 
cular cylinder,  on  the  convex  surface  of  which  there  is 
traced  a  uniform  projecting  thread,  abed  ....  inclined  at 
a  constant  angle  to  straight  lines  parallel  to  the  axis  of  the 
cylinder.  The  path  of  the  thread 
may  be  traced  by  the  edge  AC  of 
an  inclined  plane,  ABO,  wrapped 
round  the  cylinder;  the  base  of 
the  plane  corresponding  with  the 
circumference  of  the  cylinder,  and 
the  height  of  the  plane  with  the 
distance  between  the  threads  which 
is  called  the  pitch  of  the  screw. 
The  threads  may  be  rectangular  or 
triangular  in  section.  The  cylinder 
fits  into  a  block,  on  the  inner  sur- 
face of  which  is  cut  a  groove  which  is  the  exact  counterpart 
of  the  thread.  The  block  in  which  the  groove  is  cut  is  often 
called  the  nut.  The  power  is  generally  applied  at  the  end  of 
a  lever  fixed  to  the  centre  of  the  cylinder,  or  fixedto  the  nut. 
It  is  evident  that  a  screw  never  requires  any  pressure  in  the 
direction  of  its  axis,  but  must  be  made  to  revolve  only ; 
and  this  can  be  done  by  a  force  acting  at  right  angles  to 
the  extremities  of  its  diameter,  or  its  diameter  produced. 

129.  The  Relation  between  the  Power  and  the 
Weight  in  the  Scre^v. — Suppose  the  power,  P,  to  act  in 
a  plane  perpendicular  to  the  axis  of  the  cylinder  and  at  the 
end  of  an  arm,  DE  =  a,  and  suppose  the  screw  to  have 
made  one  revolution,  the  power,  P,  will  have  moved 
through  the  circumference  of  which  a,  is  the  radius,  and 
the  work  done  by  P  will  be  PxSrra.     During  the  same 
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time  the  screw  will  have  moved  in  the  direction  of  its  axis 
through  the  distance,  AB  =  2nr  tan  a,  r  being  the  radius 
of  the  cylinder,  and  a  the  angle  which  the  thread  of  the 
screw  makes  with  its  base.  Then  as  this  is  the  direction  in 
which  the  resistance  is  encountered,  the  work  done  against 
the  resistance,  W,  is  Wi-rrr  tan  «.  Hence  if  no  work  is  lost 
the  equation  of  work  will  be 

P  X  2™  =  W  X.  2nr  tan  a.  (1) 

That  is  the  j)Ower  is  to  the  iveight  as  the  pitch  of  the  screw 
is  to  the  circumference  described  ly  the  power. 

If  there  is  friction  between  the  thread  and  the  groove,  let 
R  be  the  normal  pressure  at  any  point,  p,  of  the  thread, 
and  fiR  the  friction  at  this  point,  then  the  work  done 
against  the  friction  in  one  revolution  is  jtiXi?  %-nr  sec  a,  X72 
denoting  the  sum  of  the  normal  reactions  at  all  points  of 
the  thread.     Hence  the  equation  of  work  is 

P  2TTa  =  W2TTr  tan  a  +  fi  2nr  sec  ccI^R.  (2) 

But,  for  the  equilibrium  of  the  screw,  resolving  parallel 
to  the  axis,  we  have 

W  =  ^  {R  cos  €c  —  \i.R  sin  a), 

W 

therefore  S^  =  — -=-— ; 

cos  K  —  /i  sm  a 

which  in  (3)  gives 

\ir  sec  a  PF 


Pa  =  Wr  tan  a  + 


cos  «  —  p  sm  a 
or  Pa  =  Wr  tan  («  +  ^),  (3) 

(j)  being  the  angle  of  friction. 
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129a.  Prony's  Differential  Screw.— If  h  denote  the 
pitch  of  a  screw  (1)  becomes 

7,Pna  =  Wh, 

which  expresses  the  relation  between  P  and  W,  when  fric- 
tion is  neglected.  Therefore  the  mechanical  advantage  is 
gained  by  making  the  pitch  very  small.  Tn  some  cases, 
however,  it  is  desirable  that  the  screw  should  work  at  fair 
speed,  as  in  ordinary  bolts  and  nuts,  and  then  the  pitch 
must  not  be  too  small.  In  cases  where  the  screw  is  used 
specially  to  obtain  pressure,  as  in  screw-presses  for  cotton, 
etc.,  we  do  not  care  for  speed,  but  only  for  pressure.  But 
in  practice  it  is  impossible  to  get  the  pitch  very  small  from 
the  fact  that  if  the  angle  of  inclination  is  very  flat,  the 
threads  run  so  near  each  other  as  to  be  too  weak,  in  which 
case  the  screw  is  apt  to  "  strip  its  thread,"  that  is,  to  tear 
bodily  out  of  the  hole,  leaving  the  thread  behind. 

Where  very  great  pressure  is  required  a  differential  nut- 
hole  is  resorted  to.  Let  the  screw  work  in  two  blocks, 
A  and  B,  the  first  of 
which  is  fixed  and  the 
second  movable  along  a 
fixed  groove,  n ;  and  let 
/*  be  the  pitch  of  the 
thread  which  works  in 


C  KZS! 


Fig.  08 


the  block,  A,  and  h'  the  pitch  of  the  thread  which  works 
in  the  block  B.  Then  one  revolution  of  the  screw  impresses 
two  opposite  motions  on  the  block,  B,  one  equal  to  h  in  the 
direction  in  which  the  screw  advances,  and  the  other  equal 
to  h'  in  the  opposite  direction.  If  then  the  block,  B,  is 
connected  with  the  resistance  W,  we  have  by  the  principle 
of  work 

a/Va  =  W{h-h'); 


and  the  requisite  power  will  be  diminished  by  diminishing 


h  —  h'.  By  means  of  this  screw  a  comparatively  small 
pressure  may  be  made  to  yield  a  pressure  enormously 
greater  in  magnitude. 

EXAMPLES. 

1.  A  lever  10  ins.  long,  the  weight  of  which  is  4  lbs.,  and 
acts  at  its  middle  point,  balances  about  a  certain  point 
when  a  weight  of  6  lbs.  is  hung  from  one  end ;  find  the 
point.      ,    Ans.  2  ins.  from  the  end  where  the  weight  is. 

2.  A  lever  weighing  8  lbs.  balances  at  a  point  3  ins.  from 
one  end  and  9  ins.  from  the  other.  Will  it  continue  to  bal- 
ance about  that  point  if  equal  weights  be  suspended  from 
the  extremities  ? 

3.  A  beam  whose  length  is  12  ft.  balances  at  a  point  2  ft. 
from  one  end  ;  but  if  a  weight  of  100  lbs.  be  hung  from  the 
other  end  it  balances  at  a  point  2  ft.  from  that  end ;  find  the 
weight  of  the  beam.  Ans.  25  lbs. 

4.  A  lever  7  feet  long  is  supported  in  a  horizontal  posi- 
tion by  props  placed  at  its  extremities  :  find  where  a  weight 
of  28  lbs.  must  be  placed  so  that  the  pressure  on  one  of  the 
props  may  be  8  lbs.  Ans.  Two  feet  from  the  end. 

5.  Two  weights  of  12  lbs.  and  8  lbs.  respectively  at  the 
ends  of  a  horizontal  lever  10  feet  long  balance :  find  how 
far  the  fulcrum  ought  to  be  moved  for  the  weights  to  bal- 
ance when  each  is  increased  by  2  lbs.     Ans.  Two  inches. 

6.  A  lever  is  in  equilibrium  under  the  action  of  the  forces 
P  and  Q,  and  is  also  in  equilibrium  when  P  is  trebled  and 
Q  is  increased  by  6  lbs.:  find  the  magnitude  of  Q. 

Ans.  3  lbs. 

7.  In  a  lever  of  the  first  kind,  let  the  power  be  217  lbs., 
the  weight  725  lbs.,  and  the  angle  between  them  126°. 
Find  the  pressure  on  the  fulcrum.  Ans.  632.7  lbs. 
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8.  If  the  power  and  weight  in  a  straight  lever  of  the 
first  kind  be  17  lbs.  and  32  lbs.,  and  make  with  each  other 
an  angle  of  79° ;  find  the  pressure  on  the  fulcrum. 

Ans.  39  lbs. 

9.  The  length  of  the  beam  of  a  false  balance  is  3  ft. 
9  ins.  A  body  placed  in  one  scale  balances  a  weight  of 
9  lbs.  in  the  other ;  but  when  placed  in  the  other  scale  it 
balances  4  lbs.;  required  the  true  weight,  W,  of  the  body 
and  the  lengths,  a  and  b,  of  the  arms. 

Ans.    W  =  6  lbs.;  «  =  1  ft.  6  ins.;  5  =  2  ft.  3  ins. 

10.  M  a  balance  be  false,  haying  its  arms  in  the  ratio  of 
15  to  16,  find  how  much  per  lb.  a  customer  really  pays 
for  tea  which  is  sold  to  him  from  the  longer  arm  at  3s.  9d. 
per  lb.  Ans.  4s.  per  lb. 

11.  A  straight  nniform  lever  whose  weight  is  50  Ihs.  and 
length  6  feet,  rests  in  equilibrium  on  a  fulcrum  when  a 
weight  of  10  lbs.  is  suspended  from  one  extremity :  find  the 
position  of  the  fulcrum  and  the  pressure  on  it. 

Ans.  2 J  ft.  from  the  end  at  which  10  lbs.  is  suspended ; 
60  lbs. 

12.  On  one  arm  of  a  false  balance  a  body  weighs  11  lbs.; 
on  the  other  17  lbs.  3  oz.;  what  is  the  tru6  weight  ? 

Ans.  13  lbs.  12  oz. 

13.  A  bent  lever  is  composed  of  two  straight  uniform 
rods  of  the  same  length,  inclined  to  each  other  at  120°,  and 
the  fulcrum  is  at  the  point  of  intersection :  if  the  weight  of 
one  rod  be  double  that  of  the  other,  show  that  the  lever  will 
remain  at  rest  with  the  lighter  arm  horizontal. 

14.  A  uniform  lever,  I  feet  long,  has  a  weight  of  W  lbs., 
suspended  from  its  extremity ;  find  the  position  of  the  ful- 
crum when  the  long  end  of  the  lever  balances  the  short 
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end  with  the  weight  attached  to  it,  supposing  each  unit  of 
length  of  the  lever  to  be  w  lbs. 

Ans.  -r-m- ?— ^  is  the  short  arm. 

3  (  W'  +  to) 

15.  A  lever,  I  ft.  long,  is  balanced  when  it  is  placed  upon 
a  prop  \  of  its  length  from  the  thick  end  ;  when  a  weight 
of  W  lbs.  is  suspended  from  the  small  end  the  prop  must 
be  shifted  i^  ft.  towards  it  in  order  to  maintain  equilibrium ; 
required  the  weight  of  the  lever.  Ans.   \  W. 

16.  A  lever,  I  ft.  long;  is  balanced  on  a  prop  by  a  weight 
of  W  lbs.;  first,  when  the  weight  is  suspended  from  the 
thick  end  the  prop  is  a  ft.  from  it;  secondly,  when  the 
weight  is  suspended  from  the  small  end  the  prop  is  i  ft. 
from  it ;  required  the  weight  of  the  lever. 

Ans.  ^ — V A  lbs. 

I  —  (a  +b) 

17.  The  forces,  P  and  W,  act  at  the  arms,  a  and  b, 
respectively,  of  a  straight  lever.  When  P  and  W  make 
angles  of  30°  and  90°  with  the  lever,  show  that  when  equi- 
librium takes  place  P  = • 

18.  Supposing  the  beam  of  a  false  balance  to  be  uniform, 
a  and  h  the  lengths  of  the  arms,  P  and  Q  the  apparent 
weights,  and  W  the  true  weight ;  when  the  weight  of  the 
beam  is  taken  into  account  show  that 

a  ^  P  —W 
b~  W-Q 

19.  If  a  be  the  length  of  the  short  arm  in  Ex.  14,  what 
must  be  the  length  of  the  whole  lever  when  equilibrium 

takes  place ?  ,  f^aW        T 

Ans.  a  +  \  / 1-  a'- 

V     w 


30.  A  man  whose  weight  is  140  lbs.  is  just  able  to  sup- 
port a  weight  that  hangs  over  an  axle  of  6  ins.  radius,  by 


310  EXAMPLES. 

hanging  to  the  rope  that  passes  over  the  corresponding 
wheel,  the  diameter  of  which  is  '4  ft, ;  find  the  weight  sup- 
ported. Ans.  560  lbs. 

21.  If  the  difference  between  the  diameter  of  a  wheel  and 
the  diameter  of  the  axle  be  six  times  the  radius  of  the  axle, 
find  the  greatest  weight  that  can  be  sustained  by  a  force  of 
60  lbs.  Ans.  240  lbs. 

23.  If  the  radius  of  the  wheel  is  three  times  that  of  the 
axle,  and  the. string  round  the  wheel  can  support  a  weight 
of  40  lbs.  only,  find  the  greatest  weight  that  can  be  lifted. 

Ans.  120  lbs. 

23.  What  force  will  be  required  to  work  the  handle  of  a 
windlass,  the  resistance  to  be  overcome  being  1156  lbs.,  the 
radius  of  the  axle  being  six  ins.,  and  of  the  handle  2  ft. 
8  Ins.?  A)is.  216.75  lbs. 

24.  Sixteen  sailors,  exerting  each  a  force  of  29  lbs.,  push 
a  capstan  with  a  length  of  lever  equal  to  8  ft.,  the  radius  of 
the  capstan  being  1  ft.  2  ins.  Find  the  resistance  which 
this  force  is  capable  of  sustaining. 

Ans.  1  ton  8  cwt.  1  qr.  17  lbs. 

25.  Supposing  them  to  have  wound  the  rope  round  the 
capstan,  so  that  it  doubles  back  on  itself,  the  radius  of  the 
axle  is  thus  increased  by  the  thickness  of  tiie  rope.  If  this 
be  2  ins.  how  much  will  the  power  of  the  instrument  be 
diminished.  Ans.  By  -j^,  or  12|-  per  cent. 

26.  The  radius  of  the  axle  of  a  capstan  is  2  feet,  and  six 
men  push  each  with  a  force  of  one  cwt,  on  spokes  5  feet 
long ;  find  the  tension  they  will  be  able  to  produce  in  the 
rope  which  leaves  the  axle.  Ans.  15  cwt. 

37.  The  difference  of  the  diameters  of  a  wheel  and  axle 
is  3  feet  6  inches ;  and  the  weight  is  equal  to  six  times  the 
power ;  find  the  radii  of  the  wheel  and  the  axle. 

Ans.  18  ins.;  3  ins. 
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28.  If  the  radius  of  a  wheel  is  4  ft.,  and  of  the  axle 
8  ins.,  find  the  power  that  will  balance  a  weight  of 
500  lbs.,  the  thickness  of  the  rope  coiled  round  the  axle 
being  one  inch,  the  power  acting  without  a  rope. 

Ans.  88.54  lbs. 

29.  Two  given  weights,  P  and  Q,  hang  vertically  from 
two  points  in  the  rim  of  a  wheel  turning  on  an  axis; 
find  the  position  of  the  weights  when  equilibrium  takes 
place,  supposing  the  angle  between  the  radii  drawn  to 
the  points  of  suspension  to  be  90°,  and  that  6  is  the 
angle  which  the  radius,  drawn  to  F's  point  of  sus- 
pension, makes  with  the  vertical.  .        ,       . Q 

^?iSm  tjan  tj  —  -yr' 

30.  What  weight  can  be  supported  on  a  plane  by  a  hori- 
zontal force  of  10  lbs.,  if  the  ratio  of  the  height  to  the  base 
is  I?  Ans.  IS^lbs. 

31.  The  inclination  of  a  plane  is  30°,  and  a  weight  of 
10  lbs.  is  supported  on  it  by  a  string,  bearing  a  weight  at 
its  extremity,  which  passes  over  a  smooth  pulley  at  its. 
summit ;  find  the  tension  in  the  string.  Ans.  5  lbs. 

33.  The  angle  of  a  plane  is  45° ;  what  weight  can  be 
supported  on  it  by  a  horizontal  force  of  3  lbs,,  and  a  force 
of  4  lbs.  parallel  to  the  plane,  both  acting  together. 

Ans.  3  +  4  V^  lbs. 

33.  A  body  is  supported  on  a  plane  by  a  force  parallel 
to  it  and  equal  to  ^  of  the  weight  of  the  body ;  find  the 
ratio  of  the  height  to  the  base  of  the  plane. 

Ans.  1  :  2  Ve. 

34.  One  of  the  longest  inclined  planes  in  the  world  is 
the  road  from  Lima  to  Callao,  in  S.  America ;  it  is  6  miles 
long,  and  the  fall  is  511  ft.     Calculate  the  inclination. 

Ans.  55'  27",  or  1  yard  in  62. 
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35.  If  the  force  required  to  draw  a  wagon  on  a  horizontal 
road  be  ^th  part  of  the  weight  of  the  wagon,  what  will  be 
the  force  required  to  draw  it  up  a  hill,  the  slope  of  which 
is  1  in  43.  Ans.  TT.Vit'i  P^i't  of  the  weight. 

36.  If  the  force  required  to  draw  a  train  of  cars  on  a 
level  railroad  be  ^^th  part  of  the  load,  find  the  force 
required  to  draw  it  up  a  grade  of  1  in  56. 

Ans.  i-s-Vfth  part  of  the  load. 

37.  What  force  is  required  (neglecting  friction)  to  roll  a 
cask  weighing  964  lbs.  into  a  cart  3  ft.  high,  by  means  of  a 
plank  14  ft.  long  resting  against  the  cart. 

Ans.  The  force  must  exceed  206  lbs. 

38.  A  body  is  at  rest  on  a  smooth  inclined  plane  when 
the  power,  weight  and  normal  pressure  are  18,  26,  and 
12  lbs.  respectively ;  find  the  inclination,  a,  of  the  plane  to 
the  horizon,  and  the  angle,  0,  which  the  direction  of  the 
power  makes  with  the  plane. 

Ans.  a  =  37°  21'  26";  0  =  28°  46'  54". 

39.  If  the  power  which  will  support  a  weight  when  act- 
ing along  the  plane  be  half  that  which  will  do  so  acting 
horizontally,  find  the  inclination  of  the  plane.  Ans.  60°. 

40.  A  power  P  acting  along  a  plane  can  support  W,  and 
acting  horizontally  can  support  x ;  show  that 

41.  A  weight  IT  would  be  supported  by  a  power  P  act- 
ing horizontally,  or  by  a  power  Q  acting  parallel  to  the 
plane ;  show  that 

42.  The  base  of  an  inclined  plane  is  8  ft.,  the  height 
6  ft.,  and  IF  =  10  tons ;  required  P  and  the  nonnal 
pressure,  N,  on  the  plane. 

Ans.   P  =  6  tons  ;  N  =  %  tons. 
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43.  A  weight  is  supported  on  an  inclined  plane  by  a 
force  whose  direction  is  inclined  to  the  plane  at  an  angle 
of  30° ;  when  the  inclination  of  the  plane  to  the  horizon  is 
30°,  show  that  FT  =  P  -y/S. 

44.  A  man  weighing  150  lbs.  raises  a  weight  of  4  cwt.  by 
a  system  of  four  movable  pulleys  arranged  according  to  the 
second  system ;  what  is  his  pressure  on  the  ground  ? 

Ans.  133  lbs. 

45.  What  power  will  be  required  in  the  second  system 
with  four  movable  pulleys-  to  sustain  a  weight  of  17  tons 
13  cwt.  Ans.  1  ton  3  cwt. 

46.  Two  weights  hang  over  a  pulley  fixed  to  the  summit 
of  a  smooth  inclined  plane,  on  which  one  weight  is  sup- 
ported, and  for  every  3  ins.  that  one  descends  the  other 
rises  3  ins. ;  find  the  ratio  of  the  weights,  and  the  length 
of  the  plane,  the  height  being  18  ins.    Ans.  3  :  3  ;  37  ins. 

47.  UW=  336  lbs.  and  P.  =  43  lbs.  in  a  combination 
of  pulleys  arranged  according  to  the  first  system,  how  many 
movable  pulleys  are  there  ?  Ans.  4. 

48.  In  a  system  of  pulleys  of  the  third  kind  in  which 
there  are  4  cords  attached  to  the  weight,  determine  the 
weight,  W,  supported,  and  the  strain  on  the  fixed  pulley, 
the  power  being  100  lbs.,  and  the  weight,  W,  of  each 
pulley  5  lbs. 

Ans.  W  =  loP  +  Uw  =  1555  lbs. ;  Strain  =  16P  +  15w 
=  1675  lbs. 

49.  In  a  system  of  pulleys  of  the  third  kind,  there  are 
3  movable  pulleys,  each  weighing  3^  lbs.  What  power  is 
required  to  support  a  weight  of  6  cwt.  ?    Ans.  94.57  lbs. 

60.  Find  the  power  that  will  support  a  weight  of  100  lbs. 
by  means  of  a  system  of  4  pulleys,  the  strings  being  all 
attached  to  the  weight,  and  each  pulley  weighing  1  lb. 

Ans.  5{^  lbs. 
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51.  The  circumference  of  the  circle  corresponding  to  the 
point  of  application  of  P  is  6  feet ;  find  how  many  turns 
the  screw  must  make  on  a  cylinder  %  feet  long,  in  order 
that  If  may  be  equal  to  144P.  Am.  ^2>. 

52.  The  distance  between  two  consecutive  threads  of  a 
screw  is  a  quarter  of  an  inch,  and  the  length  of  the  power 
arm  is  5  feet;  find  what  weight  will  be  sustained  by  a 
power  of  1  lb.  Ans.  4807r  lbs. 

53.  How  many  turns  must  be  given  to  a  screw  formed 
upon  a  cylinder  whose  length  is  10  ins.,  and  circumference 
5  ins.,  that  a  power  of  2  ozs.  may  overcome  a  pressure  of 
100  ozs.  ?  Ans.  100. 

54.  A  screw  is  made  to  revolve  by  a  force  of  2  lbs. 
applied  at  the  end  of  a  lever  3.5  ft.  long;  if  the  distance 
between  the  threads  be  J  in.,  what  pressure  can  be  pro- 
duced ?  Ans.  9  cwts.  1  qr.  20  lbs. 

55.  The  length  of  the  power-arm  is  15  inches ;  find  the 
distance  between  two  consecutive  threads  of  the  screw, 
that  the  mechanical  advantage  may  be  30.      Ans.  n  ins. 

56.  A  weight  of  W  pounds  is  suspended  from  the  block 
of  a  single  movable  pulley,  and  the  end  of  the  cord  in 
which  the  power  acts,  is  fastened  at  the  distance  of  b  ft. 
from  the  fulcrum  of  a  horizontal  lever,  a  ft.  long,  of  the 
second  kind ;  find  the  force,  P,  which  must  be  applied  per- 
pendicularly at  the  extremity  of  the  lever  to  sustain  W. 

Ans.  P  =  -H— • 
'ia 

57.  In  a  steelyard,  the  weight  of  the  beam  is  10  lbs.,  and 
the  distance  of  its  centre  of  gravity  from  the  fulcrum  is 
2  ins.,  find  where  a  weight  of  4  lbs.  must  be  placed  to  bal- 
ance it  Ans.  At  5  ins. 
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58.  A  body  whose  weight  is  V^  lbs.,  is  placed  on  a  rough 
plane  inclined  to  the  horizon  at  an  angle  of  45°.  The  co- 
efficient of  friction  being — -,  find  in  what  direction  a  force 

•v/3 

of  (Vs  —  1)  lbs.  must  act  on  the  body  in  order  just  to 
support  it.  Ans.  At  an  angle  of  30°  to  the  plane. 

59.  A  rough  plane  is  inclined  to  the  horizon  at  an  angle 
of  60° ;  find  the  magnitude  and  the  direction  of  the  least 
force  which  will  prevent  a  body  weighing  100  lbs.  from  slid- 
ing down  the  plane,  the  coefficient  of  friction  being  — —  • 

V3 
Ans.  50  lbs.  inclined  at  30°  to  the  plane. 


CHAPTER    VIII. 

THE    FUNICULAR*    POLYGON— THE    CATENARY 
ATTRACTION. 

130.  Equilibrium  of  the  Funicular  Polygon. — If  a 

cord  whose  weight  is  neglected,  is  suspended  from  two  fixed 
points,  A  and  B,  and  if  a  series  of  weights,  P,,  Pj,  P,, 
etc.,  be  suspended  from  the  given  points  Q^,  Q^,  Q3,  etc., 
the  cord  will,  when  in  equilibrium,  form  a  polygon  in  a 
Tertical  plane,  which  is  called  the  Funicular  Polygon. 

Let  the  tensions  along 
the  successive  portions 
of  the  cord,  AQ I,  Q^Qg, 
Q2Q3,  etc.,  be  respec- 
tively T„  T^,  T3,  etc., 
and  let  flj,  d^,  0^,  etc., 
be  the  inclinations  of 
these  portions  to  the 
horizon.      Then   Q^  is  '*' 

in  equilibrium  under  the  action  of  three  forces  viz.,  P^, 
acting  vertically,  T^,  the  tension  of  the  cord  AQ^,  and  T^, 
the  tension  of  Q^  Q^.     Kesolving  these  forces  we  have, 

for  horizontal  forces,        T^  cos  0^  —  T^  cos  0^  =  0,  (1) 

for  vertical  forces,  Pj  +  T^  sin  d^  —  T^  sin  d^  =  0,  (2) 

In  the  same  way  for  the  point  Q^  we  have, 

for  horizontal  forces,         T^  cos  d^  ■—  T3  cos  ^3  =  0,  (3) 

for  vertical  forces,  Pg  +  T^  sin  d^  —  T^  sin  flj  =  0,  (4) 

*  The  term,  PunUmlar,  has  reference  alone  to  the  cord,  and  has  no  mechanical 
Bigniflcance. 
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Hence  from  (1)  and  (3)  we  have 

T^  cos  01  =  Tg  cos  ©2  =  Tg  cos  $3  =  etc. , 

that  is,  the  horizontal  components  of  the  tensions  in  the  dif- 
ferent portions  of  the  cord  are  constant.  Let  this  constant 
be  denoted  by  T;  then  we  have 

T  T  T 

^1  ^  S^TTi '    ^2  ==  SoTe; '    ^»  =  H^Te; '  ^*''-' 

which  in  (3)  and  (4)  give 

Fj  +  Ttan  6^  —  Ttan  0^  =  0,  (5) 

Pg  +  rtan  03  —  Ttan  0g  =  0,  (6) 

and  from  (5)  and  (6)  we  have 

p 
tan  0^  =  tan  0^  +  -^, 


p 

and  tan  0g  =  tan  6^  +  ^- 


(^) 


Similarly         tan  6^  =  tan  0^  +  ^, 

p 

and  tan  ©^  =  tan  Og  +  ^, 

etc.,  etc. 

If  we  suppose  the  weights  Pj,  Pg,  etc.,  each  equal  to  W, 
(7)  becomes 

tan  ^1  —  tan  Sg  =  tan  6^  —  tan  ^3  =  tan  ^3  —  tan  0^ 

=  ....  =  !■  (8) 

Hence,  ^Ae  tangents  of  the  successive  inclinations  form  a 
series  in  Arithmetic  Progression.    In  the  figure  d^  =  0, 
10 
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W 

tan  e^  =  Y ;    tan  0^ 
tan  0g  =  -~- ;  tan  0, 


2F" 
T  ' 

AW 
T  ' 


etc. 


(9) 


131.  To  Construct  the  Funicular  Polygon  when 
the  Horizontal  Projections  of  the  successive  Por- 
tions of  the  Cord  are  all  equal. — Let  Q^Q^,  Q^qs,  q^q^, 
q^qi,  etc.,  be  all  of  constant  length  =  a,  and  let  Q^q^  =  c. 
Then  since  by  (9)  of  Art. 
130,  the  tangents  of  0^,  0.^, 
Og,  di,  etc.,  are  as  1,  2,  3, 
4,  etc.,  we  have 

Q^m  =  ^Q^q^  =  2c; 

Qin  =  SQsqa  =  3c;  etc. 


/ 


Fig.70 


2a  ff«    fft 


Hence,  taking  the  middle  point,  0,  of  the  horizontal 
portion,  Q^Q^,  as  origin,  and  the  horizontal  and  vertical 
lines  through  it  as  axes  of  x  and  y,  the  co-ordinates  of  Q^ 
are  (fo,  c) ;  those  of  Q^  are  (|a,  3c) ;  those  of  Q^  are  (Jra, 
6c),  and  those  of  the  wth  vertex  from  Q^  are  evidently 


X  = 


2n  +  1 


a; 


y 


n{n  ->r  \) 
3 


Eliminating  n  from  these  equations  we  get 


a?  = 


(1) 


which,  being  independent  of  n,  is  satisfied  by  all  the  ver- 
tices indifferently,  and  is  therefore  the  equation  of  a  curve 
passing  through  all  the  vertices  of  the  polygon,  and 
denotes  a  parabola  whose  axis  is  the  vertical  line,  OY,  and 

whose  vertex  is  vei-tically  below  0  at  a  distance  =  g- 

The  shorter  the  distances  Q^Q^,  Q^Qs,  etc.,  the  more 
nearly  does  the  funicular  polygon  coincide  with  the  para- 
bolic curve. 
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132.  Cord  Supporting  a  Load  Uniformly  Dis- 
tributed over  the  HorizoutaL — If  the  number  of  vertices 
of  the  polygon  be  very  great,  and  the  suspended  weights  all 
equal  so  that  the  load  is  distributed  uniformly  along  the 
straight  line,  FE,  the  parabola  which  passes  through  all  the 
vertices,  virtually  eoiucides  with  the  cord  or  chain  forming 
the  polygon,  and  gives  the  figure  of  the  Suspension  Bridge. 
In  this  bridge  the  weights  suspended  from  the  successive 
portions  of  the  chain  are  the  weights  of  equal  portions  of 
the  flooring.  The  weight  of  the  chain  itself  and  the 
weights  of  the  sustaining  bars  are  neglected  in  comparison 
with  the  weight  of  flooring  and  the  load  which  it  carries. 


Fig.7l 


Let  the  span,  AB,  =  3a,  and  the  height,  OD,  =  li. 
Then  the  equation  of  the  parabola  referred  to  the  vertical 
and  horizontal  axes  of  x  and  y,  respectively,  through  0,  is 


y^  =  imx, 


(1) 


4:171  being  the  parameter. 

Because  the  load  between  0  and  A  is  uniformly  dis- 
tributed over  the  horizontal,  OE,  its  resultant  bisects  OE 
at  C;  therefore  the  tangents  at  A  and  0  intersect  at  0 
(Art.  63). 

From  (1)  we  have 

dy  _  2m  _  ^ 
dx  ~  y    ~~  2a;' 
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which  is  the  tangent  of  the  inclination  of  the  curve  at  any 
point  {x,  y)  to  the  axis  of  x.  Hence  the  tangent  at  the 
point  of  support,  A,  makes  with  the  horizon  an  angle,  a, 

2h 
whose  tangent  is  — ,  which  also   is  evident   from  the  tri- 
angle ACE. 

Let  W  be  the  weight  on  the  cord  ;  then  ■!■  PT  is  tlie  weight 
on  OA,  and  therefore  is  the  Tertical  tension,  V,  at  A.  Then 
the  three  forces  at  A  are  the  Tertical  tension  V  =  ^W,  the 
total  tension  at  the  end  of  the  cord,  acting  along  the 
tangent  AC,  and  the  horizontal  tension,  T,  which  is  every- 
where the  same  (Art.  130).  Hence,  by  the  triangle  of 
forces  (Art.  31)  these  forces  will  be  represented  by  the 
three  lines,  AB,  AC,  CB,  to  which  their  directions  are 
respectively  parallel ;  therefore  we  have  for  the  horizontal 
tension 

T  =  AE  cot  «  =  W^, 
in 


and  the  total  tension  at  A  is 


W 


^Y%  +  y2  ^  ZL  V4A8  +  a\ 
4» 


EXAMPLE. 


The  entire  load  on  the  cord  in  (Fig.  71)  is  320000  lbs.; 
the  span  is  150  ft.  and  the  height  is  15  ft. ;  find  the  tension 
at  the  points  of  support  and  at  the  lowest  point  and  also  the 
inclination  of  the  curve  to  the  horizon  at  the  points  of 
support. 

tan  a  =  —  =  .04:    .-.    «  =  21°48'. 
a 

The  vertical  tension  at  each  point  of  support  is 

y  =\  weight  =  160000  lbs. ; 
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the  horizontal  tension  is 
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T=W~  =  400000  lbs.; 
and  the  total  tension  at  one  end  is 


a/F2+  T2  =  430813  lbs. 

133.    The   Common  Catenary. — ^Its    Equation. — A 

catenary  is  the  curve  assumed  by  a  perfectly  flexible  cord 
when  its  ends  are  fastened  at  two  points,  A  and  B,  nearer 
together  than  the  length  of  the  cord.  When  the  cord  is  of 
constant  thickness  and  density,  i.  e.,  when  equal  portions  of 
it  are  equally  heavy,  the  curve  is  called  the  Common 
Catenary,  which  is  the  only  one  we  shall  consider. 

Let  A  and  B  be  the  fixed 
points  to  which  the  ends  of 
the  cord  are  attached ;  the 
cord  will  rest  in  a  vertical 
plane  passing  through  A  and 
B,  which  may  be  taken  to  be 
the  plane  of  the  paper  Let 
C  be  the  lowest  point  of  the 
catenary;  take  this  as  the 
origin  of  co-ordinates,  and 
let  the  horizontal  line 
through  C  be  taken  for  the 
axis  of  X,  and  the  vertical 
line  through  C  for  the  axis  of  y.  Let  (x,  y)  be  any  point, 
P,  in  the  curve  ;  denote  the  length  of  the  arc,  CP,  by  s  ; 
let  c  *  be  the  length  of  the  cord  whose  weight  is  equal  to 
the  tension  at  C ;  and  T  the  length  of  the  cord  whose 
weight  is  equal  to  the  tension  at  P- 

*  The  weight  of  a  unit  of  length  of  the  cord  being  here  taken  ae  the  unit  of 
weight. 
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Thea  the  arc,  OP,  after  it  has  assumed  its  permanent 
form  of  equilibrium,  may  be  considered  as  a  rigid  body 
kept  at  rest  by  three  forces,  viz.:  (1)  T^  the  tension,  acting 
at  P  along  the  tangent,  (2)  c,  the  horizontal  tension  at  the 
lowest  point  0,  and  (3)  the  weight  of  the  cord,  CP,  acting 
vertically  downward,  and  denoted  by  s.  Draw  PT'  the 
tangent  at  P,  meeting  the  axis  of  y  at  T'.  Then  by  the 
triangle  of  forces  (Art.  31),  these  forces  may  be  represented 
by  the  three  lines  PT',  NP,  T'N,  to  which  their  directions 
are  respectively  parallel.     Therefore 

T'N  _  weight  of  OP 
NP   ~   tension  at  G  ' 

dy       s  ,  . 

Tx  =  -o-  («) 

Differentiating,  substituting  the  value  of  ds,  and  reducing, 
we  have 


■"-       ^ 


V'  +  (I)' 


c 


Integrating,  and  remembering  that  when  x  —  0,  -^  =  0, 
we  obtain 


thm-efore  ^  +  \/l  +  [JJ=^, 


\/i  +  (lr 


X 


where  e  is  the  Naperian  base.     Solving  this  equation  for 

-^,  we  obtain 
dz 


|  =  i(^-ro-);  (1) 
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and  by  integration,  observing  that  y  —  0  when  a;  =  0, 
we  hare 


(3) 


which  is  the  equation  required.  We  may  simplify  this 
equation  by  moving  the  origin  to  the  point,  0,  at  a  dis- 
tance equal  to  c  below  0,  by  putting  y  —  c  for  y,  so  that 
(3)  becomes. 


I  {^  +  ''')' 


(3) 


which  is  the  equation  of  the  catenary,  in  the  usual  form. 
The  horizontal  line  through  0  is  called  the  directrix*  of 
the  catenary,  and  0  is  called  the  origin. 

CoE.  1. — To  find  the  length  of  the  arc,  AP,  we  have 

=  V  1  +  W  —  «  V  ^^>  from  (1), 

=  \Y  -{-  e~o)  dx ;  (4) 

c  {  -        -5\ 

the  constant  being  =  0,  since  when  a;  =  0,  s  =  0. 

This  equation  may  also  be  found  immediately  by  equa- 
ting the  values  of  -^  in  (a)  and  (1). 

*  See  Price's  Anal.  Mechs.,  Vol,  I,  p.  816. 
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CoK.  2. — Since  c  =  OC  is  the  length  of  the  cord  whose 
weight  is  equal  to  the  tension  of  the  curve  at  the  lowest 
point,  C,  it  follows  that,  if  the  half,  BG,  of  the  curve  were 
removed,  and  a  cord  of  length  c,  and  of  the  same  thickness 
and  density  as  the  cord  of  the  curve,  were  joined  to  the 
arc  GP,  and  suspended  over  a  smooth  peg  at  G,  the  curve 
would  be  in  equilibrium. 

Cob.  3.— We  have  from  the  triangle,  PNT, 

tension  at  P  _  PT[ 
tension  at  <7  ~  PN' 

«"  f  =|  =  f*^°°^(3)and(4), 

•••     T=y; 

that  is,  the  tension  at  any  point  of  the  catenary  is  equal  to 
the  weight  of  a  portion  of  the  cord  whose  le?igth  is  equal  to 
the  ordinate  at  that  point. 

Therefore  if  a  cord  of  constant  thickness  and  density 
hangs  freely  over  any  two  smooth  pegs,  the  vertical  por- 
tions which  hang  over  the  pegs,  must  each  terminate  on 
the  directrix  of  the  catenary. 

Cob.  4. — Prom  (3)  and  (5)  we  have 

yi  =  s»  +  (?,  (6) 

and  from  (6)  we  have 

At  the  point,  P,  draw  the  ordinate,  PM,  and  from  M, 
the  foot  of  the  ordinate,  draw  the  perpendicular  MT.  Then 

PT  =  y  cos  MPT  ^  V  — , 
"  ds' 
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which  in  (7)  gives 

PT  =s  =  the  arc,  GP,  (8) 

and  since  y*  =  PT^  +  TM%  we  have  from  (6)  and  (8) 

TM  =  c.  (9) 

Therefore  the  point,  T,  is  on  the  involute  of  the  catenary 
which  originates  from  the  curve  at  G,  TM  is  a  tangent  to 
this  involute,  and  TP,  the  tangent  to  the  catenary,  is 
normal  to  the  involute,  (See  Calculus,  Art.  134).  As  TM 
is  the  tangent  to  this  last  curve,  and  is  equal  to  the  con- 
stant quantity,  c,  the  involute  is  the  equitangential  curve, 
or  tractrix  (See  Calculus,  p.  357). 

By  means  of  (8)  and  (9)  we  may  construct  the  origin  and 
directrix  of  the  catenary  as  follows  :  On  the  tangent  at  any 
point,  P,  measure  off  a  length,  PT,  equal  to  the  arc,  CP ; 
a,t  T  erect  a  perpendicular,  TM,  to  the  tangent  meeting  the 
ordinate  of  P  at  M ;  then  the  horizontal  line  through  M  is 
the  directrix,  and  its  intersection  with  the  axis  of  the  curve 
is  the  origin. 

CoE.  5. — Combining  (3)  and  (5)  we  obtain 

{y  +  cY  =.s^  +  <?, 

therefore  s^  =  y^  -{-  %cy.  (10) 

The  catenary  possesses  many  interesting  geometric  and 
mechanical  properties,  but  a  discussion  of  them  would 
carry  us  beyond  the  limits  of  this  treatise.  The  student 
who  wishes  to  pursue  the  subject  further,  is  referred  to 
Price's  Anal.  Mechs.,  Vol.  I,  and  Minchin's  Statics. 
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133a.  Attraction  of  a  Spherical  Shell — By  the  law 

of  universal  gravitation  every  particle  of  matter  attracts 
every  other  particle  with  a  force  that  varies  directly  as  the 
mass  of  the  attracting  particle,  and  inversely  as  the  square 
of  the  distance  between  the  particles. 

To  find  the  resultant  attraction  of  a  spherical  shell  of 
uniform  density  and  small  uniform  thickness,  on  a  par- 
ticle. 

(1)  Suppose  the  particle,  P, 
on  which  the  value  of  the 
attraction  is  required,  to  be 
outside  the  shell. 

Let  p  and  k  be  the'  density 
and  thickness  of  the  shell,  0 
its  centre,  and  M  any  particle  of  it.  Let  OM  =  a, 
PM  ^=  r,  OP  =  c,  the  angle  MOP  =  0, 0  the  angle  which 
the  plane  MOP  makes  with  a  fixed  plane  through  OP 

Then  the  mass  of  the  element  at  M  (Art.  88)  is 
pk  c?  sin  B  dO  64.  The  attraction  of  the  whole  shell  acts 
along  OP;  the  attraction  of  the  elementary  mass  at  M  on 
P  in  the  direction  PM 

_  pk  c?  sin  6  ddd<p  ^ 

therefore  the  attraction  of  M  on  P,  resolved  along  OP, 

pk  c?  sin  0  dOd(p  c  —  a  cos  0 

^2  r         ' 

We  shall  eliminate  0  from  this  equation  by  means  of 

r*  =  «2  4-  c^  —  3«c  cos  0 ; 

.•.    rdr  =  acsin  9  dO; 


(1) 
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ac 
and  c-acose  =  ^^  +  f  ~-; 

substituting  these  values  in  (1),  the  attraction  ot  M  oa  P 
along  PO 

pica  L    ,   (?  —  a^\,   j^ 

To  obtain  the  resultant  attraction  of  the  whole  shell,  we 
take  the  0-integral  between  the  limits  0  and  Stt,  and  the 
j-'integral  between  c  —  a  and  c  +  a. 
Hence  the  resultant  attraction  of  the  shell  on  P  along  PO 


3<^ 
•nplca 


4:npka^  _  mass  of  the  shell  . 


Since  c  is  the  distance  of  the  point  P  from  the  centre  this 
shows  that  the  attraction  of  the  shell  on  the  particle  at  P 
is  the  same  as  if  the  mass  of  the  shell  were  condensed  into 
its  centre. 

It  follows  from  this  that  a  sphere  which  is  either  homo- 
geneous or  consists  of  concentric  spherical  shells  of  uniform 
density,  attracts  the  particle  at  P  in  the  same  manner  as  if 
the  whole  mass  were  collected  at  its  centre. 

(3)  Let  the  particle,  P,  be  inside  the  sphere.  Then  we 
proceed  exactly  as  before,  and  obtain  equation  (2),  which  is 
true  whether  the  particle  be  outside  or  inside  the  sphere ; 
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but  the  r-limits  in  this  case  are  a  —  c  and  a  -\-  c.    Hence 
from  (2)  we  have,  by  performing  the  ^-integration, 

attraction  of  shell  =  -^  /       (1 -^ — J  dr, 


therefore  a  particle  within  the  shell  is  equally  attracted  in 
every  direction,  i.  e.,  is  not  attracted  at  all. 

Cob. — If  a  particle  be  inside  a  homogenous  sphere  at  the 
distance  r  from  its  centre,  all  that  portion  of  the  sphere 
which  is  at  a  greater  distance  from  the  centre  than  the 
particle  produces  no  effect  on  the  particle,  while  the  re- 
mainder of  the  sphere  attracts  the  particle  in  the  same 
manner  as  if  the  mass  of  the  remainder  were  all  collected 
at  the  centre  of  the  sphere.  Thus  the  attraction  of  the 
sphere  on  the  particle 

^npr^  inpr 

Hence,  within  a  homogeneous  sphere  the  attraction  varies 
as  the  distance  from  the  centre. 

The  propositions  respecting  the  attraction  of  a  uniform 
spherical  shell  on  an  external  or  internal  particle  were 
given  by  Newton  (Principia,  Lib.  I,  Prop.  70,  71).  (See 
Todhunter's  Statics,  p.  275,  also  Pratt's  Mechs.,  p.  137, 
Price's  Anal.  Mechs.,  Vol.  I,  p.  266,  Minchin's  Statics, 
p.  403). 

EXAMPLES. 

1.  The  span  AB  =  800  feet,  and  CO  =  1600  feet,  find 
the  length  of  the  curve,  GA,  the  height,  OH,  and  the 
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inclination,  d,  of  the  curve  to  the  horizon  at  either  point  of 
suspension. 


(1)  Here  -  =  i,  and  6  =  3-  71828, 

therefore  e«  =  (2-71828)*  =:  1-2840, 

and  e  «  =  (2-71828)"*  =  0-7788. 

Substituting  these  values  in  (5)  we  get 

/S=  800  X  0-5052  =  404-16, 
Hence  GA  =  404-16  feet. 

(2)  OH-y~c  =  Uei  +  e-i)  —  c 

—  800  X  2-0628  —  1600 
=  50- 24  feet. 

(3)  tan  0  =  ^  =  i  (ei  -  e-i),  from  (1), 

=  0-2526, 
therefore  0  =  14°  11'. 

s  404-16 

Otherwise  tan  6  =  -,  from  (a),  =    -.^^    =  0-2526,  as 
c  IdOO 

before. 

2.  The  entire  load  on  the  cord  in  Pig.  71  is  160000  lbs., 
the  span  is  192  ft.,  and  the  height  is  15  ft.;  find  the  tension 
at  the  points  of  support,  and  also  the  tension  at  the  lowest 
point.  Ans.  Tension  at  one  end  =  268208  lbs. 

Horizontal  tension  =  256000  " 
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3.  A  chain,  ACB,  10  feet  long,  and  weighing  30  lbs.,  is 
suspended  so  that  the  height,  GH,  =  4  feet ;  find  the 
horizontal  tension,  and  the  inclination,  8,  of  the  chain  to 
the  horizon  at  the  points  of  support. 

Jns.  Horizontal  tension  =  3|  lbs.,  6  =  HT  19'. 

4.  A  chain  110  ft.  long  is  suspended  from  two  points  in 
the  same  horizontal  plane,  108  ft.  apart;  show  that  the 
tension  at  the  lowest  point  is  1.477  times  the  weight  of  the 
chain  nearly. 


PART    II. 

KINEMATICS   (MOTION). 


CHAPTER     I. 

RECTILINEAR    MOTION. 

134.  Definitions.  —  Velocity.  —  Kinematics  is  that 
branch  of  Dynamics  which  treats  of  motion  without  refer- 
ence to  the  bodies  moved  or  the  forces  producing  the  mo- 
tion (Art.  1).  Although  we  do  not  know  motion  as  free 
from  force  or  from  the  matter  that  is  moved,  yet  there  are 
cases  in  which  it  is  advantageous  to  separate  the  ideas  of 
force,  matter,  and  motion,  and  to  study  motion  in  the 
abstract,  i.  e.,  without  any  reference  to  wliat  is  moving,  or 
the  cause  of  motion.  To  the  study  of  pure  motion,  then, 
we  devote  this  and  the  following  chapter. 

The  velocity  of  a  particle  has  been  defined  to  be  its  rate 
of  motion  (Art.  7).  The  formulae  for  uniform  and  variable 
velocities  are  those  which  were  deduced  in  Art.  8.  From 
(1)  and  {%)  of  that  Art.  we  have 

^  =  |;  (1) 

v  =  j^;  (3) 

in  which  v  is  the  velocity,  s  the  space,  and  t  the  time. 
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EXAMPLES. 

1.  A  body  moves  at  the  rate  of  754  yards  per  hour.  Find 
the  velocity  in  feet  per  second. 

Since  the  velocity  is  uniform  we  use  (1),  hence 
s       754  X  3 
^  ~  1~  60  X  60  ~  ^'^^^  ^^'  •^®''  ^^^''  ^"*' 

2.  Find  the  position  of  a  particle  at  a  given  time,  t, 
when  the  velocity  varies  as  the  distance  from  a  given  point 
on  the  rectilinear  path. 

Here  the  velocity  being  variable  we  have  from  (2) 

ds       - 
v  =  j^  =  Tcs, 

where  i  is  a  constant ; 

ds 
therefore      —  =  kdt ;    . • .    log  s  =  M  +  c,  (1) 

where  c  is  an  arbitrary  constant. 

Now  if  we  suppose  that  Sp  is  the  distance  of  the  particle 
from  the  given  point  when  i  =  0  we  have  c  =  log  «„, 
which  in  (1)  gives 

log  —  ^=:  M;    or    s  =  s„«*'. 

3.  A  railway  train  travels  at  the  rate  of-  40  miles  per 
hour  ;  find  its  velocity  in  feet  per  second. 

Ans.  58.66  ft.  per  second. 

4.  A  train  takes  7  h.  31  m.  to  travel  200  miles  ;  find  its 
velocity.  Ans.  39.02  ft.  per  sec. 

5.  If  s  =  U^,  find  the  velocity  at  the  end  of  five  seconds. 

Ans.  300  ft.  per  sec. 

6.  Find  the  position  of  the  particle  in  Ex.  2,  when  the 
velocity  varies  as  the  time.  Ans.  s  =  s^  +  ^MK 
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7.  Find  the  distance  the  particle  will  more  in  one 
minute,  when  the  velocity  is  10  ft.  at  the  end  of  one 
second  and  yaries  as  the  time.  '  Ans.  18000  ft. 

135.  Acceleration. — Acceleration  has  been  defined  to 
be  the  rate  of  change  of  velocity  (Art.  9).  It  is  a  velocity 
increment.  The  formulse  for  acceleration  are  from  (1),  (3), 
and  (3)  of  (Art.  10), 

f=t,-'  <^) 

f=%  <') 

(1)  being  for  uniform,  and    (3)    and    (3)    for  variable, 

acceleration. 

If  the  velocity  decreases,  f  is  negative,  and  (3)  and  (3) 

become 

—  —  —  f     ^^  —       f- 
di~~'''    dt^~      -^  ' 

and  the  velocity  and  time  are  inverse  functions  of  each 
other. 

136.  The  Relation  between  the  Space  and  Time 
when  the  Acceleration  =  0. 

Here  we  have 

^_     ■ 

dt^  -  "' 

so  that  if  v^  is  the  constant  velocity  we  have 

ds 
dt=^'''' 
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in  which  Sj  is  the  space  which  the  body  has  passed  over- 
when  <  =  0.    If  Ms  compated  from  the  time  the  body 
starts  from  rest,  then  s  =  v^L    The  student  will  observe 
that  this  is  a  case  of  uniform  velocity. 

137.  The  Relation  (1)  between  the  Space  and 
Time,  and  (2)  between  the  Space  and  Velocity, 
when  the  Acceleration  is  Constant 

•'  "^ 

(1)  Let  A  be  the  initial  position  of    o         a         p      * 

the  particle  supposed  to    be   moTing  '''S-'' 

toward  the  right,  P  its  position  at  any  time,  t,  from  A,  v 

its  Telocity  at  that  time,  and  /  the  constant  acceleration  of 

its  velocity.     Take  any  fixed  point,  0,  in  the  line  of  motion 

as  origin,  and  let  OA  =  «„ ;  OP  =  s.     Then  the  equation 

of  motion  is 


ds 
Jt 


■f;  (1) 


=  ft  +  c. 


Suppose  the  velocity  of  the  particle,  at  the  point  A  to  be 
Vqj  then  when  t  =■  Q,  v  =■  v^f  hence  c  —  v^,  and 


(3) 


■■•    s  =  ift^  +  v,i  +  c'J 

But  when  t  =  0,  s  =  s^;  hence  c'  =  Sf„  and 

s  =  ift^  +  vj  +  So,  (3) 

Hence  if  a  particle  moves  from  rest  from  the  origin  0,  with 
a  constant  acceleration,  we  have 

•  Called  Initial  velocity  and  space  respectively,  or  the  velocity  the  particle  has, 
and  space  it  has  moved  over  at  the  instant  t  begins  to  be  reckoned. 
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s  =  iff,  (4) 

and  thus  the  space  described  varies  as  the  square  of  the 
time. 

(3)  From  (1)  we  have 

ds^,=fds; 

But  when  s  =  Sg,  v  =  v^;  hence  C  =  i>„*  —  ^/Sq,  and 
therefore 

v^'^2fs  +  v,^-2fs,.  (5) 

Equations  (3)  and  (3)  give  the  velocity  and  position  of  the 
particle  in  terras  of  t ;  and  (5)  gives  the  velocity  in  terms 
of  s. 

138.  When  the  Acceleration  Varies  directly  as 
the  Time  from  a  State  of  Rest,  find  the  Velocity 
and  Space  at  the  end  of  the  Time  t. 

Here  -jr^^  at; 

where  Vj  is  the  initial  velocity ', 

.-.    s  =  iafi  +  v„t, 

the  initial  space  being  0  since  t  is  estimated  from  rest. 

139.  When  the  Acceleration  Varies  directly  as 
the  Distance  from,  a  given  Point  in  the  line  of  Mo- 
tion, and  is  negative,  find  the  Relation  between 
the  Space  and  Time. 
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Here  -5-5  =  —  *s : 


2dsj-^=—  2ksds; 


by  calling  «„  the  yalue  of  s  when  the  particle  is  at  rest. 

ds 


-v/so" 


=  k^dt. 


the  negative  sign  being  taken  since  the  particle  is  moving 
towards  the  origin ; 


COS' 


-1 . 


=  kh, 


if  s  =  Sj  when  ^  =  0 ; 


.•.    s  =  s„  COS  kH. 


EXAMPLES. 


1.  A  body  commences  to  move  with  a  velocity  of  30  ft. 
per  sec,  and  its  velocity  is  increased  in  each  second  by 
10  ft.     Find  the  space  described  in  5  seconds. 

Here  /  =  10,  v^  ±=  30,  Sg  =  0,  and  t  =  5,  therefore 
from  (3)  we  have 

s  =  ^  •  10  .  25  +  30  •  5  =  275,  Ans. 

2.  A  body  starting  with  a  velocity  of  10  ft.  per  sec,  and 
moving  with  a  constant  acceleration,  describes  90  ft.  in 
4  sees. ;  find  the  acceleration.  Ans.  6|-  ft,  per  sec. 

3.  Find  the  velocity  of  a  body  which  starting  from  rest 
with  an  acceleration  of  10  ft.  per  sec,  has  described  a  space 
of  20  ft.  Ans.  20  ft. 
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4.  Through  what  space  must  a  body  pass  under  an  accel- 
eration of  5  ft.  per  sec,  so  that  its  velocity  may  increase 
from  10  ft.  to  30  ft.  per  sec.  ?  Ans.  30  ft. 

5.  In  what  time  will  a  body  moving*  with  an  accelera- 
tion of  35  ft.  per  sec,  acquire  a  velocity  of  1000  ft.  per 
second  ?  Ans.  40  sees. 

6.  A  body  starting  from  rest  has  been  moving  for  5  min- 
utes, and  has  acquired  at  velocity  of  30  miles  an  hour; 
what  is  the  acceleration  in  feet  per  second  ? 

Ans.  W  ft.  per  sec. 

7.  If  a  body  moves  from  rest  with  an  acceleration  of  |  ft. 
per  sec,  how  long-  must  it  move  to  acquire  a  velocity  of 
40  miles  an  hour?  Ans.  88  sees. 

140.  Equations  of  Motion  for  Falling  Bodies. — 

The  most  important  case  of  the  motion  of  a  particle  with  a 
constant  acceleration  in  its  line  of  motion  is  that  of  a  body 
moving  under  the  action  of  gravity,  which  for  small  dis- 
tances above  the  earth's  surface  may  be  considered  constant. 
When  a  body  is  allowed  to  fall  freely,  it  is  found  to  acquire 
a  velocity  of  about  33.3  feet  per  second  during  every  second 
of  its  motion,  so  that  it  moves  with  an  acceleration  of  32.3 
feet  per  second  (Art.  21).  This  acceleration  is  less  at  the 
summit  of  a  high  mountain  than  near  the  surface  of  the 
earth  ;  and  less  at  the  equator  than  in  the  neighborhood  of 
the  poles ;  t.  e.,  the  velocity  which  a  body  acquires  in  falling 
freely  for  one  second  varies  with  the  latitude  of  the  place, 
and  with  its  altitude  above  the  sea  level ;  but  is  independ- 
ent of  the  size  of  the  body  and  of  its  mass.  Practically, 
however,  bodies  do  not  fall  freely,  as  the  resistance  of  the 
air  opposes  their  motion,  and  therefore  in  practical  cases  at 
high  speed  (e.  g.,  in  artillery)  the  resistance  of  the  air  must 
be  taken  into  account.    But  at  present  we  shall  neglect 

*  Iireach  case  the  body  is  supposea  to  start  from  rest  unless  otherwiee  stated. 
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•  this  resistance,  and  consider  the  bodies  as  moving  in  Tacuo 
under  the  action  of  gravity,  i.  e.,  with  a  constant  accelera- 
tion of  about  33.2  feet  per  second. 

As  neither  the  substance  of  the  body  nor  the  cause  of 
the  motion  needs  to  be  taken  into  consideration,  all  prob- 
lems relating  to  falling  bodies  may  be  regarded  as  cases  of 
accelerated  motion,  and  treated  from  purely  geometric 
considerations.  Therefore  if  we  denote  the  acceleration  by 
g,  as  in  Art.  23,  and  consider  the  particle  in  Art.  13'?  to  be 
moving  vertically  downwards,  then  (2),  (3),  (5)  of  Art.  137 
become,  by  substituting^  for/, 

V  =gi  +  v^,  \ 

s  =  ic/t»  +  vj  +  s„,    (  (A) 

v^  =  2gs  +  v„^—.2gs^J 

s  being  measured  as  before  from  a  fixed  point,  0,  in  the 
line  of  motion. 

Suppose  the  particle  to  be  projected  downward  from  0, 
then  A  commences  with  0  and  s,  =  0.  Hence  (A)  be- 
comes 

V  =  gt  +  v^,  (1) 

s  =  yt^  +  vj,  (2) 

ifi  =  2gs  +  v^K  (3) 

As  a  particular  case  suppose  the  particle  to  be  dropped 
from  rest  at  0  (Fig.  71).  Then  A  coincides  with  0,  and 
So  =  0,  i>j  =  0.     Hence  equations  (A)  become 

V  =  gt,  (4) 

s  =  igt^  (5) 

t)2  =  2gs.  (6) 
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141.  When  the  Particle  is  Projected  Vertically 
Upwards. — Here  if  we  measure  s  upwards  from  the  poinb 
of  projection,  0,  the  acceleration  tends  to  diminish  the 
space  and  therefore  the  acceleration  is  negative,  and  the 
equation  of  motion  is  (Art.  135) 

In  other  respects  the  solution  is  the  same.  Taking 
therefore  s,,  =  0  in  (A)  and  changing  the  sign  of  g*  we 
obtain 

v  =  v„-  gt,  (1) 

s  =  v,t-  yt\  (2) 

v^  =  v„*  —  %gs.  (3) 

Cob.  1. — TTie  time  during  which  a  particle  rises  token 
projected  vertically  upwards. 

"When  the  particle  reaches  its  highest  point,  its  velocity 
is  zero.  If  therefore  we  put  «  =  0  in  (1),  the  correspond- 
ing value  of  t  will  be  the  time  of  the  particle  ascending  to  a 
state  of  rest. 

.-.    t  =  '^. 
9 

Cor.  2. — The  time  of  flight  iefore  returning  to  the  start- 
ing point. 

From  (2)  we  have  the  distance  of  the  particle  from  the 
starting  point  after  t  seconds,  when  projected  vertically 
upwards  with  the  velocity  v^.  Now  when  the  particle  has 
risen  to  its  maximum  height  and  returned  to  the  point  of 
projection,  s  =  0.  If,  therefore,  we  put  s  =  0  in  (2),  and 
solve  for  t,  we  shall  get  the  time  of  flight.     Therefore, 

*  g  m  poeitive  or  negative  according  as  the  particle  ie  deBcending  or  as- 
cending. 
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2v. 


which  gives  ^  =  0,    or 


». 


The  first  value  of  t  shows  the  time  before  the  particle 
starts,  the  latter  shows  the  time  when  it  has  returned. 

Hence,  the  whole  time  of  flight  is  — -,  which  is  just  double 

the  time  of  rising  (Cor.  1) ;  that  is,  the  time  of  rising  equals 
the  time  of  falling. 

The  final  velocity,  by  (1)  of  Art.  140,  =  gt  =  g  x^-^ 

(Cor.  1)  =  w„  ;  hence  a  body  returns  to  any  point  in  its 
path  with  the  same  velocity  at  which  it  left  it.  In  other 
words,  a  body  passes  each  point  in  its  path  with  the  same 
velocity,  whether  rising  or  falling,  since  the  velocity  at  any 
point  may  be  considered  as  a  velocity  of  projection. 

CoK.  3. — T/ie  greatest  height  to  which  the  particle  will 


At  the  summit  v  =  0,  and  the  corresponding  value  of  s 
will  be  the  greatest  height  to  which  the  particle  will  rise ; 
when  V  =  0,  (3)  becomes 

Vo'  =  2gs ; 


CoE.  4. — Since  v^"  =  2gs,  where  s  is  the  height  from 
which  a  body  falls  to  gain  the  velocity  v^,  it  follows  that  a 
body  will  rise  through  the  same  space  in  losing  a  velocity 
Vj  as  it  would  fall  through  to  gain  it. 
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EXAMPLES. 

1.  A  body  projected  vertically  downwards  with  a  velocity 
of  30  ft.  a  sec.  from  the  top  of  a  tower,  reaches  the  ground 
in  3.5  sees.;  find  the  height  of  the  tower. 

Here  t  =  3|,  and  «;„  =  30 ;  assume  g  =  S2.  '  Then 
from  (3)  of  Art.  140  we  have 

s  =  lA^M.  +  20  X  I  =  150  ft. 

3.  A  body  is  projected  vertically  upwards  with  a  velocity 
of  300  ft.  per  second ;  find  the  velocity  with  which  it  will 
pass  a  point  100  ft.  above  the  point  of  projection. 

Here  v„  =  300,  s  =  100  ;  therefore  from  (3)  we  have 
v^  =  40000  —  6400  =  33600 ; 
.  • .     «  =  40  ^31. 

3.  A  man  is  ascending  in  a  balloon  with  a  uniform 
velocity  of  30  ft.  per  sec,  when  he  drops  a  stone  which 
reaches  the  ground  in  4  sees. ;  find  the  height  of  the 
balloon. 

Here  Wj  =  30,  and  i(  =  4 ;  therefore  from  (3)  we  have, 
after  changing  the  sign  of  the  second  member  to  make  the 
result  positive, 

s  =  —  (80  —  356)  =  176, 

which  was  the  height  of  the  balloon. 

4.  A  body  is  projected  upwards  with  a  velocity  of  80  ft. ; 
after  what  time  will  it  return  to  the  hand  ? 

Ans.  5  seconds. 

5.  With  what  velocity  must  a  body  be  projected  ver- 
tically upwards  that  it  may  rise  40  ft.  ? 

Ans.  16  VlO  ft.  per  sec. 
11 
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6.  A  body  projected  vertically  upwards  passes .  a  certain 
point  with  a  velocity  of  80  ft.  per  sec;  how  much  higher 
will  it  ascend  ?  Ans.  100  ft. 

7.  Two  balls  are  dropped  from  the  top  of  a  tower,  one  of 
them  3  sees,  before  the  other  ;  how  far  will  they  be  apart 
5  sees,  after  the  first  was  let  fall  ?  Ans.  336  ft. 

8.  If  a  body  after  having  fallen  for  3  sees,  breaks  a  pane 
of  glass  and  thereby  loses  one-third  of  its  velocity,  find  the 
entire  space  through  which  it  will  have  fallen  in  4  sees. 

Ans.  224  ft. 

142.  Composition  of  Velocities. — (1)  From  the  Par- 
allelogram of  Velocities,  (Art.  29,  Fig.  2),  we  see  that  if  AB 
represents  in  magnitude  and  direction  the  space  which 
would  be  described  in  one  second  by  a  particle  moving  with 
a  given  velocity,  and  AC  represents  in  magnitude  and 
direction  the  space  which  would  be  described  in  one  second 
by  another  particle  moving  with  its  velocity,  then  AD,  the 
diagonal  of  the  parallelogram,  represents  the  resultant 
velocity  in  magnitude  and  direction. 

(2)  Hence  the  resultant  of  any  two  velocities,  as  AB,  BD, 
(Fig.  2),  is  a  velocity  represented  by  the  third  side,  DA,  of 
the  triangle  ABD;  and  if  a  point  have  simultaneously, 
velocities  represented  by  AB,  BO,  CA,  the  sides  of  a  trian- 
gle, taken  in  the  same  order,  it  is  at  rest. 

The  lines  which  are  taken  to  represent  any  given  forces 
may  clearly  be  taken  to  represent  the  velocities  which 
measure  these  forces  (Art.  19),  therefore  from  the  Polygon 
and  Parallelopiped  of  Forces  the  Polygon  and  Pardllel- 
opiped  of  Velocities  follow. 

(3)  Hence,  if  any  number  of  velocities  be  represented  in 
magnitude  and  direction  by  the  sides  of  a  closed  polygon, 
taJcen  all  in  the  same  order,  the  resultant  is  zero. 

(4)  Also,  if  three  velocities  be  represented  in  magnitude 
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and  direction  by  the  three  edges  of  a  parallelopiped,  the  re- 
sultant velocity  will  be  represented  by  the  diagonal. 

(5)  When  there  are  two  velocities  or  three  velocities  in 
two  or  in  three  rectangular  directions,  the  resultant  is  the 
square    root    of   the    sum    of   their    squares.      Thus,  if 

-n-p  -nj,  ~,  -r,,  are  the  velocities  of  the  moving  point  and 

its  components  parallel  to  the  axes,  we  have  from  (3)  of 
Art.  30, 

and  from  (1)  of  Art.  34, 

ds  hdx^  ,    Idy-^ ,    Idz^f  ,„. 

dt  =  V\di)  +  W  +  \dt)-  (^) 

143.  Resolution  of  Velocities. — As  the  diagonal  of 
the  parallelogram  (Fig.  2),  whose  sides  represent  the  com- 
ponent velocities  was  found  to  represent  the  resultant 
velocity,  so  any  velocity,  represented  by  a  given  straight 
line,  may  be  resolved  into  component  velocities  represented 
by  the  sides  of  the  parallelogram  of  which  the  given  line 
is  the  diagonal. 

It  will  be  easily  seen  that  (2)  of  Art.  134  is  equally 
applicable  whether  the  point  be  considered  as  moving  in  a 
straight  line  or  in  a  curved  line ;  but  since  in  the  latter 
case  the  direction  of  motion  continually  changes,  the  mere 
amount  of  the  velocity  is  not  sufficient  to  describe  the 
motion  completely,  so  it  will  be  necessary  to  know  at  every 
instant  the  direction,  as  well  as  the  magnitude,  of  the  point's 
velocity.  In  such  cases  as  this  the  method  commonly  em- 
ployed, whether  we  deal  with  velocities  or  accelerations, 
consists  mainly  in  studying,  not  the  velocity  or  acceleration, 
directly,  but  its  components  parallel  to  any  three  assumed 
rectangular  axes.     If  the  particle  be  at  the  point  {x,  y,  z), 
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at  the  time  t,  and  if  we  denote  its  velocities    parallel 
respectively  to  the  three  axes  by  u,  v,  w,  we  have 

dx  dy  dz 

Tt='^'    Tt='''   dt^""- 

Denoting  by  v  the  velocity  of  the  moving  particle  along 
the  curve  at  the  time  t,  we  have  as  above 


and  if  a,  p,  y  be  the  angles  which  the  direction  of  motion 
along  the  curve  makes  with  the  axes,  we  have,  as  in  (2)  of 
(Art.  34),  " 

dx       ds 

-rr  =  -t;  cos  05  =  «;  cos  «  =  m  : 

dt        dt 

dy       ds        ^  ^ 

^=jfOOBP=vcosP  =  v; 


-T,  =  -r;  COS  y  =  t)  COS  y  =  w. 
dt       dt 

Hence  each  of  the  components  -rr,  -~,  -j,  is  to  be 

found  from  the  whole  velocity  by  resolving  the  velocity, 
i.  e.,  by  multiplying  the  velocity  by  cosine  of  the  angle 
between  the  direction  of  motion  and  that  of  the  compo- 
nent. 

EXAMPLES. 

1.  A  body  moves  under  the  influence  of  two  velocities, 
at  right  angles  to  each  other,  equal  respectively  to  17.14  ft. 
and  13.11  ft.  per  second.      Find   the   magnitude   of  th'' 
resultant  motion,  and  the  angles  into  which  it  divides 
right  angle. 

Ans.  31.579  ft.  per  sec. ;  37°  25'  and  53° 


MOTION  ON  AN  INCLINED  PLANE.  2-1-5 

3.  A  ship  sails  due  north  at  the  rate  of  4  knots  per 
hour,  and  a  ball  is  rolled  towards  the  east,  across  her  deck, 
at  right  angles  to  her  motion  at  the  rate  of  10  ft.  per 
second.  Find  the  magnitude  and  direction  of  the  real 
motion  of  the  ball. 

Ans.  12.07  ft.  per  sec;  and  K  56°  E. 

3.  A  boat  moves  N.  30°  E.,  at  the  rate  of  6  miles  per 
hour.     Find  its  rate  of  motion  northerly  and  easterly. 

Ans.  5.2  miles  per  hour  north,  and  3  miles  per  hour 
east. 

144.  Motion  on  an  Inclined  Plane. — By  an  exten- 
sion of  the  equations  of  Art.  140,  we  may  treat  the  case  of 
a  particle  sliding  from  rest  down  a  smooth  inclined  plane. 
As  this  is  a  very  simple  case  in  which  an  acceleration  is 
resolved,  it  is  convenient  to  treat  of  it  in  this  part  of  our 
work  ;  yet  as  it  properly  belongs  to  the  theory  of  con- 
strained motion,  we  are  unable  to  give  a  complete  solution 
of  it,  until  the  principles  of  such  motion  have  been  ex- 
plained in  a  future  chapter. 

Let  P  be  the  position  of  the  particle  at 
any  time,  t,  on  the  inchned  plane  OA,  OP 
=  s,  its  distance  from  a  fixed  point,  0,  in 
the  line  of  motion,  and  let  «  be  the  inclina- 
tion of  OA  to  the  horizontal  line  AB.  Let 
Vi  represent  g,  the  vertical  acceleration  with 
which  the  body  would  move  if  free  to  fall.  Eesolve  this 
into  two  components,  7a  t=  g  sin  «  along,  and  'Pc  =z  g 
cos  a  perpendicular  to  OA.  The  component  g  cos  «  pro- 
duces pressure  on  the  plane,  but  does  not  affect  the  motion. 
The  only  acceleration  down  the  plane  is  that  component  of 
the  whole  acceleration  which  is  parallel  to  the  plane,  viz., 
g  sin  a.     The  equation  of  motion,  therefore,  is 


df 


=  g  sin  a,  (1) 
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the  solution  of  which,  as  ^  sin  «  is  constant,  is  included  in 
that  of  Art.  140 ;  and  all  the  results  for  particles  moving 
vertically  as  given  in  Arts.  140  and  141  will  be  made  to 
apply  to  (1)  by  writing  g  sin  a  for  g.  Thus,  if  the  particle 
be  projected  down  or  up  the  plane,  we  get  from  (1),  (3),  (3) 
of  Arts.  140  and  141,  by  this  means 

V  =  v^  ±g  sm.  a't,  (2) 

s  =  Vat  ±igsma-t,  (3) 

v^  =  fo^  ±  2g  sin  «•  s,  (4) 

in  which  the  +  or  —  sign  is  to  be  taken  according  as  the 
body  is  projected  down  or  up  the  plane. 

If  the  particle  starts  from  rest  from  0,  we  get  from  (4), 
(5),  (6)  of  Art.  140 

V  =  g  sin  a-i,  (5) 

s  =  ^g  sin  «■  t%  (6) 

v^  =  2g  sin  a-s.  (7) 

Cor.  1. — The  velocity  acquired  by  a  particle  in  falling 
duivn  a  given  inclined  plane. 

Draw  PC  parallel  to  AB  (Mg.  74),  then  if  v  be  the 
velocity  at  P,  we  have  from  (7) 

v^  =  2g  sin  a-s 
=  2g-  00. 

Hence,  from  (6)  of  Art.  140  the  velocity  is  the  same  at  P 
as  if  the  particle  had  fallen  through  the  vertical  space  00  ; 
that  is,  the  velocity  acquired  in  falling  down  a  smooth 
incliiied  plane  is  the  same  as  would  he  acquired  in  falling 
freely  through  the  perpendicular  height  of  the  plane. 
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CoE.  3. —  When  the  particle  is  projected  up  the  plane  with 
a  given  velocity,  to  find  how  high  it  will  ascend,  and  the  time' 
of  ascent. 

Prom  (4)  we  have 

1^  =z  v^^  —  2g  sin  «•& 

When  V  =  0  the  particle  will  stop ;  hence,  the  distance  it 
will  ascend  will  be  given  by  the  equation 


0  : 

=  v 

—  2g  sin  a-s, 

s  = 

Vo' 

2g  sin  « 

To  find  the  time  we 

have  from  (3) 

V 

=  v„ 

—  g  sin  ft- 

t; 

and  the  particle  stops 

when 
/  — 

V  =  0,  in 

^0 

which 

case  we 

have 

g  sin  a 

From  (6)  we  derive  the  following  curious  and  useful 
result. 


145.  The  Times  of  Descent  down 
all  Chords  drawn  from  the  Highest 
Point  of  a  Vertical  Circle  are  equaL — 

Let  AB  be  the  vertical  diameter  of  the 

circle,   AC    any    cord    through    A,   a  its 

inclination  to  the  horizon  ;  Join  BO  ;  then 

if  t  be  the  time  of  descent  down  AC  we  Fig>75 

have  from  (6)  of  Art.  144 

AC  =  \gt^  sin  «. 

But  AC  =  ABsiua; 


® 
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.-.    AB  = 
or  i 


/2AB 


■which  is  constant,  and  shows  that  the  time  of  falling  down 
any  chord  is  the  same  as  the  time  of  falling  down  the 
diameter. 

Cob. — Similarly  it  may  be  shown  that  the  times  of 
descent  down  all  chords  drawn  to  B,  the  lowest  point, 
are  equal ;  that  is,  the  time  down  OB  is  equal  to  that 
down  AB. 

146.  The  Straight  Line  of  Quickest  Descent  from 
(1)  a  Griven  Point  to  a  G-iven  Straight  Line  (3)  from 
a  Given  Point  to  a  G-iven  Curve. 

(1)  Let  A  be  the  given  point  and  BC  c_ 
the  given  Hne.  Through  A  draw  the 
horizontal  line  AC,  meeting  CB  in  C; 
bisect  the  angle  ACB  by  CO  which  inter- 
sects in  0  the  vertical  line  drawn  through 
A ;  from  0  draw  OP  perpendicular  to  BC;  Fis.76  |^.^ 
join  AP ;  AP  is  the  required  line  of  quick- 
est descent. 

For  OP  is  evidently  equal  to  OA,  and  therefore  the 

circle  described  with  0  as  centre  and  with  OP  (=  OA)  for 

radius,  will  touch  the  line  BC  at  P,  and  since  the  time  of 

falling  down  all  chords  of  this  circle  from  A  is  the  same, 

.  AP  must  be  the  line  of  quickest  descent. 

(2)  To  find  the  straight  line  of  quickest  descent  to  a 
given  curve,  all  that  is  required  is  to  draw  a  circle  having 
the  given  point  as  the  upper  extremity  of  its  vertical 
diameter,  and  tangent  to  the  curve.  Hence  if  DB  (Fig. 
76)  be  the  curve,  A  the  point,  draw  AH  vertical ;  and,  with 
centre  in  AH,  describe  a  circle  passing  through  A,  and 
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touching  DE  at  P,  then  AP  is  the  required  line.  For,  if  we 
take  any  other  point,  Q,  in  DE,  and  draw  AQ  cutting  the 
circle  in  q,  then  the  time  down  AP  =  time  down  A5'< 
time  down  AQ.     Hence  AP  is  the  line  of  quickest  descent. 

The  problem,  of  finding  the  line  of  quickest  descent  from  a  point  to 
a  line  or  curve  is  thus  found  to  resolve  itself  into  the  purely  geometric 
problem  of  drawing  a  circle,  the  highest  point  of  which  shall  be  the 
given  point  and  which  shall  touch  the  given  line  or  curve. 

EXAMPLES.* 

1.  If  the  earth  travels  in  its  orbit  600  million  miles  in 
365J  days,  with  uniform  motion,  what  is  its  velocity  in 
miles  per  second  ?  Ajis.  19' 01  miles. 

3.  A  train  of  cars  moving  with  a  velocity  of  20  miles  an 
hour,  had  been  gone  3  hours  when  a  locomotive  was 
dispatched  in  pursuit,  with  a  velocity  of  35  miles  an  hour ; 
in  what  time  did  the  latter  overtake  the  former  ? 

Ans.  13  hours. 

3.  A  body  moving  from  rest  with  a  uniform  acceleration 
describes  90  ft.  in  the  5th  second  of  its  motion  ;  find  the 
acceleration,/,  and  velocity,  v,  after  10  seconds. 

Ans.  f  =  30;  v  =  300. 

4.  Find  the  velocity  of  a  particle  which,  moving  with  an 
acceleration  of  30  ft.  per  sec.  has  traversed  1000  ft. 

Ans.  300  ft.  per  sec. 

5.  A  body  is  observed  to  move  over  45  ft.  and  55  ft.  in 
two  successive  seconds ;  find  the  space  it  would  describe  in 
the  30th  second.  Ans.  195  ft. 

6.  The  velocity  of  a  body  increases  every  hour  at  the  rate 
of  360  yards  per  hour.  What  is  the  acceleration,/,  in  feet 
per  second,  and  what  is  the  space,  s,  described  from  rest  ? 

Ans.  /=  0-3;  v  =  60  ft. 

*  In  these  examples  take  g'  =  32  ft. 
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7.  A  body  is  moving,  at  a  given  inststnt,  at  the  rate  of 
8  ft.  per  sec. ;  at  the  end  of  5  sees,  its  velocity  is  19  ft.  per 
sec.  Assuming  its  acceleration  to  be  uniform,  what  was  its 
velocity  at  the  end  of  4  sees.,  and  what  will  be  its  velocity 
at  the  end  of  10  sees.  ?  Ans.  16-8;  30. 

8.  A  body  is  moving  at  a  given  instant  with  a  velocity  of 
30  miles  an  hour,  and  comes  to  i:est  in  11  sees.;  if  the 
retardation  is  uniform  what  was  its  velocity  5  sees,  before  it 
stopped  ?  Ans.  20  ft.  per  sec. 

?.  A  body  moves  at  the  rate  of  12  ft.  a  sec.  with  a 
uniform  acceleration  of  4 ;  (1)  state  exactly  what  is  meant 
by  the  number  4 ;  (2)  suppose  the  acceleration  to  go  on  for 
5  sees.,  and  then  to  cease,  what  distance  will  the  body 
describe  between  the  ends  Of  the  5th  and  i2th  sees.? 

Ans.  2^4  ft. 

10.  A  body,  whose  velocity  undergoes  a  uniform  retardar 
tion  of  8,  describes  in  2  sees,  a  distance  of  30  ft.;  (1)  what 
was  its  initial  velocity  ?  (2)  How  much  longer  than  the 
3  sees,  would  it  move  before  coming  to  rest  ? 

Ans.   (1)  23 ;  (2)  -J  sec. 

11.  A  body  whose  motion  is  uliifoymly  retarded,  changes 
its  velocity  from  24  to  6  while  describing  a  distance  of  12 
ft.;  in  what  time  does  it  describe  the  12  ft.? 

Ans.  0-8  see. 

12.  The  velocity  of  a  body,  which  is  at  first  6  ft.  a  sec, 
undergoes  a  uniform  acceleration  of  3 ;  at  the  end  of  4  sees. 
the  acceleration  ceases  ;  how  far  does  thte  body  move  in  lO 
sees,  from  the  beginning  of  the  motion  ?        Ans.  156  ft. 

13.  A  body  moves  for  a  quarter  of  an  hour  with  a  uni- 
form acceleration ;  ih  the  first  5  minutes  it  describes  350 
yards  ;  in  the  second  5  minutes  420  yards ;  what  is  the 
whole  distance  described  in  a  quarter  of  an  hour  ? 

Ans.  1360  yds. 
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14.  Two  sees,  after  a  body  is  let  fall  another  body  is 
projected  vertically  downwards  with  a  velocity  of  100  ft. 
per  sec. ;  when  will  it  overtake  the  former  ? 

Ans.  H  sees. 

15.  A  body  is  projected  upwards  with  a  velocity  of  100 
ft.  per  sec;  find  the  whole  time  of  flight.     Ans.  6-|-  sees. 

16.  A  balloon  is  rising  uniformly  with  a  velocity  of  10  ft. 
per  sec,  when  a  man  drops  from  it  a  stone  which  reaches 
the  ground  in  3  sees. ;  find  the  height  of  the  balloon,  (1) 
wheii  the  stone  was  dropped ;  and  (2)  when  it  reached  the 
ground.  Ans.  (1)  114  ft.;  (2)  144  ft. 

17.  A  man  is  standing  on  a  platform  which  descends 
with  a  uniform  acceleration  of  5  ft,  per  sec. ;  after  having 
descended  for  2  sees,  he  drops  a  ball ;  what  will  be  the 
velocity  of  the  ball  after  2  more  seconds  ?         Ans.  74  ft. 

18.  A  balloon  has  been  ascending  vertically  at  a  uniform 
rate  for  4-5  sees.,  and  a  stone  let  fall  from  it  reaches  the 
ground  in  7  sees.;  find  the  velocity,  v,  of  the  balloon  and 
the  heightj  s,  from  which  the  stone  is  let  fall. 

Ans.  V  =  174f  ft.  per  sec;  s  =  784  ft.  H  the  balloon 
is  still  ascending  when  the  stone  is  let  fall  v  =  68-17  ft. 
per  sec;  s  =  306.76  ft.? 

19.  With  what  velocity  must  a  particle  be  projected 
downwards,  that  it  may  in  t  sees,  overtake  another  particle 
which  has  already  fallen  through  a  ft.  ? 


20.  A  person  while  ascending  in  a  balloon  with  a  vertical 
velocity  of  V  ft.  per  sec,  lets  fall  a  stone  when  he  is  7i  ft. 
above  the  ground;  required  the  time  in  which  the  stone 
will  reach  the  ground.  ^         F  +  V-F*  —  2g7i 
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21.  A  body,  A,  is  projected  Tertieally  downwards  from 
the  top  of  a  tower  with  the  velocity  V,  and  one  sec.  after- 
wards another  body,  B,  is  let  fall  from  a  window  a  ft.  from 
the  top  of  the  tower  ;  in  what  time,  t,  will  A  overtake  B  ? 

22.  A  stone  let  fall  into  a  well,  is  heard  to  strike  the 
bottom  in  t  seconds  ;  required  the  depth  of  the  well,  sup- 
posing the  velocity  of  sound  to  be  a  ft.  per  sec. 


a*         a  ~^ 


Ans.  \  \/ at  +  „  ^_  . 

LV  ^9       V2^J 

23.  A  stone  is  dropped  into  a  well,  and  after  3  sees,  the 
sound  of  the  splash  is  heard.  Find  the  depth  to  the 
surface  of  the  water,  the  velocity  of  sound  being  1137  ft. 
per  sec. 

24.  A  body  is  simultaneously  impressed  with  three 
uniform  velocities,  one  of  which  would  cause  it  to  move 
10  ft.  North  in  2  sees. ;  another  12  ft.  in  one  sec.  in  the 
same  -direction ;  and  a  third  21  ft.  South  in  3  sees.  Where 
will  the  body  be  in  5  sees.  ?  Ans.  50  ft.  North. 

25.  A  boat  is  rowed  across  a  river  IJ  miles  wide,  in  a 
direction  making  an  angle  of  87°  with  the  bank.  The 
boat  travels  at  the  rate  of  5  miles  an  hour,  and  the  river 
runs  at  the  rate  of  2.3  miles  an  hour.  Find  at  what  point 
of  the  opposite  bank  the  boat  will  land,  if  the  angle  of  87° 
be  made  against  the  stream. 

Ans.  898  yards  down  the  stream  from  the  opposite 
point. 

26.  A  body  moves  with  a  velocity  of  10  ft.  per  sec.  in  a 
given  direction  ;  find  the  velocity  in  a  direction  inclined  at 
an  angle  of  30°  to  the  original  direction. 

Ans.  5  VS  ft.  per  sec. 
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27.  A  smooth  plane  is  inclined  at  an  angle  of  30°  to  the 
horizon  ;  a  body  is  started  up  the  plane  with  the  velocity 
bg ;  find  when  it  is  distant  %g  from  the  starting  point. 

Ans.  2j  or  18  sees. 

38.  The  angle  of  a  plane  is  30° ;  find  the  velocity  with 
which  a  body  must  be  projected  up  it  to  reach  the  top, 
the  length  of  the  plane  being  30  ft. 

Ans.  8  a/10  ft.  per  sec. 

39.  A  body  is  projected  down  a  plane,  the  inclination  of 
which  is  45°,  with  a  velocity  of  10  ft.;  find  the  space 
described  in  3|-  sees.  Ans.  95.7  ft.  nearly. 

30.  A  steam-engine  starts  on  a  downward  incline  of 
1  in  200*  with  a  velocity  of  7^  miles  an  hour  neglecting 
friction  ;  find  the  space  traversed  in  two  minutes. 

Ans.  824  yards. 

31.  A  body  projected  up  an  incline  of  1  in  100  with  a 
velocity  of  15  miles  an  hour  just  reaches  the  sutamit ;  find 
the  time  occupied.  Ans.  68.75  sees. 

33.  JFrom  a  point  in  an  inclined  plane  a  body  is  made  to 
slide  up  the  plane  with  a  velocity  of  16.1  ft.  per  sec.  (1) 
How  far  will  it  go  before  it  comes  to  rest,  the  inclination 
of  the  plane  to  the  horizon  being  30°  ?  (3)  Also  how  far 
will  the  body  be  from  the  starting  point  after  5  sees,  from 
the  beginning  of  motion  ? 

.      Ans.  (1)  8.05  ft. ;  (3)  120.75  ft.  lower  down. 

33.  The  inclination  of  a  plane  is  3  vertical  to  4  hori- 
zontal ;  a  body  is  made  to  slide  up  the  incline  with  an 
initial  velocity  of  36  ft.  a  sec. ;  (1)  how  far  will  it  go  before 
beginning  to  return,  and  (2)  after  how  many  seconds  will 
it  return  to  its  starting  point  ? 

Ans.   (l)33|ft.;  (2)  3 1  sees. 

*  An  incline  of  1  in  200  means  here  1  foot  vertically  to  a  length  of  200  ft.,  though 
it  is  used  by  Engineers  to  mean  1  toot  vertically  to  200  ft.  ImizontaBy, 
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34.  There  is  an  inclined  plane  of  5  Tertical  to  13  hori- 
zontal, a  body  slides  down  53  ft.  of  its  length,  and  then 
passes  without  loss  of  velocity  on  to  the  horizontal  plane ; 
after  how  long  from  the  beginning  of  the  motion  will  it  be 
at  a  distance  of  100  ft.  from  the  foot  of  the  incline? 

Ans.  5.7  sees. 

35.  A  body  is  projected  up  an  inclined  plane,  whose 
length  is  10  times  its  height,  with  a  velocity  of  30  ft.  per 
sec. ;  in  what  time  will  its  velocity  be  destroyed  ? 

Ans.  9|  sees.,  itg  =  33. 

36.  A  body  falls  from  rest  down  a  given  incliped  plane; 
compare  the  times  of  describing  the  first  and  last  Ijalves 
of  it.  Ans.  As  1  :  V^  +  1. 

37.  Two  bodies,  projected  down  two  planes  inclined  to 
the  horizon  at  angles  of  45°  and  60°,  describe  in  the  same 
time  spaces  respectively  as  V'3  :  Vs ;  find  the  ratio  of  the 
initial  velocities  of  the  projected  bodies. 

Ans.  Va  :  Vs. 

38.  Through  what  chord  of  a  circle  must  a  body  fall  to 
acquire  half  the  velocity  gained  by  falling  through  the 
diameter  ? 

Ans.  The  chord  which  is  inclined  at  60°  to  the  vertical. 

39.  Pind  the  velocity  with  which  a  body  should  be  pro- 
jected down  an  inclined  plane,  I,  so  that  the  time  of 
running  down  the  plane  shall  be  equal  to  the  time  ©f 
falling  down  the  height,  h. 

I       h  sin  a\ 
Ans.  v  =  g\l^^^y 

40.  Find  the  inclination  of  this  plane,  when  a  Telocity 
of  f  ths  that  due  to  the  height  is  sufficient  to  render  the 
times  of  running  down  the  plane,  and  of  falling  down  the 
height,  equal  to  each  other.  Ans.  30°. 


41.  ThrpugTi  what  chord  cf  a  circle,  drawn  frQni.  the 
bottom  of  the  vertical  diameter  wupt  a.  body  descend,  so  as 

to  acquire  a  velocity  equal  to   -th   part   of  the  velocity 

acquired  in  falling  down  the  vertical  diameter  ? 

A71S.  If  0  denote  the  angle  between  the  required  chord 

and  the  vertical  diameter  cos  6  =  -• 

n 

42.  Find  the  inclinatipn,  9,  of  the  radius  of  a  circle  to 
the  vertical,  such  that  a  body  running  down  will  describe 
the  radius  in  the  same  time  thai;  another  body  requires  to 
fall  down  the  vertical  diameter.  An$.  &  —  6Q°. 

43.  Find  the  inclination,  6,  to  the  vertical  of  the  diam- 
eter down  which  a  body  falling  will  describe  the  last  half 
in  the  same  time  as  the  vertical  diameter. 

3-V/2  — 4 


Ans.  cos  0 


2V2 


44.  Show  that  the  times  of  descent  down  all  the  rg,dii  of 

curvature  of  the  cycloid  (Fig.  40,  Calculus)  are  equal ;  that 

8r 
is,  the  time  down  PQ  is  equal  to  the  time  down  O'A  =  —  • 

45.  Find  the  inclination,  6,  to  the  horizon  of  an  inclined 
plane,  so  that  the  time  of  descent  of  a  particle  down  the 
length  niay  be  n  times  th^t  dp^n  th,e  hpight  of  fhe  plane. 

Ans.  e  =  siu~i-. 
n 

46.  Find  the  line  of  quickest  descent  from  the  focus  to 
a  parabola  whose  axis  is  vertical  and  vertex  upwards,  and 
show  that  its  length  is  equal  to  thi^|t  of  tjje  l^tjjs  rgctum. 

47.  Find  the  line  of  quickest  dcacenjt  froni  the  focus  of  a 
parabola  to  the  curve  when  tjie  ia?;js  is  horizontal. 
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48.  Find  geometrically  the  line  of  quickest  descent  (1) 
from  a  point  within  a  circle  to  the  circle ;  (3)  from  a  circle 
to  a  point  without  it. 

49.  Find  geometrically  the  straight  line  of  longest 
descent  from  a  circle  to  a  point  without  it,  and  which 
lies  below  the  circle. 

50.  A  man  six  feet  high  walks  in  a  straight  line  at  the 
rate  of  four  miles  an  hour  away  from  a  street  lamp,  the 
height  of  which  is  10  feet ;  supposing  the  man  to  start 
from  the  lamp-post,  find  the  rate  at  which  the  end  of  his 
shadow  travels,  and  also  the  rate  at  which  the  end  of  his 
shadow  separates  from  himself. 

Ans.  Shadow  travels  10  miles  an  hour,   and  gains  on 

himself  6  miles  an  hour. 

• 

51.  Two  bodies  fall  in  the  same  time  from  two  given 
points  in  space  in  the  same  vertical  down  two  straight 
lines  drawn  to  any  point  of  a  surface ;  show  that  the  sur- 
face is  an  equilateral  hyperboloid  of  revolution,  having  the 
given  points  as  vertices. 

52.  Find  the  form  of  a  curve  in  a  vertical  plane,  such 
that  if  heavy  particles  be  simultaneously  let  fall  from  each 
point  of  it  so  as  to  slide  freely  along  the  normal  at  that 
point,  they  may  all  reach  a  given  horizontal  straight  line  at 
the  same  instant. 

53.  Show  that  the  time  of  quickest  descent  down  a  focal 
chord  of  a  parabola  whose  axis  is  vei'tical  is 


g' 

where  Hs  the  latus  rectum. 


V^ 


54.  Particles  slide  from  rest  at  the  highest  point  of  a 
vertical  circle  down  chords,  and  are  then  allowed  to  move 
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freely  ;  show  that  the  locus  of  the  foci  of  their  paths  is  a 
circle  of  half  the  radius,  and  that  all  the  paths  bisect  the 
T.ertical  radius. 

55.  If  the  particles  slide  down  chords  to  the  lowest  point, 
and  be  then  suffered  to  move  freely,  the  locus  of  the  foci  is 
a  cardioid. 

56.  Particles  fall  down  diameters  of  a  vertical  circle ;  the 
locus  of  the  foci  of  their  subsequent  paths  is  the  circle. 


CHAPTER    II. 

CURVILINEAR    MOTION. 

147.  Remarks  on  Curvilinear  Motion. — The  mo- 
tion, which  was  considered  in  the  last  chapter,  was  that  of 
a  particle  describing  a  rectilinear  path.  In  this  chapter  the 
circumstances  of  motion  in  which  the  path  is  curvilinear 
will  be  considered.  The  conception  and  the  definition  of 
velocitj  and  of  acceleration  which  were  giyen  in  Arts.  134, 
135,  are  evidently  as  applicable  to  a  particle  describing  a 
curvilinear  path  as  to  one  moving  along  a  straight  hue ; 
and  consequently  the  formulae  for  velocity  in  Arts.  143, 143, 
are  applicable  either  to  rectilinear  or  to  curvilinear  motion. 
In  the  last  chapter  the  efEects  of  the  composition  and  the 
resolution  of  velocities  were  considered,  when  the  path 
taken  by  the  particle  in  consequence  of  them  was  straight ; 
we  have  now  to  inyestigate  the  efEects  of  velocities  and-  of 
accelerations  in  a  more  general  way. 

148.  Composition  of  Uniform  Velocity  and  Ac- 
celeration.— Suppose  a  body  tends  to  move  in  one  direc- 
tion with  a  uniform  velocity  which  would  carry  it  from  A 
to  B  in  one  second,  and  also  subject  to  an 
acceleration  that  would  carry  it  from  A 
to  C  in  one  second ;  then  at  the  end  of 
the  second  the  body  will  be  at  D,  the 
opposite  end  of  the  diagonal  of  the  par- 
allelogram ABDC,  just  as  if  it  had  moved 
from  A  to  B  and  then  from  B  to  D  in  the  second,  but  the 
body  will  move  in  the  curve  and  not  along  the  diagonal. 
For,  the  body  in  its  motion  is  making  progress  uniformly 
in  the  direction  AB,  at  the  same  rate  as  if  it  had  no  other 
motion ;  and  at  the  same  time  it  is  being  accelerated  in  the 
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4irec;tion  AC,  as  fast  as  if  it  h^A.  no  piiher  motion.  Jlence 
the  body  will  reach  D  as  far  from  the  l\s\^  AC  as  if  it  had 
moved  oyer  AB,  and  as  far  from  AB  as  if  it  "had  moved 
over  AC ;  but  since  the  velocity  along  AC  is  not  uniform, 
the  spaces  described  in  equal  intervals  of  times  will  not  be 
equal  along  AC  while  they  are  equal  along  AB,  and  there- 
fore the  points  a^,  a^,  a^,  will  not  be  in  a  straight  line.  In 
this  case,  therefore,  the  path  is  a  curve. 

149.  Composition  and  Resolution  of  Accelera- 
tions.— If  a  body  is  subject  to  two  different  accelerations 
in  different  directions  the  sides  of  a  parallelogram  may  be 
taken  to  represent  the  Component  Accelerations,  and 
the  diagonal  will  represent  the  Result(int  Acceleration, 
although  the  path  of  the  body  may  be  along  some  other 
line. 

Rem. — These  results  with  those  of  Arts.  143, 143,  may  be 
summed  up  in  one  gCiUeral  law:  When  a  Jiofy  tends  to 
move  with  several  different  velocities  in  different  directions, 
the  body  will  be,  at  the  end  of  any  given  time,  at  the  same 
point,  as  if  it  had  moved  with  each  velocity  separately. 
This  is  the  fundamental  law  of  the  composition  of  veloci- 
ties, and  it  shows  that  all  .problems  whjoh  involve  tenden- 
cies to  motion  in  different  directions  simultaneously,  may 
be  treated  as  if  those  tendencies  were  successive^* 

^s 
If  -rr  be  the  acceleration  along  the  curve,  9,nd  (sc,  y,  z) 

be  the  place  of  the  moving  particle  at  the  time,  t,  it  is 

evident  that  the  component  accelerations  parallel  to  the 

d!^x    d^u    d^z ' 
axes  are  ^,  ^'  ^-     DenQt^ng  these  by  ox,  ay,  m,  we 

have 

dJh;  _  d^  _  ^  _ 

df  ~  *""'    d^  ~  "^'    dt^~  '^'' 


and  a/«!b*  +  cfy^  -j-  f^i  is  the  rfi,sy.ltqait  acceleration. 

*  See  Eemsrka  on  Newtpn's  8^  law,  Art.  168. 


360  COMPOSITION  OF  ACCELERATIONS. 

Also  if  a,  j8,  y,  be  the  angles  which  the  direction  of 
motion  makes  with  the  axes,  we  have 

dPx       cPs 

:5:a  =  :j73  cos  «  =  «a, ; 


dJ'y       cPs        - 

—  =-cosl3  =  ay; 

^.  =^cosy  =  «. 

The  acceleration  -^  is  not  generally  the  complete  resultant  of  the 

three  component  accelerations,  but  is  so  only  when  the  path  is  a 
straight  line  or  the  velocity  is  zero.    It  is,  however,  the  only  part 

of  their  resultant  which  has  any  effect  on  the  velocity.    — ;  is  the 

sum  of  the  resolved  parts  of  the  component  accelerations  in  the  direc- 
tion of  motion,  as  the  following  identical  equation  shows : 

d?g  _  dx  cPx      dy  d''y      dz  d^e 
a^  ~  ds'W  '^  ds'dfi  "*"  da'W' 

which  follows  immediately  from  (1)  of  Art.  137  by  differentiation. 

Accelerations  are  therefore  subject  to  the  same  laws  Qt  composition 

and  resolution  as  velocities  ;  and  consequently  the  acceleration  of  the 

particle  along  any  line  is  the  sum  of  the  resolved  parts  of  the  axial 

d'^8 
accelerations  along  that  line.   Thus  to  find  -=-j ,  the  aoceleratioisalong  «, 

di^x  dSj  ' 

-=-j-  has  to  be  multiplied  by  -^ ,  which  is  the  direction-cosine  of  the 

small  arc  da.  The  other  part  of  the  resultant  is  at  right  angles  to 
this,  and  its  only  effect  is  to  change  the  direction  of  the  motion  of  the 
point.  (See  Tait  and  Steele's  Dynamics  of  a  Particle,  also  Thomson 
and  Tait's  Nat.  Phil.) 

The  following  are  examples  in  which  the  preceding  ex- 
pressions are  applied  to  cases  in  which  the  laws  of  velocity 
and  of  acceleration  are  given. 
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1.  A  particle  moves  so  that  the  axial  components  of  its 
Telocity  vary  as  the  corresponding  co-ordinates ;  it  is 
required  to  find  the  equation  of  its  path ;  and  the  accel- 
erations along  the  axes. 

Here  ^  =  ^^5    i  =  %5 

X  y 

-"•     log  I  =  log  I  =  ;{;#, 

if  (a,  b)  is  the  initial  place  of  the  particle, 
.*.    X  =  ae^ ;    y  =  5e*'; 

'  '    a       i 
is  the  equation  of  the  path. 
And  the  axial  accelerations  are 

dJ'x       ,„        dJ'y       ,, 

2.  A  wheel  rolls  along  a  straight  line  with  a  uniform 
velocity ;  compare  the  velocity  of  a  given  point  in  the  cir- 
cumference with  that  of  the  centre  of  the  wheel. 

Let  the  line  along  which  the  wheel  rolls  be  the  axis  of  x, 
and  let  v  be  the  velocity  of  its  centre;  then  a  point  in  its 
circumference  describes  a  cycloid,  of  which,  the  origin 
being  taken  at  its  starting  point,  the  equation  is 

X  =  a  vers~i  -  —  {2ay  —  y^Y; 
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dx  _        dy        _     ds 
'  '    y^~  (2a  — 2/)*  ~  (2a)*' 

But     v  =  i(ayer,-^^  =  ~i-% 

di  \  af       {%^y  _  ff    dt 

ds  _  ds    dy  _  /2y\i 
di  ^  dy'  dt  ~  \a)      ' 

which  is  the  velocity  of  the  point  in  the  circumference  of 
the  wheel.  Thus  the  velocity  of  the  highest  point  of  the 
wheel  is  twice  as  great  as  that  of  the  centre,  while  the 
point  that  is  in  contact  with  the  straight  line  has  no 
velocity.     (See  Price's  Anal.  Mech'g.,  Vol.  I,  p.  416.) 

.3.  If  -TT  =  lay,    -^  =  fcx,  show  that  the  path  is  an  equi- 
lateral hyperbola  and  that  the  axia,l  qoippoi^ents  are 

cPx  _  ^       d?y  _  ^ 
dfi  ~       '    <^<«  ~     ^' 

4.  A  particle  describes  an  ellipse  so  tl;iat,thea;-compoi\ent 
of  its  velocity  is  a  constant,  a ;  find  the  y-component  of  its 
velocity  and  acceleration,  and  the  time  of  describing  .the 
ellipse. 

Let  the  equation  of  the  ellipse  be 

dJ>^  ¥-    ' 

and  let  {x,  y)  be  the  position  of  the  particle  at  the  t^roe  t ; 

,,  dx  ,     dy  ¥x 

then  -J-  =  « ;    and    -^  ~ s- ; 

dt  dx  o?y^ 

dy  _dy    dx  _       aW   x 
'  '    dt  ~  dx    dt  ~        a?    y' 

which  is  the  y-component  of  tfee  velocity. 


Also 


dt^ 


dx 

— 

«»  ■ 

J 

¥a^ 

«y 

J 
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hence  the  acceleration  parallel  to  the  axis  of  y  varies 
inversely  as  the  cube  of  the  ordinate  of  the  ellipse,  and  acts 
towards  the  axis  of  x,  as  is  shown  by  the  negative  sign. 

The  time  of  passing  from  <ihe  extremity  of  the  minor 
axis  to  that  of  the  major  axis  is  found  hy  dividing  a  by  a, 
the  constant  velocity  parallel  to  the  axis  of  x,  giving 

,  and  the  time  of  describing  the  whole  ellipse  is  — 
a  °  a, 

If  the  orbit  is  a  circle  5  =  a,  and  the  acceleration  par- 

allel  to  the  axis  of  y  is 5— 

T 
If  the  velocity  parallel  to  the  y-axis  is  constant  and  equal 

to  ;3,  then 

dji **i3    X  _ 

M  ~  ~~¥'y'' 

d^  _       aW, 
d^  ~       T^a^' 

and  the  periodic  time  ^  -^  • 

5.  A  parade  describes  the  hyperbola  ^~%  —  1 5  ^^^ 

(1)  the  acceleration  parallel  to  the  axis  of  a;  if  the  velocity 
parallel  to  the  axis  of  ^  is  a  constant,  fi,  and  (3)  find  the 
acceleration  parallel  to  the  ^-axis  if  the  velocity  parallel  to 
the  a;-axis  is  a  constant  a. 
(1)  Here  we  have 

%_0.    and    ^-?.?- 
^-li,    and    ^^-^3-     , 
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dx  _  dx    dy  _  /Ja'    y 
dt  ~  dy    dt  ~  W     X 


which  is 

the 

velocity  pai 

rallel  to  the  «-axis. 

Also 

II           11 

11% 

x^y  - 

""  dt 

dx 

yrt 

hence  the  acceleration  parallel  to  the  a;-axis  varies  inversely 
as  the  cube  of  the  abscissa,  and  the  a;-component  'of  the 
velocity  is  increasing. 


(3)  Here  we  have 

dx 

di^'*' 

•■• 

dy       aV^   x^ 
di  ~'c^'y'' 

d 

d?y            cfi¥ 
dt»  ~       aY 

hence  the  acceleration  parallel  to  the  y-axis  is  negative  and 
the  y-component  of  the  velocity  is  decreasing. 

6.  A  particle  describes  the  parabola,  x^  +  y^  ■=  a»,  with 
a  constant  velocity,  c ;  find  the  accelerations  parallel  to  the 
axes  of  X  and  y. 

Here  we  have  ^r  =  c ; 

dt 

,  dx       —  dy  ds 

and  -J  =  - — T^  = T ; 

a;*  y-^  {x  +  y)* 


EXAMPLES.  265 

dx^       ds^       X  c^x 


dt^       dP   X  +  y       X  +  y' 

,  dy^  _  ds^       y      _     ^V    . 

W  ~dt^'  ^Ty  ~  «+^' 

differentiating  we  get 

^  _    (y'jay)^ 
dfi  ~  2{x  +  yf' 

d^y  _    c^  {axy 
df  ~  2(x  +  yY 

7.  A  particle  describes  a  parabola  with  such  a  varying 
Telocity  that  its  projection  on  a  line  perpendicular  to  the 
axis  is  a  constant,  v.  Find  the  velocity  and  the  accelera- 
tion parallel  to  the  axis. 

Let  the  equation  of  the  par9,bola  be 

y^  =  2px; 

then  f^=v, 

dx  dx    dy vy 

^°^  di  ~Ty"di~J' 

which  is  the  velocity  parallel  to  x 

dh;       1^ 

^^^«  d¥  =  y 

which  shows  that  the  particle  is  moving  away  from  the 
tangent  to  the  curve  at  the  vertex  with  a  constant  accelera- 
tion. 

12 
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Hence  as  the  earth  acts  on  particles  near  its  surface  with 
a  constant  acceleration  in  Tertical  lines,  if  a  particle  is 
projected  with  a  velocity,  v,  in  a  horizontal  line  it  will  move 
in  a  parabolic  path. 

150.  Motion  of  Projectiles  in  Vacuo. — If  a  particle 
be  projected  in  a  direction  oblique  to  tlfe  horizon  it  is 
called  a  Projectile,  and  the  path  which  it  describes  is  called 
its  Trajectory.  The  case  which  we  shall  here  consider  is 
that  of  a  particle  moving  in  vacuo  under  the  action  of 
gravity;  so  that  the  problem  is  that  of  the  motion  of  a 
projectile  in  vacuo ;  and  hence,  as  gravity  does  not  affect 
its  horizontal  velocity,  it  resolves  itself  into  the  purely 
kinematic  problem  of  a  particle  moving  so  that  its  hori- 
zontal acceleration  is  0  and  its  vertical  acceleration  is  the 
constant,  g,  (Art.  140). 

151.  The  Path  of  a 
Projectile  in  Vacuo  is  a 
Parabola. — Let  the  plane 
in  which  the  particle  is  pro- 
jected be  the  plane  of  xy; 
let  the  axis  of  x  be  horizon- 
tal and  the  axis  of  y  vertical 
and  positive  upwards,  the 
origin  being  at  the  point  of 
projection;   let  the  velocity 

of  projection  =  v,  and  let  the  line  of  projection  be  inclined 
at  an  angle  «  to  the  axis  of  v,  so  th^t;  v  co?  a,  and  v  sin  _« 
are  the  resolved  parts  of  the  velocity  of  projection  along  the 
axes  of  X  and  y.  It  is  evident  that  the  particle  will  con- 
tinue to  move  in  the  plane  of  xy,  as  it  is  projected  in  it, 
and  is  subject  to  no  force  which  would  tend  to  withdraw 
it  from  that  plane. 

Let  (x,  y)  be  the  place,  P,  of  the  particle  at  the  time  i ; 
then  the  equations  of  motion  are 
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^  _       ^y  _ 

the  aeceleration  being  negative  sipce  the  y-cotnppnent  of 
the  velocity  is  decreasing. 

The  first  and  second  integrals  of  these  equations  will 
then  be,  taking  the  limits  cprrespondiag  to  ^  =  ^  and 
t  =  0, 

dx  dy        ■  ,  „x 

^  =  t;  cos  «;   ^  —  vsma  —  gt;  (1) 

a;  =  «;  cos  a^ ;  y  ^=  P  sin  cfi  —  ^gi^.  (a) 

Equations  (1)  and  (3)  give  the  coordinates  of  the  particle 
and  its  velocity  parallel  to  either  axis  at  any  time,  t. 
Eliminating  t  between  equations  (2)  w.e  obtain 

y  =  xtancc—     /.     —  (3) 

2v^  cos^  ec  ^  ' 

which  is  the  equation  of  the  trajectory,  and  shows  that  the 
particle  will  move  in  a  parabola. 

152.  The  Parameter ;  the  Range  M ;  the  Greatest 
Height  M;  Height  of  the  Directrix.T-Equation  (3)  of 
Art.  151  may  be  written 


?;2  — 


2v^  sin  a  cos  «  2v^  cos'  a 


9 


^  = -„ V' 


I        v^  sin  a  cos  teV  3t)'  cos'  «  /        •t^  sin'  a\  „ , 

By  comparing    this  with  the  equation  of   a  parabola 
referred  to  its  vertex  as  origin,  we  find  for 

the  absciss^  of  the  vertex  =  — -2  j         (2) 
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the  ordinate  of  the  vertex  =  — ;  (3) 

the  parameter  (latus  rectum)  = (4) 

And  by  transferring  the  origin  to  the  vertex  (1)  becomes 

„            'Hv^  cos' «  ,^, 

3?= y  (5) 


which  is  the  equation  of  a  parabola  with  its  axis  vertical 
and  the  vertex  the  highest  point  of  the  curve. 

The  distance,  OB,  between  the  point  of  projection  and 
the  point  where  the  projectile  strikes  the  horizontal  plane 
is  called  the  Range  on  the  horizontal  plane,  and  is  the 
value  of  X  when  y  =  0.  Putting  «/  =  0  in  (3)  of  Art.  151 
and  solving  for  x,  we  get 

the  horizontal  range  R  =  OB  = ;  (G) 

which  is  evident,  also,  geometrically,  as  OB  =  200 ;  that 
is,  the  range  is  equal  to  twice  the  abscissa  of  the  vertex. 

It  follows  from  (6)  that  the  range  is  the  greatest,  for  a 
given  velpcity  of  projection,  when  «  =  45°,  in  which  case 

4.1.  *'^ 

the  range  =  —  • 

Also  it  appears  from  (6)  that  the  range  is  the  same  when 
a  is  replaced  by  its  complement ;  that  is,  for  the  same 
velocity  of  projection  the  range  is  the  same  for  two  diffei'- 
ent  angles  that  are  complements  of  each  other.  If  «  =  45° 
the  two  angles  become  identical,  and  the  range  is  a 
maximum. 

CA  is  called  the  greatest  height,  H,  of  the  projectile,  and 

is  given  by  (3)  which,  when  a  =  45°  becomes  -r--  (7) 

y 
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The  height  of  the  directrix  =  CD 

Hence  when  a  =  45°  the  focus  of  the  parabola  lies  in 
the  horizontal  line  through  the  point  of  projection. 

153.  The  Velocity  of  the  Particle  at  any  Point  of 
its  Path. — Let  V  be  the  velocity  at  any  point  of  its  path, 

then        F2  =  (^)V  (^)^,  or  by  (1)  of  Art.  151 

=  «'  cos^  a  +  (v^  sin^  a  —  2v  sin  agt  +  gW) 
—  v^  —  2gy. 
To  acquire  this  velocity  in  falling  from  rest,  the  particle 
must  have  fallen  through  a  height  -^r— ,  (6)  of  Art.  140,  or 
its  equal 

^l-y  =  MS-MPhy{8) 
=  FS. 

Hence,  the  velocity  at  any  point,  P,  on  the  curve  is  that 
which  the  particle  would  acquire  in  falling  freely  in  vacuo 
down  the  vertical  height  SP;  that  is,  in  falling  from  the 
directrix  to  the  curve ;  and  the  velocity  of  projection  at  0 
is  that  which  the  particle  would  acquire  in  falling  freely 
through  the  height  CD.  The  directrix  of  the  parabola  is 
therefore  determined  by  the  velocity  of  projection,  and  is  at 
a  vertical  distance  above  the  point  of  projection  equal  to 
that  down  which  a  particle  falling  would  have  the  velocity 
of  projection. 

154.  The  Time  of  Flight,  T,  along  a  Horizontal 
Plane.— Put «/  =  0  in  (3)  of  Art.  151,  and  solve  for  x,  the 
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values  of  which  are  0  and fiut  the  horizon- 
s' 

tal  velocity  is  V  cos  a.    Hence  the  time  of  fligM  = 

which  varies  as  the  sine  of  the  inclination  to  the  axis  of  x. 

155.  To  Find  the  Point  at  which  a  I'rdjigctile  will 
Strike  a  Given  Inclined  Plane  passing  through  the 
Point  of  Projection,  and  the  Time  of  Flight. — Let  the 

inclined  plane  make  an  angle  (i  with  the  horizon ;  it  is 
evident  that  we  have  only  to  eliminate  y  between  y  ^x  tan 
(3  and  (3)  of  Art.  151,  wliioh  gives  for  the  abscissa  of  the 
point  where  the  projectile  meets  the  plane 

_  3«;'  cos  «  sin  (a  —  j3)  _ 
*  ~  g  COS  ji  ' 

and  the  ordinate  is 


(1) 


_  3«*  cos  a  tan  |8  sin  («  —  fi) 
y^  ~  g  cos  |3 


Hence  the  time  of  flight 


T  —      '^i       =  2t>  sin  (a  —  P) 
V  cos  cc  ~        g  COS  (i 


(3) 


156.  The  Direction  of  Projection  which  gives  the 
G-reatest  Range  on  a  Given  Plane. — The  range  on  the 
horizontal  plane  is 

«*  sin  2a 


which  for  a  given  value  of  v  is  greatest  when  «  =  t  ^■^^^' 
153). 
The  range  on  the  inclined  plane  =  x^  sec  j3 

_  2v^  cos  «  sin  («  —  j3)_  . 

~  g  cos*  0  *  ^  ' 


ANGLE  OF  EZMVA'PrON  OF  PROJECTILE.  371 

To  find  tlie  value  of  a  which  makes  this  a  maximum,  we 
must  equate  to  zero  its  derivative  with  respect  to  «,  which 
gives 

cos  (3te  —  )3)  =  0 ; 

and  hence  a  —  /3  =  ^  (^  —  isV  (3) 

which  is  the  angle  which  the  direction  of  projection  makes 
with  the  inclined  plane  when  the  range  is  a  maximum ; 
that  is,  the  projection  bisects  the  angle  between  the 
inclined  plane  and  the  vertical. 

In  this  case  by  substituting  in  (1)  the  values  of  «  and 
(a  —  j3)  as  given  in  (2)  and  (3)  and  reducing,  we  get 

the  greatest  range  =  ^  (^  ^  ^^^  p^  ■  (4) 

157.  The  angle  of  Elevation  so  that  the  Particle 
may  pass  thrbtigh  a  Given  Point. — From  Art.  152, 
there  are  two  direetioiis  in  which  a  particle  may  be  pro- 
jected so  as  to  reach  a  given  point ;  and  they  are  equally 

inclined  to  the  direction  of  projection  la  =  -)• 

Let  the  given  point  lie  in  the  plane  which  makes  an 
angle  fi  with  the  horizon,  and  suppose  its  abscissa  to  be  A ; 
then  we  must  have  from  (1)  of  Art.  iSo 

5  cos  a  sm  (a  —  m  =  h. 

g  COS  (3  ^  ' 

_f  ce'  and  a"  be  the  two  values  of  «  which  satisfy  this 
equation,  we  must  haVe 

cos  «'  sin  («'  —  jS)  =  cos  «"  sin  (w"  —  /3) ; 
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and  therefore  a"  —  |3  =  -  —  a', 

or  «"-^g  +  (3)  =  ig  +  ^)-«'.  (1) 

But  each  member  of  (1)  is  the  angle  between  one  of  the 
directions  of  projection  and  the  direction  for  the  greatest 
range  [Art.  156,  (2)].  Hence,  as  in  Art.  153,  the  two 
directions  of  projection  which  enable  the  particle  to  pass 
through  a  point  in  a  given  plane  through  the  point  of  pro- 
jection, are  equally  inclined  to  the  direction  of  projection 
for  the  greatest  range  along  that  plane.  (See  Tait  and 
Steele's  Dynamics  of  a  Particle,  p.  89.) 

158.  Second  Method  of  Finding  the  Equation  of 
the  Tr^ectory. — By  a  somewhat  simpler  method  than 
that  of  Art.  151,  we  may  find  the  equation  of  the  path  of 
the  projectile  as  the  resultant  of  a  uniform  Telocity  and  an 
acceleration  (Art.  148). 

Take  the  direction  of  projection  (Pig.  78)  as  the  axis  of 
X,  and  the  vertical  downwards  from  the  point  of  projection 
as  the  axis  of  y.  Then  (Art.  149,  Eem.)  the  velocity,  v, 
due  to  the  projection,  will  carry  the  particle,  with  uniform 
motion,  parallel  to  the  axis  of  x,  while  at  the  same  time,  it 
is  carried  with  constant  acceleration,  g,  parallel  to  the  axis 
of  y.  Hence  at  any  time,  t,  the  equations  of  motion  along 
the  axes  of  x  and  y  respectively  are 

X  =  vt, 

y  =  W- 

That  is,  if  the  particle  were  moving  with  the  velocity  v, 
alone,  it  would  in  the  time  t,  arrive  at  Q ;  and  if  it  were 
then  to  move  with  the  vertical  acceleration  g  alone  it  would 
in  the  same  time  arrive  at  P ;  therefore  if  the  velocity  v 


EXAMPLES.  373 

and  the  acceleration  g  are  simultaneous,  the  particle  will  in 
the  time  t  arrive  at  P  (Art.  149,  Bern). 
Eliminating  t  we  have 

9  " 

which  is  the  equation  of  a  parabola  referred  to  a  diameter 
and  the  tangent  at  its  vertex.  The  distance  of  the  origin 
from  the  directrix,  being  Jth  of  the  coefficient  of  y,  is 

1^,  as  in  Art.  153,  (8). 

EXAMPLES. 

1.  From  the  top  of  a  tower  two  particles  are  projected  at 
angles  «  and  j3  to  the  horizon  with  the  same  velocity,  v,  and 
both  strike  the  horizontal  plane  passing  through  the  bot- 
tom of  the  tower  at  the  same  point;  find  the  height  of 
the  tower. 

Let  h  =  the  height  of  the  tower;  v  =  the  velocity  of 
projection;  then  if  the  particles  are  projected  from  the 
edge  of  the  top  of  the  tower,  and  x  is  the  distance  from  the 
bottom  of  the  tower  to  the  point  where  they  strike  the 
horizontal  plane  we  have  from  (3)  of  Art.  151 

—  A  =  a;  tan  es  —  |-j  (1  +  tan^  «),  (1) 

-  /%  =  a;  tan  i3  -  g\l  +  tan^  (3),  (3) 

by  subtraction 

3z)*  'iiv^  cos  a  cos  /3 

g  (tan  a  +  tan  |3)        g  sin  (a  +  /J)  ' 

which  in  (1)  or  (3)  gives 

'i/o^  cos  a  cos  j3  cos  {a  +  P) 


h  = 


g  [sin  («  +  (i)Y 
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3.  Psaiicles  are  projected  with  a  given  velocity  ia  all 
lines  in  a  vertical  pl*ne  from  the  point  0 ;  it  is  required  to 
find  the  locus  of  their  highest  points. 

Let  {x,  y)  be  the  highest  point ;  then  from  (3)  and  (3)  of 

Art.  153,  we  have 

v^  sin  a  cos  a  _ 
■~  5 


X  = 


S 

«;'  sin'  a 
^9     ' 


=  -^ .  and  Gos*  «  =^  S-— 
Wy 


therefore      sin'  «  =  -^,  and  cos*  «  =  ^-5 — 


Adding  4:f  +  y?  =  ^; 

which  is  the  equation  of  an  ellipse,  whose  major  axis  =  - ; 

and  the  minor  axis  =  ^;  and  the  origin  is  at  the  extremity 
of  the  minor  axis. 

3.  Find  the  angle  of  projection,  a,  so  that  the  area  con- 
tained between  the  path  of  the  projectile  and  the  hori- 
zontal line  may  be  a  maximum,  and  find  the  value  of  the 
maximum  area. 

Ans.  a  =  60°  and  Max.  Area  =  -^  (3)*. 

4.  Find  the  ratio  of  the  areas  Aj  and  Ag  of  the  two 

parabolas  4escribed  by  projectiles  whose  horizontal  ranges 

are  the  same,  and  the  angles  of  projection  are  therefore 

complements  of  each  other.  .A.        ,     . 

Ans.  -T^  =:  tan'  a. 

As 

159.  Velocity  of  Discharge  of  BaUs  and  Shells 
from  the  Mouth  of  a  Gkm.— As  the  result  of  numerous 
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experiments  made  at  Woolwich,  the  following  formula  was 
regarded  as  a  correct  expression  for  the  velocity  of  balls  and 
shells,  on  quitting  the  gun,  and  fired  with  moderate 
charges  of  powder,  from  the  pieces  of  ordnance  commonly 
used  for  military  purposes : 

where  v  is  the  velocity  in  feet  per  second,  P  the  weight  of 
the  charge  of  powder,  and  W  the  weight  of  the  ball. 

For  the  investigation  of  the  path  of  a  projectile  in  the 
atmosphere,  see  Chap.  I  of  Kinetics. 

160.  Angular  Velocity,  and  Angular  Accelera- 
tion.— Hitherto  the  method  of  resolving  velocities  and 
accelerations  along  two  rectangular  axes  has  been  employed. 
It  remains  for  us  to  investigate  the  kinematics  of  a  particle 
describing  a  curvilinear  path,  from  another  point  of  view 
and  in  relation  to  another  system  of  reference.  Before  we 
consider  velocities  and  accelerations  in  reference  to  a 
system  of  polar  co-ordinates,  it  is  necessary  to  enquire  into 
a  mode  of  measuring  the  angular  velocity  of  a  particle. 

Angular  Velocity  may  he  defined  as  the  rate  of  angular 
motion.  Thus  let  (r,  6)  be  the  position  of  the  point  P,  and 
suppose  that  the  radius  vector  has  revolved  uniformly 
through  the  angle  0  in  the  time  t,  then  denoting  the 
angular  velocity  by  w,  we  shall  have,  as  in  linear  velocity 
(Art.  8) 

e 

.  =  -. 

If  however  the  radius  vector  does  not 
revolve  uniformly  through  the  angle  6 
we  may  always  regard  it  as  revolving 
uniformly  through  the  angle  dd  in  the 
infinitesimal  of  time  dt ;  hence  we  shall 
have  as  the  proper  value  of  w. 
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dd 


(1) 


Hence,  whether  the  angular  Telocity  be  uniform  or 
variable,  it  is  the  ratio  of  the  angle  described  by  the  radius 
Tector  in  a  given  time  to  the  time  in  which  it  is  described ; 
thus  the  increase  of  the  angle,  in  angular  velocity,  takes 
the  place  of  the  increase  of  the  distance  from  a  fixed  point, 
in  linear  velocity,  (Art.  8). 

Angular  Acceleration  is  the  rate  of  increase  of  angular 
velocity  ;  it  is  a  velocity  increment,  and  is  measured  in  the 
same  way  as  linear  acceleration  (Art.  10).  Thus,  whether 
the  angular  acceleration  is  uniform  or  variable,  it  may 
always  be  regarded  as  uniform  during  the  infinitesimal  of 
time  dt  in  which  time  the  increment  of  the  velocity  will  be 
du.  Hence  denoting  the  angular  acceleration  at  any  time, 
t,  by  0,  we  have 


.        du       d  (de\.        ,^. 
'^  ^  m  =  dtXdtr'''^  ^^^ 


^  (2) 


and  thus,  whether  the  increase  of  angular  velocity  is 
uniform  or  variable,  the  angular  acceleration  is  the  increase 
of  angular  velocity  in  a  unit  of  time. 

The  following  examples  are  illustrations  of  the  preceding 
mode  of  estimating  velocities  and  accelerations. 

EXAMPLES. 

1.  If  a  particle  is  placed  on  the  revolving  line -at  the 
distance  r  from  the  origin,  and  the  line  revolves  with  a 
uniform  angular  velocity,  o),  the  relation  between  the  linear 
velocity  of  the  particle  and  the  angular  velocity  may  thus 
be  found. 
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Let  dd  be  the  angle  through  which  the  radius  revolves  in 
the  time  dt,  and  let  ds  be  the  path  described  by  the  particle, 
so  that  ds  =  rdd ; 

,,  ds         dd 

then  -J-  =  r  T7  =  oir  ; 

dt  dt  ' 

so  that  the  linear  velocity  varies  as  the  angular  velocity  and 
the  length  of  the  radius  jointly. 

3.  If  the  angular  acceleration  is  a  constant,  as  0 ;  then 
from  (2)  we  have 

dd 
•'•    5?  =  '^^  +  "o' 

and  .-.    e  =  iift^  +  o)„t  +  d^, 

where  6j„  and  6^  are  the  initial  values  of  w  and  &. 

Hence  if  a  line  revolves  from  rest  with  a  constant  angular 
acceleration,  we  have 

0  =  W' ; 

and  the  angle  described  by  it  varies  as  the  square  of  the 
time. 

3.  If  a  particle  revolves  in  a  circle  uniformly,  and-its 
place  is  continually  projected  on  a  given  diameter,  the 
linear  accelei'ation  along  that  diameter  varies  directly  as 
the  distance  of  the  projected  place  from  the  centre. 

Let  u  be'  the  constant  angular  velocity,  0  the  angle" 
between  the  fixed  diameter  and  the. radius  drawn  from  the 
centre  to  its  place  at  the  time  t,  x  the  distance  of  this 
projected  place  from  the  centre.  Then,  calling  a  the 
radius  of  the  circle,  we  have 

a;  =  «  cos  0, 
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-T7  =  —  a  sm  e  -=-  =  —  ao)  sin  ff ; 
dt  dt 

d^  „dB  , 

^jrr-  =    —  aw  cos  e  TT   =    —  <^^ ) 

at'  at 

■which  proves  the  theorem. 

4.  If  the  angular  acceleration  varies  as  the  angle 
generated  from  a  given  fixed  line,  and  is  negative,  find  the 
angle. 

Here  the  equation  which  expresses  the  motion  is  of  the 
form 

dt^ 
Calling  a  the  initial  value  of  0  we  find  for  the  result 
0  =  a  cos  kt. 

5.  If  a  particle  revolves  in  a  circle  with  a  uniform 
velocity,  show  that  its  angular  velocity  ahout  any  point  in 
the  circumference  is  also  uniform,  and  equal  to  one-half  of 
what  it  is  about  the  centre. 

At  present  this  is  sufBcient  for  the  general  explanation 
of  angular  velocity  and  angular  acceleration.  We  shall 
return  to  the  subject  in  Chap.  7,  Part  III.,  when  we  treat 
of  the  motion  of  rigid  bodies. 

161.  The  Component  Accelerations,  at  any  instant, 
Along,  and  Perpendicular  to  the  Radius  Vector. — 

Let  (r,  0)  (Fig.  79)  be  the  place  of  the  moving  particle,  P, 
at  the  time  t,  (x,  y)  being  its  place  referred  to  a  system  of 
rectangular  axes  having  the  same  origin,  and  the  ic-axis 
coincident  with  the  initial  line.    Then 

X  =  r  cosO;  y  =  r  sm.6;  (1) 
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therefore  _  =  -  cos  0  -  r  sm  9^  ;  (3) 


and 

d^ 

dp 


rdh         /d9\»-\        .      rdr   d6  ,      d'd-]   .    „  ,,, 
Similarly 

which  are  the  accelerations  parallel  to  the  axes  of  x  and  y. 
Eesolving  these  along  the  radius  vector  by  multiplying  (3) 
and  (4)  by  cos  6  and  sin  d  respectiTely,  since  accelerations 
may  be  resolved  and  compounded  along  any  line  the  same 
as  velocities  (Art.  149),  and  adding,  we  have 

_eose  +  Jsm«  =  ^-ry;  (5) 

which  is  the  acceleration  along  the  radius  vector.  * 

Multiplying  (3)  and  (4)  by  sin  0  and  cos  d  respectively, 
and  subtracting  the  former  from  the  latter,  we  get 

-rdt\    dth  ^"^ 

which  is  the  acceleration  perpendicular  to  the  radius  vector.^ 

162.  The   Component  Accelerations,  at  any  in- 
stant, Along,  and  Perpendicular  to  the  Tangent — 

Let  (x,  y)  (Pig.  79)  be  the  place  of  the  moving  particle,  P, 
at  the  time  t,  and  s  the  length  of  the  arc  described  during 

*  Sometimea  called  the  radial  acceleration. 
f  SbmetimeB  called  the  tranmenal  acceleration. 
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that  time.    Then  the  accelerations  along  the  axes  of  x  and  y 

are  ^ttj  and  -^;  and  the  direction  cosines*  are  ^-  and  -—' 
dt"  dP  as  ds 

To  find  the  acceleration  along  the  tangent  we  must  multi- 
ply these  axial  accelerations  by  ^  and  -^,  respectively,  and 
add.     Thus  the  tangential  acceleration,  T,  is 

^  _^    dx      ^    dy  ■ 

~  dP  '  ds  '^  dt^  '  ds'  ^  ' 

Since  d^  =  dx^  +  dy^,  therefore,  by  differentiation  we 
hare 

ds  d's  =  dxd^x  +  dy  d!^y ; 

and  diyiding  hj  ds  dP  we  get 

d?s  _  d^x    dx      ^y    dy 
M  ~  W  Ts  '^  W  ds' 


which  in  (1)  gives 


for  the  acceleration  along  the  tangent. 

Similarly  we  have  for  the  normal  acceleration,  N, 

-j^r  _d'y    dx      d^x    dy 
~d^"ds~Wds 


(3) 


{d'^y  dx  —  dJ^xdy)    ds* 


1    d^ 


where  p  is  the  radius  of  curvature  ; 


*  Cosmee  of  the  angles  which  the  tangent  makes  with  the  axes  of  x  and  y. 
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-'•    N  =  ^-,  (3) 

if  V  is  the  velocity  of  the  particle  at  the  point  {x,  y). 

Hence  at  any  point,  P,  of  the  trajectory,  if  the  accelera- 
tion is  resolved  along  the  tangent  to  the  curve  at  P  and 
along  the  normal,  the  accelerations  along  the  two  lines  are 
respectively 

d^s  ,  v^ 
jij  and  — 
dp  p 

163.  When  the  Acceleration  Perpendicular  to 
the  Radius  Vector  is  zero. — Then- from  (6)  of  Art.  161 
we  have 

r^Yf=  constant  =  h  suppose ; 


dd       h 
•'■    dt  ~  r^ 

> 

and 

dr 

dt  ■ 

dr    dd 
~  dd'  dt~ 

h 

dr 
dd' 

■■' 

dt^  - 

W    d^r 
~  r*'  dO^ 

/dr\^ 

\de)' 

which 

in 

(5) 

of  Art. 

161  gives 

the  acceleration  along  the  radius  vector 

~r^de^         r^\dd)      r^'  ^' 

an  expression  which  is  independent  of  t. 

This  may  be  put  into  a  more  convenient  form  as  follows : 

Let  r  =  -;  then 
u 

dr  1     du^ 

de~  ~u^'W 
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Oh-        1 


de^  ~  u>    d^  "^ 


2  ldA£^ 


which  in  (1)  and  reducing,  gives 

the  acceleration  along  the  radius  vector 

=  -.vg  +  .).  (2) 

From  these  two  formulae  the  Jaw  of  acceleration  along 
the  radius  vector  may  be  deduced  when  the  curve  is  given, 
and  the  curve  may  be  deduced  when  the  law  of  accelera- 
tion along  the  radius  vector  is  given.  Examples  of  these 
processes  will  be  given  in  Chap.  (2),  Part  III. 

164.  When  the  Angular  Velocity  is  Constant- 
Let  the  angular  velocity  be  constant  =  w  suppose.    Then 

dQ 

therefore  from  (5)  of  Art.  161 

the  acceleration  along  the  radius  vector 

The  acceleration  perpendicular  to  the  radius  vector 

=  2.|;  (2) 

and  both  of  these  are  independent  of  ft 

The  following  example  is  an  illustration  of  these 
formulae  : 

A  particle  describes  a  path  with  a  constant  angular 
velocity,  and  without  acceleration  along  the  radius  vector ; 
find  (1)  the  equation  of  the  path,  and  (2)  the  acceleration 
perpendicular  to  the  radius  vector. 
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(1)  From   (1)   we  have,   from   the    conditions    of    the 
question. 


Integrating  we  have 


=  d^(f  —  a\ 


if  f  =  a  when  -^  =  0. 
at 


Therefore r  =  (^dt; 

and  log\^-±^^^'\=  .t, 


a  r  =  a  when  f  =  0, 

.-.     /■  =  I  (e™«  +  e-"*).  (3) 

do 
Also,  as  -=7  =  »,  therefore  9  =  w^,  if  0  =  0  when  t  =  0. 

Substituting  this  value  of  wt,  we  have, 

r  =  ^(eO  +  e-o);  (4) 

which  is  the  path  described  by  the  particle. 

(2)  Let  Q  be  the  required  acceleration  perpendicular  to 
the  radius  vector,  then  from  (2)  we  have 

=  aw*  (e^  ^  er'-f),  from  (3) 
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=  aufi  {e  —  e-») 

=  2w2(r2  — fl2)*;  (5) 

which  is  the  acceleration  perpendicular  to  the  radius 
vector. 

The  preceding  discussion  of  Kinematics  is  sufficient  for 
this  work.  There  are  various  other  problems  which  might 
be  studied  as  Kinematic  questions,  and  inserted  here ;  but 
we  prefer  to  treat  them  from  a  Kinetic  point  of  view. 

For  the  investigation  ■  of  the  kinematics  of  a  particle 
describing  a  curvilinear  path  in  space,  see  Price's  Anal. 
Mech's,  Vol.  I,  p.  430,  also  Tait  and  Steele's  Dynamics  of 
a  Particle,  p.  13. 

EXAMPLES. 

1.  A  particle  describes  the  hyperbola,  xy  =  k^;  find  (1) 
the  acceleration  parallel  to  the  axis  of  x  if  the  velocity 
parallel  to  the  axis  of  ^Z  is  a  constant,  /3,  and  (3)  find  the 
acceleration  parallel  to  the  axis  of  y  if  the  velocity  parallel 
to  the  axis  of  a;  is  a  constant,  «. 


(i)^-;©^?-- 


3.  A  particle  describes  the  parabola,  y^  =  iax ;  find 
the  acceleration  parallel  to  the  axis  of  y  if  the  velocity 
parallel  to  the  axis  of  a;  is  a  constant,  a.       .  4aV 

f" 

3.  A  particle  describes  the  logarithmic  curve,  y  =:  a"; 
find  (1)  the  a;-component  of  the  acceleration  if  the  ^-com- 
ponent of  the  velocity  is  a  constant,  P,  and  (3)  find  the 
^-component  of  the  acceleration  if  the  a;-component  of  the 
velocity  is  a  constant,  «. 

^'^'-  (i)-^«;(3)«'(i<'g«)'y- 
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4.  A  particle  describes  the  cycloid,  the  starting  point 
being  the  origin;  find  (1)  the  a;-component  of  the  accel- 
eration if  the  ^-component  of  the  Telocity  is  j3,  and  (2)  find 
the  «/-eomponent  of  the  acceleration  if  the  a;-component  of 
the  Telocity  is  a.  ^^^_  ^^^  _^%_  ;  (3)  _  ^. 

/a;  ai\ 

5.  A  particle  describes  a  catenary,  «/  =  p(«"-|-e    «l; 

find  (1)  the  ^-component  of  the  acceleration  if  the  «/-com- 
ponent  of  the  velocity  is  (3,  and  (2)  find  the  ^-component 
of  the  acceleration  if  the  a;-component  of  the  Telocity  is  a- 

6.  Determine  how  long  a  particle  takes  in  moving  from 

the  point  of  projection  to  the  further  end  of  the  latus 

rectum.  ^        «*  ,  .  , 

Ans.  -  (sm  a  +  cos  a). 

7.  A  gun  was  fired  at  an  elcTation  of  50°;  the  ball 
struck  the  ground  at  the  distance  of  2449  ft,;  find  (1)  the 
Telocity  with  which  it  left  the  gun  and  (2)  the  time  of 

flight,  {g  =  ^^^ 

Ans.  (1)  200  ft.  per  sec;  (2)  19.05  sees. 

8.  A  ball  fired  with  velocity  u  at  an  inclination  a  to  the 
horizon,  just  clears  a  vertical  wall  which  subtends  an  angle, 
/3,  at  the  point  of  projection;  determine  the  instant  at 
which  the  ball  just  clears  the  wall. 

u  cos  « 

9.  In  the  preceding  example  determine  the  horizontal 

distance  between  the  foot  of  the  wall  and  the  point  where 

the  ball  strikes  the  ground.  ,       2m?      „     ,      „ 

°  Ans.  —  cos^  a  tan  0. 

9 
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10.  At  the  distance  of  a  quarter  of  a  mile  from  the  bot- 
tom of  a  cliff,  which  is  130  ft.  high,  a  shot  is  to  be  fired 
■which  shall  just  clear  the  cliff,  and  pass  over  it  horizon- 
tally ;  find  the  angle,  «,  and  velocity  of  projection,  v. 

Am.  a  —  10°  18';  v  —  490  ft.  per  sec. 

11.  When  the  angle  of  elevation  is  40°  the  range  is 
3449  ft. ;  find  the  range  when  the  elevation  is  39^°. 

Arts.  2131.5  ft. 

13.  A  body  is  projected  horizontally  with  a  velocity  of 
4  ft.  per  sec. ;  find  the  latus  rectum  of  the  parabola  de- 
scribed, {g  —  33).  Ans.  1  foot. 

13.  A  body  projected  from  the  top  of  a  tower  at  an  angle 
of  45°  above  the  horizontal  direction,  fell  in  5  sees,  at  a 
distance  from  the  bottom  of  the  tower  equal  to  its  altitude ; 
find  the  altitude  in  feet,  {g  =  33).  Ans.  300  feet. 

14.  A  ball  is  fired  up  a  hill  whose  inchnation  is  15°; 
the  inclination  of  the  piece  is  45°,  and  the  velocity  of  pro- 
jection is  500  ft.  per  sec. ;  find  the  time  of  flight  before 
it  strikes  the  hill,  and  the  distance  of  the  place  where  it 
falls  from  the  point  of  projection.* 

Ans.  T  =  16.17  sees.;  E  =  1.131  miles. 

15.  On  a  descending  plane  whose  inclination  is  13°,  a 
ball  fired  from  the  top  hits  the  plane  at  a  distance  of  two 
miles  and  a  half,  the  elevation  of  the  piece  is  43°  ;  find  the 
velocity  of  projection.  Ans.  v  =  579.74  ft.  per  sec. 

16.  A  body  is  projected  at  an  inclination  a  to  the  hori- 
zon; determine  when  the  motion  is  perpendicular  to  a 
plane  which  is  inclined  at  an  angle  fi  to  the  horizon. 

.       u  6m  a  —  at         ,       ,  „ 

Ans. ^  =  ±  cot  /3. 

u  cos  a 

*  The  range  on  the  inclined  plane. 
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17.  Calculate  the  maximum  range,  and  time  of  flight, 
on  a  descending  plane,  the  angle  of  depression  of  which  is 
15°,  the  velocity  of  projection  being  1000  ft.  per  sec.  , 

Ans.  Max.  range  =  7.98  miles  ;  T  =  51.34  sec. 

18.  With  what  velocity  does  the  ball  strike  the  plane  in 
the  last  example  ?  Ans.  V  =  1303  feet. 

19.  If  a  ship  is  moving  horizontally  with  a  velocity 
=  ^g,  and  a  body  is  let  fall  from  the  top  of  the  mast,  find 
its  velocity,  V,  and  direction,  d,  after  4  sees. 

Ans.  Y  =  hg;  d  =  tan"'  |. 

30.  A  body  is  projected  horizontally  from  the  top  of  a 
tower,  with  the  velocity  gained  in  falling  down  a  space 
equal  to  the  height  of  the  tower ;  at  what  distance  from 
the  base  of  the  tower  will  it  strike  the  ground  ? 

Ans.  E  =  twice  the  height  of  the  tower. 

31.  Find  the  velocity  and  time  of  flight  of  a  body  pro- 
jected from  one  extremity  of  the  base  of  an  equilateral 
triangle,  and  in  the  direction  of  the  side  adjacent  to  that 
extremity,  to  pass  through  the  other  extremity  of  the  base. 

V3a 


Ans.  V  =  ^^-f;  T 


23.  G-iven  the  velocity  of  sound,  V;  find  the  horizontal 
range,  when  a  ball,  at  a  given  angle  of  elevation,  «,  is  so 
projected  towards  a  person  that  the  ball  and  sound  of  the 
discharge  reach  him  at  the  same  instant. 

2V' 

Ans. tan  «. 

9 

33.  A  body  is  projected  horizontally  with  a  velocity  of 
4^  from  a  point  whose  height  above  the  ground  isWg;  find 
the  direction  of  motion,  0,  (1)  when  it  has  fallen  half-way 
to  the  ground,  and  (3)  when  half  the  whole  time  of  falling 
has  elapsed.  ^^^_  ^^^  e  =  46° ;  (2)  d  =  tan-i  -^. 

V2 
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24.  Particles  are  projected  with  a  given  velocity,  v,  in 
all  lines  in  a  vertical  plane  from  the  point  0  ;  find  the  locus 
of  thezn  at  a  given  time,  t. 

Ans.  x^  +  {y  -\-  ^gPf  =  vH^,  which  is  the  eqtfation  of  a 
circle  whose  radius  is  vt  and  whose  centre  is  on  the  axis  of 
y  at  a  distance  ^f  below  the  origin. 

25.  How  much  powder  will  throw  a  13-inch  shell* 
4000  ft.  on  an  inclined  plane  whose  angle  of  elevation  is 
10°  40';  the  elevation  of  the  mortar  being  35". 

Ans.  Charge  =  4.67  lbs. 

36.  A  projectile  is  discharged  in  a  horizontal  direction, 
with  a  velocity  of  450  ft.  per  sec,  from  the  summit  of  a 
conical  hill,  the  vertical  angle  of  which  is  130° ;  at  what 
distance  down  the  hillside  will  the  projectile  fall,  and  what 
will  be  the  time  of  flight  ? 

Ans:  Distance  =  3812.5  yards;  Time  =  16.33  sees. 

27.  A  gun  is  placed  at  a  distance  of  500  ft.  from  the  base 
of  a  clifE  which  is  300  ft.  high  ;  on  the  edge  of  the  clifi 
there  is  built  the  wall  of  a  castle  60  ft.  high ;  find  the 
elevation,  «,  of  the  gun,  and  the  velocity  of  discharge,  v, 
in  order  that  the  ball  may  graze  the  top  of  the  castle  wall, 
and  fall  130  ft.  inside  of  it. 

Ans.  a  =  53°  19' ;  t>  =  165  ft.  per  sec. 

38.  A  piece  of  ordnance  burst  when  50  yards  from  a 
wall  14  ft.  high,  and  a  fragment  of  it,  originally  in  con- 
tact with  the  ground,  after  grazing  the  wall,  fell  6  ft. 
beyond  it  on  the  opposite  side ;  find  how  high  it  rose  in 
the  air.  Ans.  94  ft. 

*  The  weight  of  a  13-inch  shell  is  196  lbs. 


PART    III. 
KINETICS   (MOTION   AND   FORCE). 


CHAPTER    I. 

LAWS  OF  MOTION— MOTION  UNDER  THE  ACTION  OF 
A  VARIABLE  FORCE  — MOTION  IN  A  RESISTING 
MEDIUM. 

165.  Definitions. — Kinetics  is  that  branch  of  Dynamics 
which  treats  of  the  motion  of  bodies  under  the  action  of 
forces. 

In  Part  I,  forces  were  considered  with  reference  to  the 
pressures  which  they  produced  upon  bodies  at  rest  (Art. 
16),  i.  e.,  bodies  under  the  action  of  two  or  more  forces 
in  equilibrium  (Art.  26).  In  Part  II  we  considered  the 
purely  geometric  properties  of  the  motion  of  a  point  or 
particle  without  any  reference  to  the  causes  producing  it, 
or  the  properties  of  the  thing  moved.  We  are  now  to 
consider  motion  with  reference  to  the  causes  which  produce 
it,  and  the  things  in  which  it  is  produced. 

The  student  must  here  review  Chapter  I,  Part  I,  and  obtain  clear 
conceptions  of  Momentum,  Acceleration  of  Momentum,  and  the  Kinetic 
measure  of  Force  (Arts.  13, 14, 19,  and  30),  as  this  is  necessary  to  a  full 
understanding  of  the  fundamental  laws  of  motion,  on  the  truth  of 
which  all  our  succeeding  investigations  are  founded. 

166.  Newton's  Laws  of  Motion. — The  fundamental 
13 
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principles  in  accordance  with  which  motion  takes  place  are 
embodied  in  three  statements,  generally  known  as  Newton's 
Laws  of  Motion.  These  laws  must  be  considered  as  resting 
on  convictions  drawn  from  observation  and  experiment, 
and  not  on  intuitive  perception.*  The  laws  are  the  fol- 
lowing : 

Law  I. — -Every  body  continues  in  its  state  of  rest 
or  of  uniform  motion  in  a  straight  line,  except  in 
so  far  as  it  is  compelled  by  force  to  change  that 
state. 

Law  II. — Change  of  motion  is  proportional  to  the 
force  applied,  and  tahes  place  in  the  direction  of 
the  straight  line  in  which  the  force  acts. 

Law  III. — To  every  action  there  is  always  an 
equal  and  contrary  reaction;  or,  the  mutual  ac- 
tions of  any  two  bodies  are  always  equal  and  oppo- 
sitely directed. 

167.  Remarks  on  Law  I. — Law  i  supplies  us  with  a 
definition  of  force.  It  indicates  that  force  is  that  which  tends  to 
change  a  body's  state  of  rest  or  of  uniform  motion  in  a  straight  line  ; 
for  if  a  body  does  not  continue  in  its  state  of  rest  or  of  uniform  mo- 
tion in  a  straight  line  it  must  be  under  the  action  of  force. 

A  body  has  no  power  to  change  its  own  state  as  to  rest  or  motion  ; 
when  it  is  at  rest,  it  has  no  power  of  putting  itself  in  motion  ;  when 
in  motion  it  has  no  power  of  increasing  or  diminishing  its  velocity. 
Matter  is  ineH  (Art.  3).  If  it  is  at  rest,  it  will  remain  at  rest ;  if  it  is 
moving  with  a  given  velocity  along  a  rectilinear  path,  it  will  continue 
to  move  with  that  velocity  along  that  path.  It  is  alike  natural  to 
matter  to  be  at  rest  or  in  motion.  Whenever,  therefore,  a  body's 
state  is  changed  either  from  rest  to  motion,  or  from  motion  to  rest, 
or  when  its  velocity  is  increased  or  diminished,  that  change  is  due  to 
some  external  cause.  This  cause  is  called  force  (Ait.  15) ;  and  the 
word/orce  is  used  in  Kinetics  in  this  meaning  only. 

*  Tbomson  and  Tail's  Nat.  Phil.,  p.  341. 
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168.  Remarks  on  Law  II. — Law  II  asserts  that  if  any 
force  generates  motion,  a  double  force  will  generate  double  motion, 
and  so  on,  whether  applied  simultaneously  or  successively,  instan 
taneously  or  gradually.  And  this  motion,  if  the  body  was  moving 
beforehand,  is  either  added  to  the  previous  motion  if  directly  conspir- 
ing with  it,  or  is  subtracted  if  directly  opposed  ;  or  is  geometrically 
compounded  with  it  according  to  the  principles  already  explained, 
(Art.  29),  if  the  line  of  previous  motion  and  the  direction  of  the  force 
are  inclined  to  each  other  at  an  angle.  The  term  motion  here  means 
quantity  of  motion,  and  the  ptoase  change  of  motion  here  means  rnte 
of  change  of  quantity  of  motion  (Art.  14).  If  the  force  be  finite  it  will 
require  a  finite  time  to  produce  a  sensible  change  of  motion,  and  the 
change  of  momentum  produced  by  it  will  depend  upon  the  time  dur- 
ing which  it  acts.  The  change  of  motion  must  then  be  understood  to 
be  the  change  of  momentum  produced  per  unit  of  time,  or  the  rate 
of  change  of  momentum,  or  acceleration  of  momentum,  which  agrees 
with  the  priiiciples  already  explained  (Arts.  14  and  30).  In  this  law 
nothing  is  said  about  the  actual  motion  of  the  body  before  it  was 
acted  on  by  the  force ;  it  is  only  the  change  of  motion  that  concerns 
us.  The  same  force  will  produce  precisely  the  same  change  of  mo- 
tion in  a  body  ;  whether  the  body  be  at  rest,  or  in  motion  with  any 
velocity  whatever. 

Since,  when  several  forces  act  at  once  on  a  particle  either 
at  rest  or  in  motion,  the  second  law  of  motion  is  true  for 
every  one  of  these  forces,  it  follows  that  each  must  have  the 
same  effect,  in  so  far  as  the  change  of  motion  produced  by 
it  is  concerned,  as  if  it  were  the  only  force  in  action. 
Hence  the  assertion  of  the  second  law  may  be  put  in  the 
following  form : 

Wlien  any  number  of  forces  act  simultaneously  on  a  hody, 
luJiether  at  rest  or  in  motion  in  any  direction,  each  force  pro- 
duces in  the  tody  the  same  change  of  motion  as  if  it  alone 
had  acted  on  the  iody  at  rest. 

It  follows  from  this  view  of  the  law  that  all  problems 
which  involve  forces  acting  simultaneously  may  be  treated 
as  if  the  forces  acted  successively. 

The  operations  of  this  law  have  already  been  considered  in  Kine- 
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matics  (Art.  149) ;  but  motion  there  was  understood  to  mean  velocity/ 
only,  since  tlie  mass  of  tlie  body  was  not  considered.  This  law  iu- 
cIudeB,  therefore,  the  law  of  the  composition  of  velocities  already 
referred  to  (Art.  29).  Another  consequence  of  the  law  is  the  follow- 
ing :  Since  forces  are  measured  by  the  changes  of  motion  they  j-ro- 
duce,  and  their  directions  assigned  by  the  directions  in  which  these 
changes  are  produced,  and  since  the  changes  of  motion  of  one  and  the 
same  body  are  in  the  directions  of,  and  proportional  to,  the  changes 
of  velocity,  therefore  a  single  force,  measured  by  the  resultant  change 
of  velocity,  and  in  its  direction,  -will  be  the  equivalent  of  any  number 
of  simultaneously  acting  forces. 

Hence, 

TJie  resultant  of  any  numier  of  concurring  forces  is  to  ie 
found  by  the  same  geometric  process  as  the  resultant  of  any 
number  of  simultaneous  velocities,  and  conversely. 

From  this  follows  at  once  the  Polygon  of  Velocities  and 
the  Parallelopi2}ed  of  Velocities  from  the  Polygon  and 
Parallelepiped  of  Forces,  as  was  described  in  Art.  142. 

This  law  also  gives  us  the  means  of  measuring  force,  and  also  of 
measuring  the  mass  of  a  body ;  for  the  actions  of  different  forces  upon 
the  same  body  for  equal  times,  evidently  produce  changes  of  velocity 
which  are  proportional  to  the  forces.  Also,  if  equal  forces  act  on  dif- 
ferent bodies  for  equal  times,  the  changes  of  velocity  produced  must 
be  inversely  as  the  masses  of  the  bodies.  Again,  if  different  bodien, 
each  acted  on  by  a  force,  acquire  in  the  same  time  the  same  changes 
of  velocity,  the  forces  must  be  proportional  to  the  masses  of  the 
bodies.  This  means  of  measuring  force  is  practically  the  same  as 
that  already  deduced  by  abstract  reasoning  (Arts.  19  and  20). 

It  appears  from  this  law,  that  every  theorem  of  Kine- 
matics connected  with  acceleration  has  its  counterpart  in 
Kinetics.  Thus,  the  measure  of  acceleration  or  velocity 
increment,  (Art.  9),  which  was  discussed  in  Chap.  I  (Arts. 
9  and  10),   and  in  Kinematics  (Art.  135),   and   which  is 

d^s 
denoted  by  /  or  its  equal  -^,  is  also  the  effect  and  the 

measure  of  force ;  therefore  all  the  results  of  the  equation 
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its  various  forms,  and  the  remarks  which  have  been  made 
on  it,  are  applicable  to  it  when  /  is  the  accelerating  force. 
Thus,  (Art.  163),  we  see  that  the  force,  under  which  a 
particle  describes  any  curve,  may  be  resolved  into  two 
components,  one  in  the  tangent  to  the  curve,  the  other 
towards  the  centre  of  curvature ;  their  magnitudes  being 
the  acceleration  of  momentum,  and  the  product  of  the 
momentum  into  the  angular  velocity  about  the  centre  of 
curvature,  respectively.  In  the  case  of  uniform  motion, 
the  first  of  these  vanishes,  or  the  whole  force  is  perpen- 
dicular to  the  direction  of  motion.  When  there  is  no  force 
perpendicular  to  the  direction  of  motion,  there  is  no  curva- 
ture, or  the  path  is  a  straight  line. 

Hence  if  we  suppose  the  particle  of  mass  m  to  be  at  the 
point  {x,  y,  z),  and  resolve  the  forces  acting  on  it  into  the 
three  rectangular  components,  X,  Y,  Z,  we  have 

In  several  of  the  chapters  these  equations  will  be  sim- 
plified by  assuming  unity  as  the  mass  of  the  moving 
particle.  When  this  cannot  be  done,  it  is  sometimes  con- 
venient to  assume  X,  Y,  Z,  as  the  component  forces  on  the 
unit  mass,  and  (3)  becomes 

m^jTK  =  »iX,  etc. 
at'' 

from  which  m  may  of  course  be  omitted.     It  will  be  ob- 
sei'ved  that  an  equation  such  as 

^x       „ 
may  be  interpreted  either  as  Kinetical  or  Kinematical ;  if 
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the  former,  the  unit  of  mass  must  be  understood  as  a  fac- 
tor on  the  left-hand  side,  in  which  case  X  is  the  a;-com- 
ponent,  for  the  unit  of  mass,  of  the  whole  force  exerted  on 
the  moving  body. 

The  first  two  laws,  have,  therefore,  furnished  us  with  a  definition 
and  a  measure  of  force ;  and  they  also  show  how  to  compound,  and 
therefore  how  to  resolve,  forces;  and  also  how  to  investigate  the 
conditions  of  equilibrium  or  motion  of  a  single  particle  subjected  to 
given  forces. 

169.  Remarks  on  Law  III. — According  to  Law  III,  if  one 
hody  presses  or  draws  another,  it  is  pressed  or  drawn  by  this  other 
with  an  equal  force  in  the  opposite  direction  (Art.  16).  A  horse 
towing  a  boat  on  a  canal,  is  pulled  backwards  by  a  force  equal  to  that 
which  he  impresses  on  the  towing-rope  forwards.  If  one  body  strikes 
another  body  and  changes  the  motion  of  the  other  body,  its  own 
motion  will  be  changed  in  an  equal  quantity  and  in  the  opposite 
direction ;  for  at  each  instant  during  the  impact  the  bodies  exert  on 
each  other  equal  and  opposite  pressures,  and  the  momentum  that  one 
body  loses  is  equal  to  that  which  the  other  gains. 

The  earth  attracts  a  falling  pebble  with  a  certain  force,  while  the 
pebble  attracts  the  earth  with  an  equal  force.  The  result  is  that 
while  the  pebble  moves  towards  the  earth  on  account  of  its  attrac- 
tion, the  earth  also  moves  towards  the  pebble  tmder  the  influence  of 
the  attraction  of  the  latter ;  but  the  mass  of  the  earth  being  enor- 
mously greater  than  that  of  the  pebble  whUe  the  forces  on  the  two 
arising  from  their  mutual  attractions  are  equal,  the  motion  produced 
thereby  in  the  earth  is  almost  incomparably  less  than  that  produced 
in  the  pebble,  and  is  consequently  insensible. 

It  follows  that  the  sum  of  the  quantities  of  motion  parallel  to  any 
fixed  direction  of  the  particles  of  any  system  influencing  one  another 
in  any  possible  way,  remains  unchanged  by  their  mutual  action. 
Therefore  if  the  centre  of  gravity  of  any  system  of  mutually 
influencing  particles  is  in  motion,  it  continues  moving  uniformly  in  a 
straight  line,  unless  in  so  far  as  the  direction  or  velocity  of  its  motion 
is  changed  by  forces  between  the  particles  and  some  other  matter  not 
belonging  to  the  system  ;  also  the  centre  of  gravity  of  any  system  of 
particles  moves  just  as  all  the  matter  of  the  system,  if  concentrated  in 
a  point,  would  move  under  the  influence  of  forces  equal  and  parallel 
to   the   forces  really  acting  on    its    different    parts.      (For    further 
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remarks  on  these  laws  see  Tait  and  Steele's  Dynamics  of  a  Particle, 
Thomson  and  Tgit's  Nat.  Phil.,  Pratt's  Mechanics,  etc. ) 

170.  Two  Laws  of  Motion  in  the  French  Trea- 
tises.— Newton's  Laws  of  motion  are  not  adopted  in  the 
principal  French  treatises  ;  but  we  find  in  them  two  prin- 
ciples only  as  borrowed  from  experience,  viz.: 

First. — The  Law  of  Inertia,  that  a  body,  not  acted 
upon  by  any  force,  would  go  on  for  ever  with  a  uniform 
velocity.    This  coincides  with  Newton's  First  Law. 

Second. — That  the  velocity  communicated  is  proportional 
to  the  force.  The  second  and  third  Laws  of  Motion  are 
thus  reduced  to  this  second  principle  by  the  French  writers, 
especially  Poisson  and  Laplace.* 

171.  Motion  of  a  Particle  under  the  Action  of  an 
Attractive  Force. — A  particle  moves  under  a  force  of 
attraction  which  is  in  its  line  of  motion,  and  varies  directly 
as  the  distance  of  the  particle  from  the  centre  of  force;  it  is 
required,  to  determine  the  motion. 

The  point  whence  the  influence  of  a  force  emanates  is 
called  the  centre  of  force  ;  and  the  force  is  called  an  attrac- 
tive or  a  repulsive  force  according  as  it  attracts  or  repels. 

Let  0  be  the  centre  of  force,  P  the       ^,        o       p  a 
position  of  the  particle  at  any  time,  t,  v  Fig.so  /^as 

its  velocity  at  that  time,  and  let  OP  =  x, 
and  OA  =  a,  where  A  is  the  position  of  the  particle  when 
^  =  0  ;  let  fi  =  the  absolute  force;  that  is,  the  force  of 
attraction  on  a  unit  of  mass  at  a  unit's  distance  from  0, 
which  is  supposed  to  be  known,  and  is  sometimes  called 
the  strength  of  the  attraction.    At  present  we  shall  suppose 

*  Parkinson's  Mechanics,  p.  187.  See  paper  by  Dr.  Whewell  on  the  principles 
of  Dynamics,  particularly  as  stated  by  French  writers,  in  the  Edinburgh  Journal  of 
Science,  Vol.  Tin. 
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the  mass  of  the.  particle  to  be  unity,  as  it  simplifies  the 
equations.  Then  fix  is  the  magnitude  of  the  force  at  the 
distance  x  on  the  particle  of  unit  mass,  or  it  is  the  accelera- 
tion at  P ;  and  the  equation  of  motion  is 

^* 

^=-^^  (1) 

the  negative  sign  being  taken  because  the  tendency  of  the 
force  is  to  diminish  x ; 

2dx  cPx  „      7 

■•■    -^^^-^l^^dx. 

Integrating,  we  get 

S'=F(«'-a?),  (3) 

if  the  particle  be  at  rest  when  x  =  a  and  t  =  0, 
—  dx 


\/a*  —  ^ 


=  fi^dt. 


the  negative  sign  being  taken,  because  x  decreases  as  t 
increases.  Integrating  again  between  the  limits  correspond- 
ing io  t  z=  t  and  ^  =  0, 

cos~i-  =  ui^t, 
a 

.-.    ^  =  ^co8-»f.  (3) 

From  (3)  it  appears  that  the  velocity  of  the  particle  is 
zero  when  x  z=  a  and  —  a  ;  and  is  a  maximum,  viz.:  «//* 
when  a;  =  0.  Hence  the  particle  moves  from  rest  at  A ;  its 
velocity  increases  until  it  reaches  0  where  it  becomes  a 
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maximum,  and  where  the  force  is  zero ;  the  particle  passes 
through  that  point,  and  its  velocity  decreases,  and  at  A',  at 
a  distance  =  —  a,  becomes  zero.  From  this  point  it  will 
return,  under  the  action  of  the  force,  to  its  original  posi- 
tion, and  continually  oscillate  over  the  space  3a;  of  which 
0  is  the  middle  point. 
From  (3)  we  find  when  a;  =  a,  ^  =  0  and  when  a;  =  0, 

t  =  — J- :  so  that  the  time  of  passing  from  A  to  0  =  — r , 
3ft*  3^* 

and  the  time  from  0  to  A'  is  the  same,  so  that  the  time  of 

oscillation  from  A  to  A'  is  —r-     This  result  is  remarkable, 

^* 

as  it  shows  that  the  time  of  oscillation  is  independent  of 

the  velocity  and  distance  of  projection,  and  depends  solely 

on  the  strength  of  the  attraction,  and  is  greater  as  that  is 

less. 

This  problem  includes  the  motion  of  a  particle  within  a 

homogeneous  sphere  of  ordinary  matter  in  a  straight  shaft 

through  the  centre.    For  the  attraction  of  such  a  sphere  on 

a  particle  within  its  bounding  surface  varies  directly  as  the 

distance  from  the  centre  of  the  sphere  (Art.  133a).    If  the 

earth  were  such  a  homogeneous  sphere,  and  if  AOA'  (Fig. 

80)  represented  a  shaft  running  straight  through  its  centre 

from  surface  to  surface,  then,  if  a  particle  were  free  at  one 

end.  A,  it  would  move  to  the  centre  of  the  earth,  0,  where 

its  velocity  would  be  a  maximum,  and  thence  on  to  the 

opposite  side  of  the  earth,  A',  where  it  would  come  to  rest ; 

then  it  would  return  through  the  centre,  0,  to  the  side.  A, 

from  where  it  started  ;  and  its  motion  would  continue  to  be 

oscillatory,  and  thus  it  would  move  backwards  and  forwards 

from  one  side  of  the  earth's  surface  to  the  other,  and  the 

time  of  the  oscillation  would  be  independent  of  the  earth's 

radius ;  that  is,  at  whatever  point  within  the  earth's  surface 

the  particle  be  placed  it  would  reach  the  centre  in  the 

same  time. 
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Cob.— "Jb  find  this  time.     Since  fi  is  the  attraoticm  at  a 
unit  of  distance  and  g  the  attraction  at  the  distance  B,  we 

have  11=.^^,  which  in  ^  =  — t  gives 

a  2(u,* 


for  the  time  it  would  take  a  body  to  move  from  any  point 
within  the  earth's  surface  to  the  centre. 
If  we  put  g  =  33-J-  feet  and  R  =  3963  mUes  we  get 

^  =  21  m.  6  s.  about, 

which  would  be  the  time  occupied  in  passing  to  the  earth's 
centre,  however  near  to  it  the  body  might  be  placed,  or 
however  far,  so  long  as  it  is  within  the  surface. 

172.  Motion  of  a  Particle  under  the  Action  of  a 
Variable  Repulsive  Force. — Let  the  force  be  one  of 
repulsion  and  vary  as  the  distance,  then  the  equation  of 
ipotion  is 

d!>x 

^  =  ^^- 

Let  us  suppose  the  particle  to,  he  projected  from  the  cen- 
tre of  force  with  the  velocity  v^ ;  then  we  have 

da? 

^  =  ^^  +  V;  (1) 


As  t  increases  z  also  increases,  and  the  particle  recedes 
further  and  further  from  the  centre  of  force;-  and  the 
velocity  also  increases,  and  ultimately  equals  oo  when  z  = 
t  =  X.    Thus  in  this  case  the  motion  is  not  oscillatory. 
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173.  Motion  of  a  Fairticle  under  the  Action  of  an 
Attractive  Force  vrhich  is  in  the  line  of  motion,  and 
which  varies  Inversely  as  the  Square  of  the  Distance 
from  the  Centre  of  Force. 

Let  0  (Fig.  80)  be  the  centre  of  force,  P  the  position  of 
the  particle  at  the  time  t ;  and  A  the  position  at  rest  when 
^  =  0,  so  that  the  particle  starts  from  A  and  moves  to- 
wards 0.  .  Let  OP  =  X,  OA  =  a,  and  ft  =  the  absolute 
force  as  before  or  the  acceleration  at  unit  distance  from  0. 
Then  the  equation  of  motion  is 

d!^x  _       ti_ 
Multiplying  by  3  ;5t  and  integrating,  we  get 


=  ^''(^-^)'  (1) 


which  gives  the  velocity  of  the  particle  at  any  distance,  x, 
from  the  origin. 
From  (1)  we  have 

dx  _ 
di  ~  ~ 

the  negative  sign  being  taken  because  in  the  motion  to- 
wards 0,  X  diminishes  as  t  increases.     This  gives 

2jil  ,  —  xdx 


'^  's/ax  —  x^ 

-fx-l^^-f-    ^    ^     -Id... 
L    Vax  ^  x^      ^  yax  --  x^J 
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Integrating  and  taking  the  limits  corresponding  \a  t  =  t 
and  <  ==  0,  we  have 


y-[_Vaa;-«;'-^Ters-i-  +  -J 


(2) 


which  gives  the  value  of  t. 

When  the  particle  arrives  at  0,  a;  =  0,  therefore  the 
time  of  falling  to  the  centre  0  from  A  is 

Prom  (1)  we  see  that  the  velocity  =  0  when  x  =  a;  and 
=  oc  when  a;  =  0 ;  hence  the  velocity  increases  as  the 
particle  approaches  the  centre  of  force,  and  ultimately, 
when  it  arrives  at  the  centre,  becomes  infinite.  And 
although  at  any  point  very  near  to  0  there  is  a  very  great 
attraction  tending  towards  0,  at  the  point  0  itself  there  is 
no  attraction  at  all;  therefore  the  particle,  approaching 
the  centre  with  an  indefinitely  great  velocity,  must  pass 
through  it.  Also,  everything  being  the  same  at  equal 
distances  on  either  side  of  the  centre,  we  see  that  the 
motion  must  be  retarded  as  rapidly  as  it  was  accelerated, 
and  therefore  the  particle  will  proceed  to  a  point  A'  at  a 
distance  on  the  other  side  of  0  equal  to  that  from  which  it 
started ;  and  the  motion  will  continue  oscillatory. 

174.  Velocity  acquired  in  Falling  through  a  G-reat 
Height  above  the  Earth. — The  preceding  case  of  motion 
includes  that  of  a  body  falling  from  a  great  height  above 
the  earth's  surface  towards  its  centre,  the  distance  through 
which  it  falls  being  so  great  that  the  variations  of  the  earth's 
attraction  due  to  the  distance  must  be  taken  into  account. 
For  a  sphere  attracts  an  external  particle  with  a  force  which 
varies  inversely  as  the  square  of  the  distance  of  the  particle 
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from  the  centre  of  the  sphere  (Art.  133a) ;  therefore  if  R  is 
the  earth's  radius,  g  the  kinetic  measure  of  gravity  on  a 
unit  of  mass  at  the  earth's  surface  (Arts.  30,  23),  and  x  the 
distance  of  a  body  from  tlie  centre  of  the  earth  at  the  time 
t,  then  the  equation  of  motion  is 

^  _  _     ^ 

which  is  the  same  as  the  equation  in  Art.  173  by  writing  u- 
for  gW ;  therefore  the  results  of  the  last  Art.  will  apply  to 
this  case.  Substituting  g^  for  /u  in  (1)  of  Art.  173  we 
have 

When  the  body  reaches  the  earth's  surface,  x  =  R  and 
(1)  becomes 

v^  =  ^r[^^).  (2) 

If  a  is  infinite  (3)  becomes 


so  that  the  velocity  can  neyer  be  so  great  as  this,  however 
far  the  body  may  fall;  and  hence  if  it  were  possible  to 
project  a  body  vertically  upwards  with  this  velocity  it  would 
go  on  to  infinity  and  never  stop,  supposing,  of  course,  that 
there  is  no  resisting  medium  nor  other  disturbing  force. 

If  in  (3)  we  put  g  =  33|  feet  and  R  =  3963  miles  we 
get 

V  =  [3. 33|. 3963- 5280]* feet  =  6-95  miles; 

so  that  the  greatest  possible  velocity  which  a  body  can 
acquire  in  falling  to  the  earth  is  less  than  7  miles  per 
second,  and  if  a  body  were  projected  upwards  with  that 
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Telocity,   and    were    to  meet  with    uo  resistance  except 
gravity,  it  would  never  return  to  the  earth. 

CoE. — To  find  the  velocity  which  a  body  would  acquire 
in  falling  to  the  earth's  surface  from  a  height  h  above  the 
surface,  we  have  from  (1)  by  putting  x  =  B  and  a=^h-\-R, 

V  -zguy^^      ii;  +  AJ  -  i?  +  A 
If  h  be  small  compared  with  R,  this  may  be  written 
i;*  =  'Ugh, 

which  agrees  with  (6)  of  Art.  140. 

The  laws  of  force,  enumerated  in  Arts.  171,  173,  are  the 
only  laws  that  are  known  to  exist  in  the  universe  (Pratt's 
Mechs.,  p.  312). 

175.  Motion  in  a  Resisting  Medium. — ^In  the  pre- 
ceding discussion  no  account  is  taken  of  the  atmospheric 
resistance.  We  shall  now  consider  the  motion  of  a  body 
near  the  surface  of  the  earth,  taking  into  account  the 
resistance  of  the  air,  which  we  may  assume  varies  as  the 
square  of  the  velocity. 

A  particle  under  the  action  of  gravity,  as  a  constant  force, 
moves  in  the  air  supposed  to  he  a  resisting  medium  of 
uniform  density,  of  which  the  resistance  varies  as  the  square 
of  the  velocity  required  to  determine  the  motion. 

Suppose  the  particle  to  descend  towards  the  earth  from 
rest.  Take  the  origin  at  the  starting  point,  let  the  line  of 
its  motion  be  the  axis  of  x ;  and  let  x  be  the  distance  of 
the  particle  from  the  origin  at  the  time  t,  and  for  con- 
venience let  gk^  be  the  resistance  of  the  air  on  the  particle 
for  a  unit  of  velocity;  gk'^  is  called  the  coefficient  of  resist- 
ance.   Then  the  resistance  of  the  air  at  the  distance  X  from 
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-TT-) ,  which  acts  tipWaMs,  and  the  force  of 

grayity  is  g  acting  downwards,  the  mass  being  a  unit. 
Hence  the  equation  of  motion  is 

-••    gdt 


Integrating,  remembering  that  when  f  ^  0,  w  =  0,  we 

get 

^    ^   J  dx 

1         ^  +  ^^ 
if  =  i  log ^  >  (Calculus,  p.  359,  Ex.  5). 


Passing  to  exponentials  we  have 

dx       1  6*9''  —  e-* 


dt        k  e^t  +  e-^s" ' 


(3) 


which  gives  the  velocity  in  terims  of  the  time.    To  find  it  in 
terms  of  the  space,  we  have  from  (1) 

=  2gBdx; 


observing  the  proper  limits; 
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which  gives  the  velocity  in  terms  of  the  distance. 

Also,  integrating  (3)  taking  the  same  limits  as  before, 
we  get 

gl(?x  =  log  (e^f  +  e-^fl'O  —  log  3  ; 

-  • .     3e9'*''a!  _  gkgt  ^  g-hgt^  (5) 

which  gives  the  relation  between  the  distance  and  the  time 
of  falling  through  it. 

As  the  time  increases  the  term  e-^  diminishes  and  from 
(5)  the  space  increases,  becoming  infinite  when  the  time  is 
infinite;  but  from  (3),  as  the  time  increases  the  velocity 
becomes  more    nearly  uniform,   and  when    if  =  oo,  the 

velocity  =  ^ ;  and  although  this  state  is  never  reached,  yet 
ic 

it  is  that  to  which  the  motion  approaches. 

176.  Motion  of  a  Particle  Ascending  in  the  Air 
against  the  Action  of  Gravity. — Let  us  suppose  the 
particle  to  be  projected  upwards,  that  is,  in  a  direction 
contrary  to  that  of  the  action  of  gravity,  with  a  given 
velocity,  v,  it  is  required  to  determine  the  motion. 

Let  us  suppose  the  particle  to  be  of  the  same  form  and 
size  as  before,  and  the  same  coeflBcient  of  resistance. 
Then,  taking  x  positive  upwards,  both  gravity  and  the 
resistance  of  the  air  tend  to  diminish  the  velocity  as  t 
increases ;  so  that  the  equation  of  motion  is 

-^-g-gi,^(-j.,  (1) 
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,,  dx 

di 

-leg  dt; 


dx\^ 


^^Ht) 


.".    taii~i  h-jT  =^  tan""*  (kv)  —  ght ; 

(Calculus,  p.  244,  Ex.  3),  since  the  initial  Telocity  is  v. 

Taking  the  tangent  of  both  members  and  solving  for 

dx  , 

^,  we  get 

dx  _1      vh  —  tan  hgt  ^  ,„. 

di  ~  k'  1  +  vk  tan  &gt'  ^  ^ 

which  gives  the  velocity  in  terms  of  the  time.     To  find  it 
in  terms  of  the  distance,  we  have  from  (1) 


^^<if 


dxY 


1  +  HIJ 


^°g     l  +  /fcV     =-^9k'^-'  (3) 


■'■     Xdtl 


^^^^      „ze-^hix  -  4  (1  -  e-s?*'«),  (4) 


which  gives  the  velocity  in  terms  of  the  distance. 

Also,  integrating  (3)  after  substituting  sine  and  cosine 
for  tangent,  and  taking  the  same  limits  as  before,  we  get 

gt^x  =  log  {yh  sin  kgt  +  cos  kgt) ;  (5) 

which  gives  the  space  described  by  the  particle  in  terms  of 
the  time. 
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CoE.  1.  — To  find  the  greatest  height  to  which  the  par- 
tide  will  ascend  put  the  velocity,  -57  =  0,  in  (3)  and  get 

a'  =  2^  log  (1  +  W),  (6) 

which  is  the  distance  of  the  highest  point. 
Putting  -^  =  0  in  (2)  we  get 

^  =  ^tan-ii;*,  (7) 

which  is  the  time  required  for  the  particle  to  reach  the 
highest  point.  Haying  reached  the  greatest  height,  the 
particle  will  begin  to  fall,  and  the  cirGumstances  of  the 
fall  will  be  given  by  the  equations  of  Art.  175. 

Cor.  3. — Since  h  is  the  same  in  this  and  Art.  175,  we 
may  compare  the  velocity  of  projection,  v,  with  that  which 
the  particle  would  acquire  in  descending  to  the  point 
whence  it  was  projected.  Denote  by  v^  the  velocity  of 
the  particle  when  it  reaches  the  point  of  starting.  From 
(3)  of  Art.  175  we  have 

^~^^°^  1  —  k?v^^' 

and  placing  this  value  of  x  equal  to  that  given  in  (6), 
we  get, 

__1 

1  —  kh)^^  -  1  + 


Vn  = 


(1  + 
which  is  less  than  v;  hence  the  velocity  acquired  in  the 
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descent  is  less  than  that  lost  in  the  ascent,  as  might  hare 
been  inferred, 

OoE.  3. — Substituting  (6)  in  (5)  of  Art.  175,  we  get  for 
the  time  of  the  descent, 

i!  =  ^  log  (VTT^^^  +  jev)^ 

which  is  difEerent  from  the  time  of  the  ascent  as  given  in 
(7).  (See  Price's  Anal.  Mech's,  Vol.  I,  p.  406 ;  Ventiiroli's 
Mech's,  p,  82 ;  Tait  and  Steele's  Dynamics  of  a  Particle, 
p.  237.) 

177.  Motion  of  a  Projectile  in  a  Resisting  Me- 
dium.— The  theory  of  the  motion  of  projectiles  in  vacuo, 
which  was  examined  under  the  head  of  Kinematics,  affords 
results  which  differ  greatly  from  those  obtained  by  direct 
experiment  in  the  atmosphere.  When  projectiles  move 
with  but  small  velocity,  the  discrepancy  between  the  para- 
bolic theory,  and  what  is  found  to  occur  in  practice,  is 
small ;  but  with  increasing  velocities,  as  those  with  which 
balls  and  shells  traverse  their  paths,  the  air's  resistance 
increases  in  a  higher  ratio  than  the  velocity,  so  that  the 
discrepancy  becomes  very  great. 

The  most  important  application  of  the  theory  of  projec- 
tiles, is  that  of  Gunnery,  in  which  the  motion  takes  place 
in  the  air.  If  it  were  allowable  to  neglect  the  resistance  of 
the  air  the  investigations  in  Part  11  would  e:^lain  the 
theory  of  gunnery ;  but  when  the  velocity  is  considerable, 
the  atmospheric  resistance  changes  the  nature  of  the  tra- 
jectory so  much  as  to  render  the  conclusions  drawn  from 
the  theory  of  projectiles  in  vacuo  almost  entirely  inap- 
plicable in  practice. 

The  problem  of  gunnery  may  be  stated  as  follows: 
Given  a  projectile  of  known  weight  and  dimensions, 
starting  with  a  known  velocity  at  a  known  angle  of  eleva- 


308  MOTION  OF  A  PROJECTTLE. 

tion  in  a  calm  atmosphere  of  approximately  known  density ; 
to  find  its  range,  time  of  flight,  velocity,  direction,  and 
position,  at  any  moment ;  or,  in  other  words,  to  construct 
its  trajectory.  This  problem  is  not  yet,  however,  suscepti- 
ble of  rigorous  treatment ;  mathematics  has  hitherto  proved 
Tinable  to  furnish  complete  formulae  satisfying  the  condi- 
tions. The  resistance  of  the  air  to  slow  movements,  say  of 
10  feet  per  second,  seems  to  vary  with  the  first  power  of 
the  velocity.  Above  this  the  ratio  increases,  and  as  in  the 
case  of  the  wind,  is  usually  reckoned  to  vary  as  the  square 
of  the  velocity ;  beyond  this  it  increases  still  further,  till  at 
1300  feet  per  second  the  resistance  is  found  to  vary  as  the 
cube  of  the  velocity.  The  ratio  of  increase  after  this  point 
is  passed  is  supposed  to  diminish  again ;  but  thoroughly 
satisfactory  data  for  its  determination  do  not  exist. 

From  experiments*  made  to  determine  the  motion  of 
cannon-balls,  it  appears  that  when  the  initial  velocity  is 
considerable,  the  resistance  of  the  air  is  more  than  30  times 
as  great  as  the  weight  of  the  ball,  and  the  horizontal  range 
is  often  a  small  fraction  of  that  which  the  theory  of  pro- 
jectiles in  vacuo  gives,  so  that  the  form  of  the  trajectory  is 
very  different  from  that  of  a  parabolic  path.  Such  experi- 
ments have  been  made  with  great  care,  and  show  how  little 
the  parabolic  theory  is  to  be  depended  ,upon  in  determining 
the  motion  of  military  projectiles. 

178.  Motion  of  a  Projectile  in  the  Atmosphere 
Supposing  its  Resistance  to  vary  as  the  Square  of 
the  Velocity. — A  particle  under  the  action  of  gravity  is 
projected  from  a  given  point  in  a  given  direction  with  a 
given  velocity,  and  moves  in  the  atmosphere  whose  resistance 
is  assumed  to  vary  as  the  square  of  the  velocity ;  to  deter- 
mine the  motion. 


*  See  Encyclopoedia  Britannica,  Art.  Gnnnery ;   also  Robin's  Gunnery,  and 
Huttou'B  Tracts. 
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Take  the  giTen  point  as  origin,  the  axis  of  x  horizontal, 
the  axis  of  y  vertical  and  positive  upwards,  so  that  the 
direction  of  projection  may  be  in  the  plane  of  xy.  Let  v 
be  the  velocity  of  projection,  g  the  acceleration  of  gravity, 
a  the  angle  between  the  axis  of  x  and  the  line  of  projection, 
and  let  the  resistance  of  the  air  on  the  particle  be  k  for  a 
unit  of  velocity ;  then  the  resistance,  at  any  time,  t,  in  the 

-j\ ;  and  the  x-  and  2/-components  of 

this  resistance  are,  respectively, 

J  ds    dx  ,     ,  «?s    dy 

dt    dt  dt    dt 

Then  the  equations  of  motion  are,  resolving  horizontally 

and  vertically, 

^x  _       i,ds    dx  . 

W  -  ~    dt    di'  ^  ' 

W-  -^-"dt   dt  ^'^' 


=z  —Jcs; 


Prom 

(1)  we 

have 

^(1) 

—  

hds; 

.-. 

log 

dx 

dt 

dx 

V  cos  a 

dt 

since 

when  t 

=  0, 

dx 
dt  ~ 

V  cos 

a; 

dx 

di- 

:  V  cos 

i  ae- 

-*». 

(3) 

Multiplying  (1)  and  (3)  by  dy  and  dx,  respectively,  and 
subtracting  the  former  from  the  latter  we  have 

cPydx  —  d^xdy  ,  ... 

"       ,m ^=-9d^'  (4) 
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Substituting  in  (4)  for  df^  its  value  from  (3)  we  get 

d^y  dx  —  cU^xdy        ^dy  a        „,  ,  ,  , 

-^ :t:3 —  d^  ■=! „  ^  „    ^dx.      (5) 

aar*  dx  v"  cos'  a  ^  ' 

Substituting  in  the  second  member  of  (5)  for  dx  its  value 

Put  -^  ^  p,  and  (6)  becomes 

^  An  — ?. z.a*«  /76 


(1+p^Ydp 


1^  cos'  a 


Integrating,  and  remembering  that  when  s  =  0,  j»  =  tan  «, 
we  get 

p  (1  +iJ«)*  +  log  {p  +  (1  +f)^'[ 

=  c ^ e2*«.  (7) 

kv^  cos'  a  ^  ' 

where  c  is  the  constant  of  integration  whose  value 

=  tan  a  sec  «  +  log  (tan  «  +  sec  a)  +  ,  „  •    „    •   (8) 
'^  ^  '       ki^  cos' «    ^  ' 

From  (5)  we  have 

ti'  cos'  a  ■  dx  \dxl ' 

which  in  (7)  gives 

p{l  +p^)^  +  log  [i,  +  (1  +2^)*]  -0  =  1% 

,.. -^ ^_- ^.^^  =  Mx,      (9) 

;,(!  +^)i  +  log  [^  +  (1  +  g')*]  -C 
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and    T ^- 1- =  My.    (10) 

From  (4)  we  have 

dx-  dp  ^=:^  —  gdfi. 

Substituting  this  value  of  dx  in  (9)  and  solving  for  dt  we 
get 

-. = P^ — 5— TT^  =  {kg\^dt.  (11) 

\c-p{l+  f)^  -  log  {p  +  (l+i?^)*]  f  * 

the  negative  sign  of  dp  being  taken  because  ^  is  a  decreas- 
ing function  of  t. 

Keplacing  the  value  of  ^  =  -—,  (9),  (10),  and  (11)  become 

1  dx 

dy^dy 
1  dec     dec 

1  dx 

from  which  equations,  were  it  possible  to  integrate  them, 

X,  y,  and  t  might  be  found  in  terms  of  -j- ;  and  if  -^-  were 

eliminated  from  the  two  integrals,  of  (A)  and  (B),  the  re- 
sulting equation  in  terms  of  x  and  y  would  be  that  of  the 
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required  trajectory.  But  these  equations  cannot  be  inte- 
grated in  finite  terms ;  only  approximate  solutions  of  them 
can  be  made  ;  and  by  means  of  these  the  path  of  the  pro- 
jectile may  be  constructed  approximately.  (See  Venturoli's 
Mechs.,  p.  92.) 

Squaring  (A)  and  (B),  and  dividing  their  sum  by  the 
square  of  (C)  we  get 


(D) 


which  gives  the  velocity  in  terms  of  ^• 


179.  Motion  of  a  Projectile  in  the  Atmosphere 
under  a  small  Angle  of  Elevation. — The  case  fre- 
quently occurs  in  practice  where  the  angle  of  projection  is 
very  small,  and  where  the  projectile  rises  but  a  very  little 
above  the  horizontal  line.  In  this  case  the  equation  of  the 
part  of  the  trajectory  that  lies  above  the  horizontal  line 
may  easily  be  found;  for,  the  angle  of  projection  being 

very  small,  -^  will  be  very  small,  and  therefore,  throughout 

the  path  on  the  upper  side  of  the  axis  of  x,  powers  of 

^  higher  than  the  first  may  be  neglected.    In  this  case 

then 

ds  ^  dx;        .'.    s  =  X  ', 

which  in  (5)  of  Art.  178,  becomes 


d^  =  -^^^-^dx; 
ax  V'  cos'  a  ' 
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Integrating,  we  get 

J^  -  tan  «  =  -  -,  /   „     {f^  -  1) ; 
dx  ^ki^  cos' «  ^  ' 

since  when  a;  =  0,  -^  =  tan  «. 
aa; 

Integrating  again  we  get 

2^  =  a;tan  «  +  „,  /""  ■ ,,  /    „     (e"*"  -  1).  (1) 

2kifi  cos'  a       iki^  cos'  a  ^  /    \  / 

Expanding  e**^  in  a  series,  (1)  becomes 

y  =  xi&u  a  —  ^^ — 5 5-1 — 5 (3) 

"  2v^  COS^  a       3t)'  cos'  a  ^  ' 

the  first  two  terms  of  which  represent  the  trajectory  in 
vacuo.     [See  (3)  of  Art.  151.] 
From  (3)  of  Art.  178,  we  have 

gksc 

dt  =f. dx  • 

V  cos  a 

.-.    t  =  ' -,  (3) 

V  cos  «  ^  ' 

which  gives  the  time  of  flight  in  terms  of  the  abscissa. 

The  most  complete  and  valuable  series  of  experiments 
on  the  motion  of  projectiles  in  the  atmosphere  that  has  yet 
been  made,  is  that  of  Prof.  F.  Bashforth  at  Woolwich. 

EXAMPLES. 

1,  Find  how  far  a  force  equal  to  the  weight  of  n  lbs., 
would  move  a  weight  of  m  lbs.  in  t  seconds ;  and  find  the 
velocity  acquired. 
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Here  P  =  n,  and  W  =  m;  therefore  from  (1)  of  Art. 
35  we  have 

n  =  jf;       .-.   /=-, 

which    in   (4)   and  (5)   respectively  of    (Art.    10))  gives 

.  =  ^Sand.  =  i^<'. 
m  m 

2.  A  body  weighing  n  lbs.  is  moved  by  a  constant  force 

which  generates  in  the  body  in  one  second  a  velocity  of  a 

feet  per  second ;  find  the  force  in  pounds,       .        na  ,, 

ns.  — 

3.  Find  in  what  time  a  force  of  4  lbs.  would  move  a 
weight  of  9  lbs.  through  49  ft.  along  a  smooth  horizontal 
plane ;  and  find  the  velocity  acquired. 

Ans.  t  =  ■^==2: ;  V  =  ^t. 

4.  Find  the  number  of  inches  through  which  a  force  of 
one  ounce,  constantly  exerted,  will  move  a  mass  weighing, 
one  lb.  in  half  a  second.  Ans.  3g  (^y. 

5.  Two  weights,  P  anA  Q,  are  connected  by  a  string 
which  passes  over  a  smooth  peg  or  pulley  ;  required  to 
determine  the  motion.  ■ 

Since   the   peg   or    pulley    is    perfectly  ~T 

smooth  the  tension  of  the  string  is  the  M. 

same  throughout;  hence  the  force  which 
caases  the  motion  is  the  difference  between  „. 

the  weights,  P  and  Q,  the  weight  of  the 
string  being  neglected.  The  moving  force 
therefore  is  P  —  Q;  but  the  weight  of  the 
mass  moved  is  P  +  Q.  Hence  substituting 
in  (1)  of  Art.  35,  we  get 


lIlQ 


Fig.  80a. 
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which  is  the  acceleration. 

Substituting  this  in  (4)  and  (5)  of  Art.  10,  we  have 


gt'  (3) 


which  gives  the  velocity  and  space  at  the  time  t,  the  initial 
velocity  v,^  being  0. 

6.  A  body  whose  wMght  is  Q,  rests  on  a  smooth  hori- 
zontal .table  and  is  drawn  along  by  a  weight  P  attached  to 
it  by  a  string  passing  over  a  pulley  at  the  edge  of  the  table ; 
find  the  motion  of  the  bodies. 

Since  the  weight  Q  is  entirely  supported  by  the  resistance 
of  the  table,  the  moving  force  is  the  weight  P,  hanging 
vertically  downwards,  and  the  weight  of  the  mass  moved  is 
P  +  Q;  therefore  from  (1)  we  have 

f^P^Q-9  (1) 

and  this  in  (4)  and  (5)  of  Art.  10  gives  the  velocity  and 
space. 

t.  Kequired  the  tension,  T,  of  the  string  in  the  pre- 
ceding example. 

Here  the  tension  is  evidently  that  force  which,  acting 
along  the  String  on  the  body  whose  weight  is  Q,  produces 

p 
in  it  the  acceleration,  „  g,  and  therefore  is  measured 

^  +  y 

by  the  mass  of  Q  into  its  acceleration.    Hence 
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9  ^  P+Q^  -  F+Q 

8.  rind  the  tension,  T,  of  the  string  in  Ex.  5. 

Here  the  tension  equals  the  weight  Q,  plus  the  force 
which,  acting  along  the  string  on  Q,  produces  in  it  the 
acceleration 

P+Q^' 

■  •    ■"  -'^^  g    P+Q^' 
2PQ 


P  +  Q' 


or  it  equals  P  minus  the  accelerating  force  which,  of  course, 
gives  the  same  result. 

9.  Two  weights  of  9  Ihs.  and  1  lbs.  hang  over  a  pulley,  as 
in  Ex.  5 ;  motion  continues  for  5  sees.,  when  the  string 
breaks ;  find  the  height  to  which  the  lighter  v^eight  will 
rise  aiter  the  breakage. 

Substituting  in  (3)  of  Ex.  5  we  have 

w  =  ^32-5  =  20; 

therefore  each  weight  has  a  velocity  of  20  feet,  when  the 
string  breaks.  .Hence  from  (6)  of  Art.  10,  we  have  (calling 
g  32  ft.) 

5  =  W  =6i; 

that  is,  the  lighter  weight  will  rise  6J  feet  before  it  begins 
to  descend. 

10.  A  steam  engine  is  moving  on  a  horizontal  plane  at 
the  rate  of  30  miles  an  hour  when  the  steam  is  turned  ofE ; 
supposing  the  resistance  of  friction  to  be  -^  of  the  weight, 
find  how  long  and  how  far  the  engine  will  run  before  it 
stops. 
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Let  W  be  the  weight  of  the  engine;  then  the  resistance 

W 
of  friction  is  j^,  and  this  is  directly  opposed  to  motion, 

.      1_-Kf.         .      f-JL 
■  ■     400  ~   ^■''        ■  •    /  —  400' 

rrv,        1     -J-         •    on     -1  I,  30x1760x3        ,, 

The  velocity,  v,  is  30  miles  an  hour  =  — r— — — —  =  44 
■'  60x60 

feet  per  second.    Substituting  these  values  of /and  v  in  the 

equation  v  =  ft,  we  get 

44  =  ^^; 

.  ■ .    t  =  550  sees., 

which  is  the  time  it  will  take  to  bring  the  engine  to  rest  if 
the  velocity  be  retarded  ^^  feet  per  second. 
Also  ^  =  2fs,  therefore 

s  =  iA>u^.^ASLO  =  12100  feet. 

11.  A  man  whose  weight  i&  W,  stands  on  the  platform 
of  an  elevator,  as  it  descends  a  vertical  shaft  with  a  uniform 
acceleration  of  ^g ;  find  the  pressure  of  the  man  upon  the 
platform. 

Let  P  be  the  pressure  of  the  man  on  the  platform  when 
it  is  moving  with  an  acceleration  of  ^  ;  then  the  moving 
force  is  W  —  P;  and  the  weight  moved  is  W;  therefore 

W 
W-P  =  jig;       .-.    P  =  iW- 

12.  A  plane  supporting  a  weight  of  12  ozs.  is  descending 
with  a  uniform  acceleration  of  10  ft.  per  second ;  find  the 
pressure  that  the  weight  exerts  on  the  plane. 

Jns.  8^  ozs. 
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13.  A  weight  of  34  lbs,  banging  over  the  edge  of  a 
smooth  table  drags  a  weight  of  13  lbs.  along  the  table; 
ilnd  (1)  the  acceleration,  and  (3)  the  tension  of  the  string. 

Ans.  (1)  5i  ft.  per  sec. ;  (2)  30  lbs. 

14.  A  weight  of  8  lbs.  rests  on  a  platform ;  find 
its  pressure  on  the  platform  (1)  if  the  latter  is  de- 
scending with  an  acceleration  of  \g,  and  (3)  if  it  is 
ascending  with  the  same  acceleration. 

Ans.   (1)  7  lbs. ;  (3)  9  lbs. 

15.  Two  weights  of  80  and  70  lbs.  hang  over  a  smooth 
pulley  as  in  Ex.  5  ;  find  the  space  through  which  they  will 
move  from  rest  in  3  sees.  Ans.  9|  ft. 

16.  Two  weights  of  15  and  17  ounces  respectively  hang 
over  a  smooth  pulley  as  in  Ex.  5  ;  find  the  space  de- 
scribed and  the  velocity  acquired  in  five  seconds  from  rest. 

Ans.  s  =  25,  V  =  10. 

17.  Two  weights  of  5  lbs.  and  4  lbs.  together  pull  one 
of  7  lbs.  over  a  smooth  fixed  pulley,  by  means  of  a  con- 
necting string;  and  after  descending  through  a  given 
space  the  4  lbs.  weight  is  detached  and  taken  away  without 
interrupting  the  motion ;  find  through  what  space  the 
remaining  5  lbs.  weight  will  descend. 

Ans.  Throngh  f  of  the  given  space. 

18.  Two  weights  are  attached  to  the  extremities  of  a 
string  which  is  hung  ov6r  a  smooth  pulley,  and  the  weights 
are  observed  to  move  through  6.4  feet  in  one  second;  the 
motion  ,is  then  stopped,  and  a  weight  of  5  lbs.  is  added 
to  the  smaller  weight,  which  then  descends  through  the 
same  space  as  it  ascended  before  in  the  same  time  ;  deter- 
mine the  original  weights.  Ans.  f  lbs. ;  ^  lbs. 

19.  Find  what  weight  must  be  added  to  the  smaller 
weight  in  Ex.  5,  so  that  the  acceleration  of  the  system  may 
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have  the  same  nunieriQaJ.  value  as  before,  but  may  be  in 
the  opposite  (direction,  ,        P^  —  Q' 

20.  A  body  is  projected  up  a  rough  inclined  plane  with 
the  Telocity  which  would  be  acquired  in  falling  freely 
through  13  feet,  an,d  just  reaches  the  top  of  the  plane ; 
the  inclination  of  the  plane  to  the  horizon  is  60°,  and  the 
coefficient  of  friction  is  equal  to  tan  30°;  find  the  height  of 
the  plane.  Ans.  9  feet. 

31.  A  body  is  projected  up  a  rough  inclined  plane  with" 
the  velocity  2g  ;  the  inclination  of  the  plane  to  the  horizon 
is  30°,  and  the  coeflBcient  of  friction  is  equal  to  tan  15° ; 
find  the  distance  along  the  plane  which  the  body  will 
describe.  j^ns.  g  (^3  +  1). 

33.  A  body  is  projected  up  a  rough  inclined  plane ;  the 
inclination  of  the  plane  to  the  horizon  is  a,  and  the  coef- 
ficient of  friction  is  tan  e  ;  if  m  be  the  time  of  ascending, 
and  n  the  time  of  descending,  show  that 

sin  (a  —  e) 


(=)'= 


sin  (a  +  e) 


33.  A  weight  P  is  drawn  up  a  smooth  plane  inclined  at 
an  angle  of  30°  to  the  horizon,  by  means  of  a  weight  Q 
which  descends  vertically,  the  weights  being  connected  by 
a  string  passing  over  a  small  pulley  at  the  top  of  the  plane ; 
if  the  acceleration  be  one-fourth  of  that  of  a  body  falling 
freely,  find  the  ratio  of  Q  to  P.  Ans.   Q  =  P. 

34.  Two  weights  P  and  Q  are  connected  by  a  string, 
and  Q  hanging  over  the  top  of  a  smooth  plane  inclined  at 
30°  to  the  horizon,  can  draw  P  up  the  length  of  the  plane 
in  just  half  the  time  that  P  would  take  to  draw  up  Q ; 
show  that  Q  is  half  as  heavy  again  as  P. 
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25.  A  particle  moves  in  a  straight  line  under  the  action 
of  an  attraction  vai'ying  inversely  as  the  (f)th  power  of 
the  distance ;  show  that  the  velocity  acquired  by  falling 
from  an  infinite  distance  to  a  distance  a  from  the  centre  is 
equal  to  the  velocity  which  would  be  acquired  in  moving 

from  rest  at  a  distance  a  to  a  distance  -r- 

4 


CHAPTER    II. 

CENTRAL    FORCES.* 

180.  Definitions. — A  central  force  is  one  which  acts 
directly  towards  or  from  a  fixed  point,  and  is  called  an 
attractive  or  a  repulsive  force  according  as  its  action  on 
any  particle  is  attraction  or  repulsion.  The  fixed  point  is 
called  the  Centre.  The  intensity  of  the  force  on, any  par- 
ticle is  some  function  of  its  distance  from  the  centre. 
Since  the  case  of  attraction  is  the  most  important  applica- 
tion of  the  subject,  we  shall  take  that  as  our  standard  case ; 
but  it  will  be  seen  that  a  simple  change  of  sign  will  adapt 
our  general  formulae  to  repulsion.  If  the  centre  be  itself 
in  motion,  we  may  treat  it  as  fixed,  in  which  case  the  term 
"actual  motion"  of  any  particle  means  its  motion  "rela- 
tive "  to  the  centre,  taken  as  fixed. 

The  line  from  the  centre  to  the  particle,  is  called  a 
Radius  Vector.  The  path  of  the  particle  under  the  action 
of  an  attraction  or  repulsion  directed  to  the  centre  is 
called  its  Orbit.\  All  the  forces  of  nature  with  which  we 
are  acquainted,  are  central  forces ;  for  this  reason,  and  be- 
cause the  motion  of  bodies  under  the  action  of  central 
forces  is  a  branch  of  the  general  theory  of  Astronomy,  we 
shall  devote  this  chapter  to  the  consideration  of  their 
action. 

181.  A  Particle  under  the  Action  of  a  Central 
Attraction;  Required  the  Polar  Equation  of  the 
Path. — The  motion  will  clearly  take  place  in  the  plane 
passing  through  the  centre,  and  the  line  along  which  the 

*  This  chapter  contamB  the  first  principles  of  Mathematical  Astronomy.     It 
may,  however,  he  omittea  hy  the  student  of  Engineering, 
t  Called  Central  Orbits. 
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paxticle  is  initially  projected,  as  there  is  nothing  to  with- 
draw the  particle  from  it.  Let  the  centre  of  attraction,  0, 
be  the  origin,  and  OX,  OY,  any 
two  lines  through  0  at  right  angles 
to  each  other,  be  the  axes  of  co- 
ordinates. Let  {x,  y)  be  the 
position  of  the  particle  M  at  the 
time  t,  and  (r,  B)  its  position 
referred  to  polar  co-ordinates, 
OX  being  the  initial  line.  Then, 
calling  P  the  central  attractive 
force,  we  haye  for  the  components  parallel  to  the  axes  of  x 

X  v 

and  y,  respectively,  —  P-,  —  P-,  the  forces  being  nega- 
tive, since  they  tend  to  diminish  the  co-ordinates.  There- 
fore the  equations  of  motion  are 


^  _  _  pX     ^  -  _  pV 


(1) 


Multiplying  the  former  by  y,  and  the  latter  by  x,  and 
subtracting,  we  have 


^^  =  0. 


Integrating  we  have 


dy         dx       , 
dt       "  dt  ' 

where  h  is  an  undetermined  constant. 

Since  a;  =  r  cos  0,  and  y  =  r  sin  0,  we  have 

dx  =  COB  6  dr  —  r  sin  6  dO, 

dy  =  sine  dr  +  r  cos  0  dO, 

which  in  (3)  gives 


(3) 


(3) 


(4) 
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"m^'^  (o) 

Again,  multiiilying  the  first  and  second  of  (1)  by  '^dx 
and  My  respectively,  and  adding,  we  get 

2dx  cPx  +  %dy  dJ^y  _  _  2P  {xdx  +  y  dy) 
dt^  ~  r  ' 

Sabstituting  in  (6)  the  yalues  of  da^  and  dy^  from  (4),  we 
have 

•■•    ■'fe^  +  ^)  =  -^*.l>j(5).  (J) 

Put  r  =  -;  and  .  • .  (?r  = 5 ;  and  (7)  becomes 


performing  the  differentiation  of  the  first  member,  and 
dividing  by  2du,  and  transposing,  we  get 

^.+«-^.  =  0.  (8) 

which  is  the  differential  equation  of  the  orbit  described; 
and  as,  in  any  particular  instance,  the  force  P  will  be  given 
in  terms  of  r,  and  therefore  in  terms  of  u,  the  integral  of 
this  equation  will  be  the  polar  equation  of  the  required 
path. 
Solving  (8)  for  P  we  have 


324  CENTRAL  ATTRACTION. 

p^,...g  +  .);  (9) 

which  is  the  same  result  that  was  found  by  a  different  pro- 
cess in  Art.  163  for  the  acceleration  along  the  radius 
vector. 

CoK.  1. — The  general  integrals  of  (1)  will  contain  four 
arbitrary  constants.  One,  h,  that  was  introduced  in  (5), 
and  two  more  will  be  introduced  by  the  integration  of  (8). 
If  the  value  of  r  in  terms  of  0,  deduced  from  the  integral 
of  (8),  be  substituted  in  (5),  and  that  equation  be  then 
integrated,  the  fourth  constant  will  be  introduced,  and  the 
path  of  the  particle  and  its  position  at  any  time  will  be 
obtained.  The  four  constants  must  be  determined  from 
the  initial  circumstances  of  motion ;  viz.,  the  initial 
position  of  the  particle,  depending  on  two  independent 
co-ordinates,  its  initial  velocity,  and  its  direction  of  pro- 
jection. 

Cor.  2. — By  means  of  (9)  we  may  ascertain  the  law  of 
the  force  which  must  act  upon  a  particle  to  cause  it  to 
describe  a  given  curve.  To  eflfect  this  we  must  determine 
the  relation  between  u  and  0  from  the  polar  equation  of  the 
orbit  referred  to  the  required  centre  as  pole  ;  we  must  then 
differentiate  u  twice  with  respect  to  B,  and  substitute  the 
result  in  the  expression  for  P,  eliminating  0,  if  it  occurs, 
by  means  of  the  relation  between  u  and  6.  In  this  way  we 
shall  obtain  P  in  terms  of  u  alone,  and  therefore  of  r 
alone. 

Cor.  3. — When  we  know  the  relation  between  r  and  d 
from  (9),  we  may  by  (5)  determine  the  time  of  describing 
a  given  portion  of  the  orbit ;  or,  conversely,  find  the  posi- 
tion of  the  particle  in  its  orbit  at  any  time.* 

*  See  Tait  and  Steele's  Dynamics  of  a  Particle,  p.  119  j  also  Pratt's  Mech's, 
p.  S%3. 
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CoE.  4. — If  p  is  the  perpendicular  from  the  origin  to 
the  tangent  we  have  from  Calculus,  p.  176, 

xdy  —  y  dx  =  p  ds  ; 
which  in  (3)  gives 


(10) 


ds  A_ 

di  ~p'' 
and  this  in  (6)  gives 

d%=-%Pdr. 
Differentiating,  and  solving  for  P,  we  have 

p  -  -  —  ai) 

which  is  the  equation  of  the  orbit  between  the  radius  vector 
and  the  perpendicular  on  the  tangent  at  any  point. 

182.  The  Sectorial  Area  Swept  over  by  the 
Radius  Vector  of  the  Particle  in  any  time  is  Pro- 
portional to  the  Time. — Let  A  denote  this  area ;  then  we 
have  from  Calculus,  p.  364, 

K  =  \fr^dd 

=  ifh  dt,  by  (5)  of  Art.  181, 

=  \ht, 

if  A  and  t  be  both  measured  from  the  commencement  of 
the  motion.  Therefore  the  areas  swept  over  by  the  radius 
vector  in  different  times  are  proportional  to  the  times,  and 
equal  areas  will  be  described  in  equal  times. 

Cor. — If  ^  =  1,  we  have  A  =  ^h.    Hence  h  =  twice 
the  sectorial  area  described  in  one  unit  of  time. 

183.  The  Velocity  of  the  Particle  at  any  Point 
of  its  Orbit — We  have  for  the  velocity, 
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=  -  by  (10)  of  Art.  181.        (1) 

Hence,  the  velocity  of  the  particle  at  each  point  of  its 
path  is  inversely  proportional  to  the  perpendicular  from  the 
centre  on  the  tangent  at  that  point. 

CoE.  1. — We  have,  by  Calculus,  p.  180, 

1_  1  4.  1  ^ 
pi  —  ta  +  j4  ^e» 

du^  1 

=^  m"  +  ^»  since  r  =  -  (Art.  181), 

which  in  (1)  gives 


''=-'  =  f^i^'+S'  (2) 


another  important  expression  for  the  velocity. 
Cob.  3.— From  (6)  of  Art.  181,  we  have 

Let  V  be  the  velocity  at  the  point  of  projection,  at 
which  let  r  =  R,  and  since  P  is  some  function  of  r,  let 
P  =  f{r),  then  integrating  (3)  we  get 


|!=-^/>('-)^'-' 


...    ^-Y^^%UAR)-A{r)l  (4) 

which  is  another  expression  for  the  velocity ;  and  since  this 
is  a  function  only  of  the  corresponding  distances,  B  and  r, 
it  follows  that  the  velocity  at  any  point  of  the  orMt  is 
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independent  of  the  path  described,  and  depends  solely  on  the 
magnitude  of  the  attraction,  the  distance  of  the  point  from 
the  centre,  and  the  velocity  and  distance  of  projection. 

Erom  (4)  it  appears  that  the  velocity  is  the  same  at  all 
points  of  the  same  orbit  which  are  equally  distant  from  the 
centre;  if  r  =  jB,  the  velocity  =  V;  and  thus  if  the  orbit 
is  a  re-entering  curve,  the  particle  always,  in  its  successive 
revolutions,  passes  through  the  same  point  with  the  same 
velocity. 

If  the  velocity  vanishes  at  a  distance  a  from  the  centre 
(4)  becomes 

^  =  3  [.A  («)  -A  (r)]  (5) 

and  a  is  called  the  radius  of  the  circle  of  zero  velocity. 

Cob.  3.— From  (3)  we  have 

d{v'>)  =  -%Pdr; 

.  • .    vdv  =  —  Pdr.  (6) 

Taking  the  logarithm  of  (1)  we  have 

log  V  =  log  h  —  log^. 

Differentiating  we  get 


dv  _       dp 

V  ~       p 


(7) 


Dividing  (6)  by  (7),  we  get 


=  Pp'^  =  %P 


p  dr 


dp  2  dp 

=  2P  X  }  chord  of  curvature*  through  the  centre ;   (8) 

*  To  ptove  that  f  ^-  is  one-fourth  the  chord  of  curvature. 
2  dp 

Let  MD  (Fig.  81),  he  the  tangent  lo  the  orbit,  and  C  the  centre  of  curvature ;  let 

CD  =  p,  CM  =  p,  the  radius  of  curvature ;  and  the  angle  MBN  =  0.    Then  MS,  the 
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and,  comparing  this  with  (6)  of  Art.  140,  it  appears  that 
the  particle  at  any  point  has  the  same  velocity  which  it 
would  have  if  it  moved  from  rest  at  that  point  towards  the 
centre  of  force,  under  the  action  of  the  force  continuing 
constant,  through  one-fourth  of  the  chord  of  the  circle  of 
curvature. 

Hence,  the  velocity  of  a  particle  at  any  point  of  a  central 
orbit  is  the  same  as  that  which  would  he  acquired  by  a 
particle  moving  freely  from  rest  through  onefourth  of  the 
chord  of  curvature  at  that  point,  through  the  centre,  under 
the  action  of  a  constant  force  whose  magnitude  is  equal  to 
that  of  the  central  attraction  at  the  point. 

CoE.  4. — If  the  orbit  is  a  circle  having  the  centre  of  force 

part  of  the  ladins  vector  CM,  which  is  intercepted  by  the  circle  of  curratnre  is 
called  the  chord  of  curvature.    Its  valae  is  determined  as  follows ; 

We  have  (Fig.  81) 

<(>  =  fl  +  OMD 

=  e  +  sin-1     ; 


r  Vr'  — p" 
From  Calcnlus,  p.  180,  (10),  we  have 


(1) 


aO:=-JSir_-,  g) 

r  yr*  — p^ 

,                                                 ,       r'M  rdr  „. 

and  as  = =     _  (3) 

Substituting  (8)  in  (1)  we  get 

a^  =  ^^=.  (4) 

Vr'  — /)" 


But  Calculus,  p.  221,  we  have 


''  =  |  =  '-|'''y®'"'*<«-  ® 


Now  MS  (Fig.  81)  =  2MC  sin  OMD, 


r 
=  the  chord  of  curvature ;  therefore 


?  =  ?p^,by(5) 


=^  :j-  =  one-fourth  the  chord  of  curvature. 
2  dp 
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in  the  centre,  and  R,  V,  P,  are  respectively  the  radius, 
velocity  and  central  force,  we  have 

r^  =  PR. 

Cob.  5.— From  (5)  of  Art.  181,  we  have 

d6       h 


dt 


(9) 


The  first  nuuiber,  being  the  actual  velocity  of  a  point 
on  the  radius  vector  at  the  unit's  distance  from  the  centre, 
is  the  angular  velocity  of  the  particle  (Art.  160).  Hence 
the  angular  velocity  of  a  particle  varies  inversely  as  the 
square  of  the  radius  vector. 

ScH. — A  point  in  a  central  orbit  at  which  the  radius 

vector  is  a  maximum  or  minimum  is  called  an  Apse  j  the 

radius  vector  at  an  apse  is  called  an  Apsidal  Distance  ;  and 

the  angle  between  two  consecutive  apsidal  distances  is  called 

an  Apsidal  Angle  of  the  orbit.    The  analytical  conditions 

da 
for  an  apse  are,  of  course,  that  -=-  =  0,  and  that  the  first 

derivative  which  does  not  vanish  should  be  of  an  even 
order.  The  first  condition  ensures  that  the  radius  vector 
at  an  apse  is  perpendicular  to  the  tangent. 

184.  The  Orbit  when  the  Attraction  Varies  In- 
versely as  the  Square  of  the  Distance. — A  particle  is 
projected  from  a  given  point  in  a  given  direction  with  a  given 
velocity,  and  moves  under  the  nction  of  a  central  attraction 
varying  inversely  as  the  square  of  the  distance  ;  to  determine 
the  orbit. 

Let  the  centre  of  force  be  the  origin;  V  =  the  velocity 
of  projection  ;  R  =  the  distance  of  the  point  of  projection 
from  the  origin;  j9  =  the  angle  between  ^  and  the  line  of 
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projection ;   and  let  fi  =  the  absolute  force  and   i  =  0 
when  the  particle  is  projected.    Then  since  the  velocity  = 

-  (Art.  183),  and  at  the  point  of  projection  ^  =  i2  sin  /3, 

c 

we  have 

V  —  „   ■    „  ;  h=  VR  sin  jS.  (1) 

As  the  force  varies  inversely  as  the  square  of  the  distance, 
we  have 

P  =  '±=^u\[smoer  =  l).  (3) 

which  in  (9)  of  Art.  181  gives 

Multiplying  by  2du  and  integrating,  we  get 

1       1  du^  V^ 

when  ^  =  0,  M  =  -  =  -g,  and  ^  +  m2  =  -p-,  (Art.  183, 

Cor.  1) ;  therefore 

—  Zl^llL  —  T^^-S  —  3^ 

Substituting  this  value  for  e  we  get 

d&i^^  -        WR        +    A»  ^*^ 

Therefore  (Art.  183,  Cor.  1)  we  have 

(velocity)'  =  F'  +  3,i  g  -  i)  (5) 
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which  shows  that  the  velocity  is  the  greatest  when  r  is  the 
least,  and  the  least  when  r  is  the  greatest. 
Changing  the  form  of  (4)  we  have 


de^ 


To  express  this  in  a  simpler  form,  let 

p  =  S,  and  — Y%D —    +  ^  =  f^l  and  (6)  becomes 


=  dd, 


[c>~(u-  *)2]* 

the  negative  sign  of  the  radical  being  taken.  Integrating 
we  have, 

_,  M  —  5        -        , 

cos z=  0  —  e, 

c 

where  c'  is  an  arbitrary  constant; 

.-.    u  =  b  +  ccos{e —  c').  (7) 

Eeplacing  in  (7)  the  values  of  b  and  c,  and  the  value  of  h, 
from  (1),  and  dividing  both  tenns  of  the  second  number  by 
ft,  we  have  for  the  equation  of  the  path. 


1  +  [i  ( F^^  -  2(1)  B  V^  sin2 13  +  1  |  cos  {B-c') 


^PF2  sin2  jS 


(8) 


which  is  the  equation  of  a  conic  section,  the  pole  being  at 
the  focus,  and  the  angle  {B  —  d)  being  measured  from  the 
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shorter  length  of  the  axis  major.  For  if  e  is  the  eccentricity 
of  a  conic  section,  r  the  focal  radius  vector,  and  ^  the 
angle  between  r  and  that  point  of  a  conic  section  which  is 
nearest  the  focns,  we  have, 

1  1  +  e  cos  0 

-  =  M  =  —^ ~r..  (9) 

Comparing  (8)  and  (9),  we  see  that 

e^  =  \{Vm  —  %ii)  RV^  sm? (i  +  1;  (10) 

^  =  e  —  e'.  (11) 

Now  the  conic  section  is  an  ellipse,  parabola,  or  hyper- 
bola, according  as  e  is  less  than,  equal  to,  or  greater  than 
unity;  and  from  (10)  e  is  less  than,  equal  to,  or  greater 
than,  unity  according  as  V^R  —  3ju  is  negative,  zero,  or 
positive ;  therefore  we  see  that  if 

2m 
F^  <  ^,  e  <  1,  and  the  orbit  is  an  ellipse,         (13) 

2tt 
F^  =  -X,  e  =  1,  and  the  orbit  is  a  parabola,        (18) 

F*  >  -^,  e  >  1,  and  the  orbit  is  a  hyperbola.     (14) 

CoK.  1. — By  (1)  of  Art.  173,  we  see  that  the  square  of 
the  velocity  of  a  particle  falling  from  infinity  to  a  distance 
R  from  the  centre  of  force,  for  the  law  of  attraction  we 

are  considering,  is  -^-     Hence  the  above  conditions  may 

be  expressed    more  concisely    by  saying  that    the  orbit, 
described  about  this  centre  of  force,  will  be  an  ellipse,  a 
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parabola,  or  a  hyperbola,  according  as  the  velocity  is  less 
than,  equal  to,  or  greater  than,  the  velocity  from  infinity. 

The  species  of  conic  section,  therefore,  does  not  depend 
on  the  position  of  the  line  in  which  the  particle  is  pro- 
jected, but  on  the  velocity  of  projection  in  reference  to  the 
distance  of  the  point  of  projection  from  the  centre  of 
force. 

Cor.  3. — From  (11),  we  see  that  0  —  c'  is .  the  angle 
between  the  focal  radius  vector, 
r,  and  that  part  of  the  principal 
axis  which  is  between  the  focus  J^p 
and  the  point  of  the  orbit  which 
is  nearest  to  the  focus ;  i.  e.,  it 
is  the  angle  PFA  (Fig.  83) ;  and 
therefore  if  the  principal  axis  is  the  initial  line  c'  =  0. 

185.   Suppose  the  Orbit  to  be  an  Ellipse. — Here 

F'  <  -^ ;  so  that  from  (10)  we  have 
It 

e«  =  1  -  i  (2fi  -  Vm)  R  V  sin"  (3.  (1) 

r 

Now  the  equation  of  an  ellipse,  where  r  is  the  focal 
radius  vector,  0  the  angle  between  r  and  the  shorter  seg- 
ment of  the  major  axis,  2a  the  major  axis,  e  the  eccen- 
tricity, is 

_    g  (1  -  68) 

^  "~  1  H-  e  cos  0 ' 

—         1  ,     ecosfl  , 

■  •    **  -  «  (1  _  e2)  +  fl  (1  _  e^) '     '  ^'*^ 

comparing  (3)  with  (8)  of  Art.  184,  we  have 

1  f* 

a{l—e^)~  i28Fa  sin^jS' 
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substituting  for  1  —  e"  its  value  from  (1),  and  solving  for 
a,  we  have 

_        iiR 

"■  -  W^:^vm'  ^^^ 

which  shows  that  the  major  axis  is  independent  of  the  direc- 
tion of  projection. 

We  may  explain  the  several  quantities  which  we  have 
used,  by  Fig.  82. 

B  is  the  point  of  projection ;  FB  =  R ;  DB  is  the  Une 
along  which  the  particle  is  projected  with  the  velocity  V; 
PBD  =  a,  the  angle  of  projection;  FP  =  r;  PFA  =  0; 
FD  =  i2  sin  (3 ;  if  i3  =  90°,  the  particle  is  projected  from 
an  apse,  i.  e.,  from  A  or  A'. 

CoE.  1. — To  determine  the  apsidal  distances,  FA  and 
FA',  we  must  put  ^  =  0,  (Art,  183,  Sch.),  and  (4)  of 
Art.  184  give  us  the  quadratic  equation 

»'-|«  +  »^-^'  =  »-  <*' 

the  two  roots  of  which  are  the  reciprocals  of  the  two  apsidal 
distances,  a{l  —  e)  and  a  (1  +  e). 

CoK.  a. — Since  the  coefificieut  of  the  second  term  of  (4) 
is  the  sum  of  the  roots  with  their  signs  changed,  we  have 

1        ^        1         _3^. 


a  (1  -  «)  "^  a  (1  -  e)  ~  h^' 


a(l_^)=J;  (5) 


which  gives  the  lotus  rectum  of  the  orbii. 
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CoE.  3.— Prom  Art.  183  we  have,  calling  7*  the  time, 

^  -    h' 

where  A  is  the  area  swept  over  by  the  radius  vector  in  the 
time  T.  Therefore  for  the  time  of  describing  an  ellipse, 
we  have 

2  area  of  ellipse 


T- 


h 


2na^  Vl  —  e«  .  .^, 
— ===^,  from  (5), 
Vafj.  (1  -  eS) 


=-vl- 


which  is  the  time  occupied  ly  the  particle  in  passing  from 
any  point  of  the  ellipse  around  to  the  same  point  again.* 

186.  Kepler's  Laws. — By  laborious  calculation  from 
an  immense  series  of  .observations  of  the  planets,  and  of 
Mars  in  particular,  Kepler  enunciated  the  following  as  the 
laws  of  the  planetary  motions  about  the  Sun. 

I.  The  orbits  of  the  planets  are  ellipses,  of  which 
the  Sun  occupies  a  focus. 

II.  The  radius  vector  of  each  planet  describes 
equal  areas  in  equal  times. 

III.  The  squares  of  the  periodic  times  of  the 
planets  are  as  the  cubes  of  the  major  axes  of  their 
orbits. 

187.  To  Determine  the  Nature  of  the  Force  which 
Acts    upon   the    Planetary  System. — (1)  From  the 

*  Called  Periodio  Time. 
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second  of  these  laws  it  follows  that  the  planets  are  retained 
in  their  orbits  by  an  attraction  tending  to  the  Sun. 

Let  {x,  y)  be  the  position  of  a  planet  at  the  time  t 
referred  to  two  co-ordinate  axes  drawn  through  the  Sun  in 
the  plane  of  motion  of  the  planet ;  X,  Y,  the  component 
accelerations  due  to  the  attraction  acting  on  it,  resolved 
parallel  to  the  axes ;  then  the  equations  of  motions  are 

^  —  T-    ^  —  V- 
dP  -      '    dP  ~      ' 

But,  by  Kepler's  second  law,  if  A  be  the  area  described 

dA 
by  the  radius  vector,  -=7  is  constant, 

Oft 

dA  ,  r^de 

•  '•     -TT     or    A— =r- 
di  ^  dt 

Differentiating,  we  have 

d^y         d^x       - 

.  • .    xY  —  yX  =  0,  from  (1), 
X  _x 

■*"   r-y' 

which  shows  that  the  axial  components  of  the  acceleration, 
due  to  the  attraction  acting  on  the  planet,  are  proportional 
to  the  co-ordinates  of  the  planet ;  and  therefore,  by  the 
parallelogram  of  forces  (Art.  30),  the  resultant  of  X  and  Y 
passes  through  the  origin. 
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Hence  the  forces  acting  on  the  planets  all  pass  through 
the  Sun's  centre. 

(2)  Prom  the  first  of  these  laws  it  follows  that  the 
central  attraction  varies  inversely  as  the  square  of  the 
distance. 

The  polar  equation  of  an  ellipse,  referred  to  its  focus,  is 

_   a{l—e^) 
*"  "~  1  +  e  cos  e' 

1  +  e  cos  0 
or  M  = 


Hence  jZ?  +  ^ 


a  (1  —  e*) 

_         1 

~  a  (1  —  e2) ' 


and  therefore,  if  P  is  the  attraction  to  the  focus,  we  have 
[Art.  181,  (9)], 


A2 


a  (1  —  e^)  r^ 


Hence,  if  the  orbit  be  an  ellipse,  described  about  a  centre 
of  attraction  at  the  focus,  the  law  of  intensity  is  that  of  the 
inverse  square  of  the  distance. 

(3)  From  the  third  law  it  follows  that  the  attraction  of 
the  Sun  (supposed  fixed)  which  acts  on  a  unit  of  mass  of 
each  of  the  planets,  is  the  same  for  each  planet  at  the  same 
distance. 

By  Art.  185,  Cor.  3,  we  have 


15 
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But  by  the  third  law,  T^  a  a',  and  therefore  ^  must  be 
constant ;  i.  e.,  the  strength  of  attraction  of  the  Sun  must 
be  the  same  for  all  the  planets.  Hence,  not  only  is  the  law 
of  force  the  same  for  all  the  planets,  but  the  absolute  force 
is  the  same. 

This  very  brief  discussion  of  central  forces  is  all  that  we 
have  space  for.  To  pursue  these  enquiries  further  would 
compel  us  to  omit  matters  that  are  more  especially  entitled 
to  a  place  in  this  .book.  The  student  who  wishes  to  pursue 
the  study  further  is  referred  to  Tait  and  Steele's  Dynamics 
of  a  Particle,  or  Price's  Anal.  Mech's,  Vol.  I,  or  to  any 
work  on  Mathematical  Astronomy.  We  shall  conclude 
with  the  following  examples. 

EXAMPLES. 

1.  A  particle  describes  an  ellipse  under  an  attraction 
always  directed  to  the  centre  ;  it  is  required  to  find  the  law 
of  the  attraction,  the  velocity  at  any  point  of  the  orbit,  and 
the  periodic  time. 

(1)  The  polar  equation  of  the  ellipse,  the  pole  at  the 
centre,  is 

„       cos^  0   ,   sin'  B  ,,. 


du 

de 


and       «  ^  +  ^  =  [^  -  -i)  (cos2  d  -  sm«  0).  (3) 

But  [Art.  181,  (9)]  we  have 
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by  (3), 

(cos'  e  —  siii«  d)],  by  (2), 

Iby  factoring, 

and  therefore  the  attraction  yaries  directly  as  the  distance. 
If  |ii  =  the  absolute  force  we  hare,  by  (4), 

K^  =  (ia%\  (5) 

(3)  liv  =■  the  velocity,  we  have,  by  Art,  183, 

=  ^^l\  by  (5), 
where  V  is  the  semi-diameter  conjugate  to  r. 
.  • .    V  =  b'  Vju. 
(3)  It  T  =  the  periodic  time,  we  have,  by  Art.  182, 

and  hence  the  periodic  time  is  independent  of  the  magni- 
tude of  the  ellipse,  and  depends  only  on  the  absolute 
central  attraction.    (See  Tait  and  Steele's  Dynamics  of  a 
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Particle,    p.    144,    also    Price's    Anal.    Mech's,    Vol.    I, 
p.  516.) 

2.  A  particle  describes  an  ellipse  under  an  attraction 
always  directed  to  one  of  the  foci ;  it  is  required  to  find  the 
law  of  attraction,  the  velocity,  and  the  periodic  time. 


(1) 


(1)  Here  we  have 

1  +  e  cos  0             du 
"  ~    a  (1  -  e)2  '    "  •    dd  - 

e  sin  6 

,                             dJ^u       —  e  cose 

which  in  (9)  of  Art.  181  gives 

„_       AV       _         ¥ 

1 

a(l  —  e2)  ~  a(l  —  e^)    r^' 


(2) 


hence  the  attraction  varies  inversely  as  the  square  of  the 
distance.     If  ft  =  the  absolute  force,  we  have  by  (3) 

/««  =  {ia{\  —  ei).  (3) 

(2)  By  Art.  183,  Cor.  1,  we  have 

1  difi        2au  —  1     ,     /i>  ... 

^1  =  ^''  +  ^.  =^F^r^-^.by(l);  (4) 

•••     ^^=1  =  ^=^,  by  (3)  and  (4).  (5) 

(3)  If  T  =  the  periodic  time  we  have  (Art.  182) 

„_  2na^  (1  —  e>)^ 
h 

2naJ>  (1  -  ^)i        27T    »  ... 

= ^^ -1  =  --=  a%  (6) 
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and  hence  the  periodic  time  varies  as  the  square  root  of 
the  cube  of  the  major  axis. 

3.  Find  the  attraction  by  which  a  particle  may  describe 
a  circle,  and  also  the  velocity,  and  the  periodic  time,  (1) 
when  the  centre  of  attraction  is  in  the  centre  of  the  circle, 
and  (3)  when  the  centre  of  attraction  is  in  the  circum- 
ference. 

(1)  Let  a  =  the  radius ;  then  the  polar  equation,  the 
pole  at  the  centre,  is 

1     du       cPu       - 
a     do       dd^  ' 


■■■  -=-(»-s=^- 

(1) 

Iso                   v^  —  -.,    and     T  =  — =-  • 

(3) 

From  (1)  and  (3)  we  have 

a 

and  hence  the  central  attraction  is  equal  to  the  square  of 
the  velocity  divided  by  the  radius  of  the  circle.* 

(3)  The  equation,  is 

/•  =  3a  cos  6 ;    .  • .    2au  =  sec  6, 

and  M  +  -3™  =  8a  V; 


8«%«  =  "''''' 


r 


S      ' 


and  hence  the  attraction  varies  inversely    as    the    fifth 

*  Called  the  Oentry^gal  Force.    See  Art.  198. 
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power  of  the  distance  ;  and  if  ju  =  the  absolute  force,  we 
have  ju  =  8a'/i*; 

*2  —  Ji.     and     tf^  —  — . 
If  T  =  the  periodic  time,  we  have 
T  =  ?-^.    (See  Price's  Anal.  Mech.,  Vol.  Ill,  p.  518.) 

4.  Find  the  attraction  by  which  a  particle  may  describe 
the  lemniscate  of  Bernouilli  and  also  the  velocity,  and  the 
time  of  describing  one  loop,  the  centre  of  attraction  being 
in  the  centre  of  the  lemniscate,  and  the  equation  being 
7^  =  d^  cos  26». 

^»..  P  =  ?«?;  ^  =  5^,  r  =(?)»... 

5.  Find  the  attraction  by  which  a  particle  may  describe 
the  cardioid  and  also  the  velocity,  and  the  periodic  time, 
the  equation  being  r  =  «  (1  +  cos  0). 

Ans.P  =  ^-^;^  =  ^^;T=C6,.a^)K. 

6.  Find  the  attraction  by  which  a  particle  may  describe 
a  parabola,  and  also  the  velocity,  the 'centre  of  attraction 

being  at  the  focus,  and  the  equation  being  r  =  = -„• 

Ans.  P  =  ^  ;  «*!  =  ^.     Compare  (13)  of  Art.  184. 

7.  Find  the  attraction  by  which  a  particle  may  describe 
a  hyperbola,  and  the  velocity,  the  centre  of  attraction  being 

d  (gi 2\ 

at  the  focus,  and  the  equation  being  r  =  :; — ^ ^■ 

^  ^  1  +  e  cos  e 

Ans.P  =  -^-^^l.,v^  =  t^^±l\ 
a(l  —■&')  r'  a 
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8.  If  the  centre  of  attraction  is  at  the  centre  of  the 
hyperbola,  find  the  attraction,  and  velocity,  the  equation 
,   .       COS*  e      s\v?  e 

Ans.  P  = jY2  >•  =  —!"'■;  v'  =  jtt  (r*  —  a'  +  ¥). 

9.  Find  the  attraction  to  the  pole  under  which  a  particle 
will  describe  (1)  the  curve  whose  equation  is  r  =  2a  cos  nd, 

2(1 

and  (3)  the  curve  whose  equation  is  r  = -• 

^  '  ^  1  —eeos  nd 

Ans.(l)P  =  -^^^^~^^;     (3)P  =  _  + 

^ 3—^ —    That  is,  the  attraction  in  the  first  curve  varies 

partly  as  the  inverse  fifth  power,  and  partly  as  the  inverse 
cube,  of  the  distance ;  and  in  the  second  it  varies  partly  as 
the  inverse  square,  and  partly  as  the  inverse  cube,  of  the 
distance. 

10.  A  planet  revolved  round  the  sun  in  an  orbit  with  a 
major  axis  four  times  that  of  the  earth's  orbit ;  determine 
the  periodic  time  of  the  planet.  Ans.  8  years. 

11.  If  a  satellite  revolved  round  the  earth  close  to  its 
surface,  determine  the  periodic  time  of  the  satellite. 

Ans.  ^  of  the  moon's  period. 

(60)* 

13.  A  body  describes  an  ellipse  under  the  action  of  a 
force  in  a  fodus  :  compare  the  velocity  when  it  is  nearest 
the  focus  with  its  velocity  when  it  is  furthest  from  the 
focus. 

Ans.  As  1  +  e  :  1  —  e,  where  e  is  the  eccentricity. 

13.  A  body  describes  an  ellipse  under  the  action  of  a 
force  to  the  focus  8;  if  IT  be  the  other  focus  show  that  the 
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velocity  at  any  point  P  may  be  resolved  into  two  velocities, 
respectively  at  right  angles  to  8P  and  HP,  and  each  vary- 
ing as  HP. 

14.  A  body  describes  an  ellipse  under  the  action  of  a 
force  in  the  centre :  if  the  greatest  velocity  is  three  times 
the  least,  find  the  eccentricity  of  the  ellipse.  Ans.  f  a/S. 

15.  A  body  describes  an  ellipse  under  the  action  of  a 
force  in  the  centre :  if  the  major  axis  is  30  feet  and  the 
gi-eatest  velocity  20  feet  per  second,  find  the  periodic  time. 

Ans.  n  seconds. 

16.  Find  the  attraction  to  the  pole  under  which  a  par- 
ticle may  describe  an  equiangular  spiral.  p     ^ 

17.  If  P  =  ^  (5/*  +  Sc*),  and  a  particle  be  projected 

from  an  apse  at  a  distance  c  with  the  velocity  from  infinity ; 
prove  that  the  equation  of  the  orbit  is 

r  =  1  (e29  —  e-29). 

18.  If  P  =  2fi  l-^ X  and  the  particle  be  projected 

from  an  apse  at  a  distance  a  with  velocity  — -,  prove  that 
jt  will  be  at  a  distance  r  after  a  time 

— —  (a*  log h  r  yr^  —  a''}- 

2V^^       ^  a  ^  I 


CHAPTER    I  I  I. 

CONSTRAINED    MOTION. 

188.  Definitions. — A  particle  is  constrained  in  its  mo- 
tioa  when  it  is  compelled  to  move  along  a  given  fixed  curve 
or  surface.  Thus  far  the  subjects  of  motion  have  been 
particles  not  constrained  by  any  geometric  conditions,  but 
free  to  move  in  such  paths  as  are  due  to  the  action  of  the 
impressed  forces.  We  come  now  to  the  case  of  the  motion 
of  a  particle  which  is  constrained ;  that  is,  in  which  the 
motion  is  subject,. not  only  to  given  forces,  but  to  undeter- 
mined reactions.  Such  cases  occur  when  the  particle  is  in 
a  small  tube,  either  smooth  or  rough,  the  bore  of  which'  is 
supposed  to  be  of  the  same  size  as  the  particle ;  or  when  a 
small  ring  slides  on  a  curved  wire,  with  or  without  friction  ; 
or  when  a  particle  is  fastened  to  a  string,  or  moves  on  a 
given  surface.  If  we  substitute  for  the  curve  or  surface  a 
force  whose  intensity  and  direction  are  exactly  equal  to 
those  of  the  reaction  of  the  curve,  the  particle  will  describe 
the  same  path  as  before,  and  we  may  treat  the  problem  as 
if  the  particle  were  free  to  move  under  the  action  of  this 
system  of  forces,  and  therefore  apply  to  it  the  general  equa- 
tions of  motion  of  a  free  particle. 

189.  Kinetic  Energy  or  Vis  Viva  (Living  Force), 
and  Work. — A  particle  is  constrained  to  move  on  a  given 
sjnootli  plane  curve,  under  given  forces  in  the  plane  of  the 
curve,  to  determine  the  motion. 

Let  APC  be  the  curve  along  which  the  particle  is  com- 
pelled to  move  when  acted  upon  by  any  given  forces.  Let 
Ox  and  0«/  be  _the  rectangular  axes  in  the  plane  of  the 
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curve,  the  axis  y  positive  up- 
wards, and  {x,  y)  the  place  of 
the  particle,  P,  at  the  time  t ; 
let  X,  Y,  parallel  respectively  to 
the  axes  of  x  and  y,  be  the  axial 
components  of  the  forces,  the 
mass  of  the  particle  being  m  ; 
let  R  be  the  pressure  between 
the  curve  and  particle,  which 
acts  in  the  normal  to  the  curve,  since  it  is  smooth.  Then 
the  equations  of  motion  are 


Fig.83 


cPx        „ 
m-^^  =  X  ■ 


R 


^y. 


(1) 


m-^  =  Y+R^^. 


dJ^y 

I  — i.  — 


m 


Multiplying  (1)  and  (3)  respectively  by  dx  and  dy,  and 
adding,  we  have 


m 


dxdhi  +  dydhf        ^,     ,    „, 
—      J.  "■    "  =  Xdx  +  Ydy. 


Integrating  between  the  limits  t  and  t„,  and  calling  v^  the 
initial  velocity,  we  have 


!)„2  =  y  {Xdx  +  Ydy 


(3) 


The  term  —  v^  is  called  the  vis  viva*,  or  Kinetic  Energy 

of  the  mass  m;  that  is,  vis  viva  or  kinetic  energy  is  a 
quantity  which  varies  as  the  product  of  the  mass  of  the 
particle  and  the  square  of  its  velocity.  There  is  particular 
advantage  in  defining  vis  viva,  or  kinetic  energy,  as  half 


*  See  Thomson  and  Tait'e  Nat.  Phil.,  p.  222. 
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the  product  of  the  mass  and  the  square  of  its  velocity.* 
The  first  member,  therefore,  of  (3)  is  the  vis  viva  or  kinetic 
energy  oi  m  acquired  in  its  motion  from  (*„,  2/„)  to  {x,  y) 
under  the  action  of  the  given  forces. 

The  terms  Xdx  and  Ydy  are  the  products  of  the  axial 
components  of  the  forces  by  the  axial  displacements  of  the 
mass  in  the  time  dt,  and  are  therefore,  the  elements  of  worh 
done  by  the  accelerating  forces  X  and  Y  in  the  time  dt, 
according  to  the  definition  of  work  given  in  Art.  101,  Rem.; 
so  that  the  second  member  of  (3)  expresses  the  work  done 
by  these  forces  through  the  spaces  over  which  they  moved 
the  mass  in  the  time  between  #„  and  t.  This  equation  is 
called  the  equation  of  kinetic  energy  and  of  work;  it  shows 
that  the  work  done  by  a  force  exerting  action  through  a 
given  distance,  is  equal  to  the  increase  of  kinetic  energy 
which  has  accrued  to  the  mass  in  its  motion  through  that 
distance. 

If  in  the  motion,  kinetic  energy  is  lost,  negative  work  is 
done  by  the  force  ;  i.  e.,  the  work  is  stored  up  as  potential 
■work  in  the  mass  on  which  the  force  has  acted.  .  Thus,  if 
work  is  spent  on  winding  up  a  watch,  that  work  is  stored 
in  the  coiled  spring,  and  is  thus  potential  and  ready  to  be 
restored  under  adapted  circumstances.  Also,  if  a  weight  is 
raised  through  a  vertical  distance,  work  is  spent  in  raising 
it,  and  that  work  may  be  recovered  by  lowering  the  weight 
through  the  same  vertical  distance. 

This  theorem,  in  its  most  general  form,  is  the  modern 
principle  of  conservation  of  energy  ;  and  is  made  the  funda- 
mental theorem  of  abstract  dynamics  as  applied  to  natural 
philosophy. 

In  this  case  we  have  an  instance  of  space-integrals,  which, 
as  we  have  seen,  gives  us  kinetic  energy  and  work ;  the 
solution  of  problems  of  kinetic  energy  and  work  will  be 
explained  in  Chap.  V. 

*  Some  writers  define  vis  viva  as  tUe  whole  product  of  the  mass  and  the  square 
of  the  velocity.    See  Eouth's  Rigid  Dynamics,  p.  259. 
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Now  if  X  and  Y  are  functions  of  the  co-ordinates  x  and 
y  the  second  member  of  (3)  can  be  integrated  ;  let  it  be  the 
differential  of  some  function  of  x  and  y,  as  0  {x,  y).  Inte- 
grating (3)  on  this  hypothesis,  and  supposing  v  and  tij  to 
be  the  Telocities  of  the  particle  at  the  points  {x,  y)  and 
(a;„,  y„)  corresponding  to  t  and  t^,  we  have 


TYt 

-  («2  —  v^^)  =  (p  {x,  y)  —  <t>  (a;„,  y^)  (4) 


which  shows  that  the  kinetic  energy  gained  by  the  particle 
constrained  to  move,  under  the  forces  X,  Y,  along 
any  path  whatever,  from  the  point  {x^,  y,,)  to  the  point 
(x,  y\,  is  entirely  independent  of  the  path  pursued,  and 
depends  only  upon  the  co-ordinates  of  the  points  left  and 
arrived  at ;  the  reaction  R  does  not  appear,  which  is  clearly 
as  it  should  be,  since  it  does  no  work,  because  it  acts  in  a 
line  perpendicular  to  the  direction  of  motion. 

190.   To  Find  the  Reaction  of  the  Constraining 

Curve. — For  convenience,  the  mass  of  the  particle  may  be 

taken  as  unity.    Multiplying  (1)  and  (2)  of  Art.  189  by 

dit         dx 

~-  and  -^ ,  subtracting  the  former  from  the  latter,  and 

solving  for  R,  we  have, 

n       tPy  dx  —  d^x  dy       _rf«       ^^dx 

^  =  -^ — uYj —  +  ^j    —  Y-j- 

dt'  ds  ds  as 

in  which  p  is  the  radius  of  curvature  at  the  point  P.  The 
last  two  terms  of  (1)  are  the  normal  components  of  the 
impressed  forces ;  arid  therefore,  if  the  particle  were  at  rest, 
they  would  denote  the  whole  pressure  on  the  curve ;  but 
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the  particle  being  in  motion,  there  is  an  additional  pressure 

on  the  curve  expressed  by  —  • 

In  the  above  reasoning  we  have  considered  the  particle  to 
be  on  the  concave  side  of  the  curve,  and  the  resultant  of  X 
and  f^to  act  towards  the  convex  side  along  some  line  as  PF 
so  as  to  produce  pressure  against  the  curve.  If  on  the 
contrary,  this  resultant  acts  towards  the  concave  side,  along 
PF'  for  example,  then,  whether  the  particle  be  on  the 
concave  or  convex  side,  the  pressure  against  the  curve  will 

be  the  difference  between  -  and  the  normal  resultant  of  X 

P 
and  r. 

191.  To  Find  the  Point  where  the  Particle  Will 
Leave  the  Constraining  Curve. — It  is  evident  that  at 
that  point,  i?  =  0,  as  there  will  be  no  pressure  against  the 
curve.     Therefore  (1)  of  Art.  190  becomes 

p  ds  ds 

=  F'  cos  F'PB 

if  F'  be  the  resultant  of  X  and  Y. 

.  • .     v^  =  F'p  cos  F'PR 

=  2F'  •  J  chord  of  curvature  in  the  direction  PF'. 

Comparing  this  with  (6)  of  Art.  140,  we  see  that  the 
particle  will  leave  the  curve  at  the  point  where  its  velocity  is 
such  as  would  be  produced  by  the  resultant  force  then  acting 
OH  it,  ifconti?iued  constant  during  its  fall  from  rest  through 
a  space  equal  to  \  of  the  chord  of  curvature  parallel  to  that 
resultant.  (See  Tait  and  Steele's  Dynamics  of  a  Particle, 
p.  170.) 
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192.  Constrained  Motion  Under  the  Action 
Gravity. — When  gravity  is  the  only  force  acting  on  thi. 
particle,  the  formulae  are  simplified.     Taking  the  axis  of  y 
vertical  and  positive  downwards,  the  forces  become 

X  =  0,    and     Y  =  +  g; 

and  for  the  velocity  we  have,  by  (3)  of  Art.  189, 

W  -  ¥,'  =  9{y-  yo)  (1) 

where  y^  is  the  initial  space  corresponding  to  the  time  t^. 
For  the  pressure  on  the  curve  we  have,  by  (1)  of  Art.  190, 

If  the  origin  be  where  the  motion  of  the  particle  begins, 
the  initial  velocity  and  space  are  zero,  and  (1)  becomes 

Iv^  =  gy.  (3) 

This  shows  that  the  velocity  of  the  particle  at  any  time 
is  entirely  independent  of  the  form  of  the  curve  on  which 
it  moves ;  and  depends  solely  on  the  perpendicular  distance 
through  which  it  falls. 

193.  Motion  on  a  Circular  Arc  in  a  Vertical 
Plane. — Take  the  vertical  diameter  as  axis  of  y,  and  its 
lower  extremity  as  origin  ;  then  the  equation  of  the  circle  is 

3?  =  'Hay  —  «/2 ; 

dx     _  dy  _  ds^  ,^. 

'  '    a  —  y  ~  X   ~  a 
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Let  {h,  h)  be  the  point  K  where 
the  particle  starts  from  rest,  and  {x,  y) 
the  point  P  where  it  is  at  the  time  t. 
Then  the  particle  will  have  fallen 
through  the  height  HM  ^  h  —  y, 
and  hence  from  (3)  _of  Art.  193  we 
have 

j^  =  v=  \/3^  {h  r-  y). 


(3) 


Hence  the  velocity  is  a  minimum  when  y  =  h,  and  a 
maximum  when  y  =  0;  and  this  maximum  velocity  will 
carry  the  particle  through  0  to  ^'  at  the  distance  Ti  above 
the  horizontal  line  through  0. 

To  find  the  time  occupied  by  the  particle  in  its  descent 
from  K  to  the  lowest  point,  0,  we  have  from  (2) 


dt  =  — 


ds 


^^9  (/*  -  y) 


ady 


V^g{h-y)(%ay-y^) 


by(i)    (3) 


the  negative  sign  being  taken  since  Ms  a  decreasing  func- 
tion of  s. 

This  expression  does  not  admit  of  integration  ;  it  may  be 
reduced  to  an  elliptic  integral  of  the  first  kind,  and  tables 
are  given  of  the  approximate  values  of  the  integral  for 
given  values  of  y.* 

If,  however,  the  radius  of  the  circle  is  large,  and  the 
greatest  distance  KO,  over  which  the  particle  moves,  is 
small,  we  may  develope  (3)  into  a  series  of  terms  in  ascend- 
ing powers  of  ^ ,  and  thus  find  the  integral  approximately. 


*  See  Legendre'B  Tiait€  des  FonctionB  Glliptiques. 
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Let  The  the  time  of  motion  of  the  particle  from  ^to  K', 
i.  e.,  from  y  =  A,  through  y  =  0,  to  y  =  /«  again,  then  (3) 
becomes 

integrating  each  term  separately  we  have 


dy 


which  is  the  complete  expression  for  the  time  of  moving 
from  the  extreme  position  K  on  one  side  of  the  vertical  to 
the  extreme  position  K'  on  the  other;  this  is  called  an 
oscillation.     (See  Price's  Anal.  Mechs.,  Vol.  III.,  p.  588). 
If  the  arc  is  very  small,  h  is  very  small  in  comparison 

with  a,  and  all  the  terms  containing  —  will  be  very  small, 

and  by  neglecting  them  (4)  becomes 


^  =  '\/^- 


(5) 


194.  The  Simple  Pendulum. — Instead  of  supposing 
the  particle  to  move  on  a  curve,  we  may  imagine  it  sus- 
pended by  a  string  of  invariable  length,  or  a  thin  rod 
considered  of  no  weight,  and  moving  in  a  vertical  plane 
about  the  point  C ;  for,  whether  the  force  acting  on  the 
particle  be  the  reaction  of  the  curve  or  the  tension  of  the 
string,  its  intensity  is  the  same,  while  its  direction,  in 
either  case  is  along  the  normal  to  the  curve. 
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When  the  particle  is  supposed  to  be  suspended  by  a 
thread  without  weight,  it  becomes  what  is  termed  a  simple 
pendulum  ;  and  although  such  an  instrument  can  never  be 
perfectly  attained,  but  exists  only  in  theory,  yet  approxima- 
tions may  be  made  to  it  sufficiently  near  for  practical  pur- 
poses, and  by  means  of  Dynamics  we  may  reduce  the 
calculation  of  the  motion  of  such  a  pendulum  to  that  of 
the  simple  pendulum. 

If  I  is  the  length  of  the  rod,  the  time  of  an  oscillation  is 
approximately  given  by  the  formula 


-V^ 


(1) 


when  the  angle  of  oscillation  is  very  small,  i.  e.,  not  ex- 
ceeding about  4° ;  *  and  therefore,  for  all  angles  between 
this  and  zero,  the  times  of  oscillation  of  the  same  pen- 
dulum will  not  perceptibly  differ ;  i.  e.,  in  very  small  arcs 
the  oscillatiotis  may  be  regarded  as  isochronal,  or  as  all 
performed  in  the  same  time. 

195.  Relation  of  Time,  Length,  and  Force  of 
Grravity. — From  (1)  of  Art.  194,  we  have  Tec  y/lit  gis 

constant ;  Tec  -—  if  I  is  constant;  g x  lit  Tis  constant, 

Vg 
that  is 

(1)  For  the  same  place  the  times  of  oscillation  are  as  the 
square  roots  of  the  lengths  of  the  pendulums. 

(2)  For  the  same  pendulum  the  iimes  of  oscillation  are 
inversely  as  the  square  roots  of  the  force  of  gravity  at 
different  places. 

*  If  the  initial  inclination  ib  5%  the  second  term  of  (4)  is  only  0.000476 ;  if  1"  the 
second  term  Is  only  0.000019. 
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(3)  For  the  same  time  the  lengths  of  pendulums  vary  as 
the  force  of  gravity. 

Hence  by  means  of  the  pendulum  the  force  of  grarity  at 
different  places  of  the  earth's  surface  may  be  determined. 
Let  L  be  the  length  of  a  pendulum  which  vibrates  seconds 
at  the  place  vhere  the  value  of  g  is  to  be  found ;  then  from 
(1)  of  Art.  194  we  have 

\  =  T.sJ^;    .-.    g=^^'L;  (1) 

and  from  this  formula  g  has  been  calculated  at  many  places 
on  the  earth.  The  method  of  determining  i  accurately 
will  be  investigated  in  Chap.  VII. 

CoE. — If  n  be  the  number  of  vibrations  performed  dur- 
ing N  seconds,  and  T  the  time  of  one  vibration, 

then  w  =  ^by  (1)  of  Art.  194,  =  ^v/f-        (3) 

Since  gravity  decreases  according  to  a  known  law,  as  we 
ascend  above  the  earth's  surface,  the  comparison  of  the 
times  of  vibration  of  the  same  pendulum  oq  the  top  of  a 
mountain  and  at  its  base,  would  give  approximately  its 
height. 

196.  The  Height  of  a  Mountain  Determined  with 
the  Pendulum. — A  seconds  pendulum  is  carried  to  the  top 
of  a  mountain  ;  required  to  find  the  height  of  the  mountain 
ly  observing  the  change  in  the  time  of  oscillation. 

Let  r  be  the  radius.of  the  earth  considered  spherical ;  h 
the  height  of  the  mountain  above  the  surface ;  I  the  length 
of  the  pendulum ;  g  and  g'  the  values  of  gravity  on  the 
earth's  surface,  and  at  the  top  of  the  mountain  respectively. 
Then  (Art.  174)  we  have 
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g'  ~\    r    /  '    ■  ■    ^  ~  (r  +  hf  ^  ' 

which  is  the  force  of  gravity  at  the  top  of  the  mountain. 

Let  n  =  the  number  of  oscillations  which  the  seconds 
pendulum  at  the  top  of  the  mountain  makes  in  /J4  hours ; 

then  the  time  of  oscillation  = Hence  from 


(1)  of  Art.  195,  we  have 

9'  r 


34 

X 

60 

X 

60 

= 

^^ 

n 

h 

= 

24 

X 

60 

X 

60 

r 

n 

|  =  .L±i^,by(l); 


1,  (since  7tW-  =  ij, 


(3) 


which  gives  the  height  of  the  mountain  in  terms  of  the 
radius  of  the  earth.  For  the  sake  of  an  example,  suppose 
the  pendulum  to  lose  5  seconds  in  a  day ;  that  is,  to  make 
5  oscillations  less  than  it  would  make  on  the  surface  of  the 
earth. 

Then  w  =  34  x  60  x  60  —  5 ; 

which  in  (3)  gives 

h  34  X  60  x  60 


r       34  X  60  X  60  —  5 


-1 


-  (^  ~  34  X  60  X  13)    ~  -^  -  24  X  60  X  13  '^^^'^'^^' 

,  4000  ,      .,  , 

-••     ^  =  34  X  60  X  13  =  ^  '^'^''  ^^^'^^y' 

r  being  4000  miles  (approximately). 

197.  The  Depth  of  a  Mine  Determined  by  Ob- 
serving the  Change  of  Oscillation  in  a  Seconds 
Pendulum. — Let  r  be  the  radius  of  the  earth  as  in  the 
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last  case ;  h  the  depth  of  the  mine  ;  g  and  g'  the  values  of 
gravity  on  the  earth's  surface  and  at  the  bottom  of  the 
mine.    Then  (Art.  171)  we  have 

(1) 


g'       r  —  h 

Let  n  =  the  number  of  oscillations  which  the  seconds 
pendulum  at  the  bottom  of  the  mine  makes  in  34  hours. 


Then 


24  X  60  X  60  _         /       Ir 

n  —""ygir  —  h) 

V  r  —  h 

?•  ~  V34  X  60  X  60/ ' 

from  which  h  can  be  found.    If,  as  before,  the  pendulum 
loses  5  seconds  a  day,  we  have 


h 
r 


(i i y 

\         24  X  60  X  12/  • 


nearly, 


■~  12  X  60  X  12 

.  • .    h  =  i  mile  nearly. 

(See  Price's  Anal.  Mech's,  "Vol.  I,  p.  590,  also  Pratt's 
Mech's,  p.  376.) 

198.  Centripetal  and  Centrifugal  Forces. — Since 

the  pressure  — ,  at  any  point,  depends  entirely  upon  the 

velocity  at  that  point  and  the  radius  of  curvature,  it  would 
remain  the  same  if  the  forces  X  and  Y  were  both  zero,  in 
which  case  it  would  be  the  whole  normal  pressure,  B, 
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against  the  curve.  It  is  easily  seen,  therefore,  that  this 
pressure  arises  entirely  from  the  inertia  of  the  moving 
particle,  i.  e.,  from  its  tendency  at  any  point,  to  move  in 
the  direction  of  a  tangent ;  and  this  tendency  to  motion 
along  the  tangent  necessarily  causes  it  to  exert  a  pressure 
against  the  deflecting  curve,  and  which  requires  the  curve 

to  oppose  the  resistance  —  •    Hence,  since  the  particle  if 

left  to  itself,  or  if  left  to  the  action  of  a  force  along  the  tan- 
gent, would,  by  the  law  of  inertia,  continue  to  move  along 

that  tangent,  —  is  the  effect  of  the  force  which  deflects  the 

particle  from  its  otherwise  rectilinear  path,  and  draws  it 
towards  the  centre  of  curvature.  This  force  is  called  the 
Centripetal  Force,  which,  therefore,  may  be  defined  to  be 
the  force  tvhicli  deflects  a  particle  from  its  otherwise  recti- 
linear path.  The  equal  and  opposite  reaction  exerted  away 
from  the  centre  is  called  the  Centrifugal  Force,  which  may 
be  defined  to  be  the  resistance  which  the  inertia  of  a  particle 
in  motion  opposes  to  whatever  deflects  it  from  its  rectilinear 
path.  Centripptal  and  centrifugal  are  therefore  the  same 
quantity  under  different  aspects.  The  action  of  the  former 
is  tmuards  the  centre  of  curvature,  while  that  of  the  latter 
is/rowi  the  centre  of  curvature.  The  two  are  called  central 
forces.  They  determine  the  direction  of  motion  of  the  par- 
ticle but  do  not  affect  the  velocity,  since  they  act  continu- 
ally at  right  angles  to  its  path.  If  a  particle,  attached  to  a 
string,  be  whirled '  about  a  centre,  the  intensity  of  these 
central  forces  is  measured  by  the  tension  of  the  string.  If 
the  string  be  cut,  the  particle  will  move  along  a  tangent  to 
the  curve  with  unchanged  velocity. 

OoK.  1. — If  m  be  the  mass  moving  with  velocity  v,  its 
centrifugal  force  is  m  —     If  w  be  the  angular  velocity 
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described  by  the  radius  of  curvature,  then  (Art.  160,  Ex.  1), 
V  =  pw,  and  consequently 

the  centrifugal  force  of  m,  =  mcj^p.  (1) 

CoE.  2. — Let  m  move  in  a  circle  with  a  constant  velocity, 
v;  let  a  =  the  radius  of  the  circle,  and  T  the  time  of  a 
complete  revolution ;  then  'Una  =  vT; 

.  • .    the  centrifugal  force  ofm  =  m  —=^  ;  (2) 

± 

aud  -thus  the  centrifugal  force  in  a  circle  varies  directly  as 
the  radius  of  the  circle,  and  inversely  as  the  square  of  the 
periodic  time. 

Cou.  3. — If  m  moves  in  the  circle  with  a  constant 
angular  velocity,  w,  then  (Art.  160,  Ex.  1),  y  =  aw ; 

.  • .    the  centrifugal  force  of  m  =  m  o^a ;  (3) 

aud  therefore  varies  directly  as  the  radius  oftJie  circle. 

Thus  if  a  particle  of  mass  m  is  fastened  by  a  string  of 
length  a  to  a  point  in  a  horizontal  plane,  and  describes  a 
circle  in  the  plane  about  the  given  point  as  centre,  the  cen- 
trifugal force  produces  a  tension  of  the  string,  and  if  w  is 
the  constant  angular  velocity,  the  tension  =  m  u^a. 

199.  The  Centrifugal  Force  at  the  Equator. — Let 

R  denote  the  equatorial  radius  of  the  earth  =  20936202* 
feet,  T  the  time  of  revolution  upon  its  axis  =  86164 
seconds,  and  n  =  3.1415926.  Substituting  these  values  in 
(2)  of  Art.  198,  and  denoting  the  centrifugal  force  at  the 
equator  by/,  and  the  mass  by  unity,  we  have 

/=^  =  0.11126  feet.  (1) 

*  Bncy.  Brit.,  Art.  Geodesy. 
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The  force  of  graTity  at  the  equator  has  been  found  to  be 
33. 09033 ;  if  this  force  were  not  diminished  by  the  cen- 
trifugal force ;  i.  e.,  if  the  earth  did  not  revolve  on  its 
axis  the  force  of  gravity  at  the  equator  would  be 


G  =  33.09033  +  0.11136  =  33.30148  feet. 


(3) 


To  determine  the  relation  between  the  centrifugal  force 
and  the  force  of  gravity,  we  divide  (1)  by  (3)  which  gives 


G 


0.11136  _    1 
33.30148  -  389'  ''^^'■^^• 


(3) 


that  is,  the  centrifugal  force  at  the  equator  is  ^^-g  of  that 
which  the  force  of  gravity  at  the  equator  would  be  if  the 
earth  did  not  rotate. 


200.  Centrifugal  Force  at  Differ- 
ent Latitudes  on  the  Earth. — Let 

P  be  any  particle  on  the  earth's  surface 
describing  a  circumference  about  the 
axis,  NS,  with  the  radius  PD.  Let 
^  =  ^CP  =  the  latitude  of  P;  ^ 
the  radius,  A  C,  of  the  earth ;  and  R' 
the  radius  PD  of  the  parallel  of  lati- 
tude passing  through  P.     Then  we  have 


/        ° 

M 

^Y" 

I         '' 

] 

s 

Fig.  85 


B!  z=  R  cos  0. 


(1) 


Let  the  centrifugal  force  at  the  point  P,  which  is  exerted 
in  the  direction  of  the  radius  BP,  be  represented  by  the 
line  PB.  Kesolve  this  into  the  two  components  PF,  act- 
ing along  the  tangent,  and  PE,  acting  along  the  normal. 
Then  by  (3)  of  Art.  198  we  have 


PB  = 


4:Tr^R  cos  0 
2^~ 


,  by  (!)• 


(3) 
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Hence,  the  centrifugal  force  at  any  point  on  the  earth's 
surface  varies  directly  as  the  cosine  of  the  latitude  of  the 
place. 

,ror  the  normal  component  we  have 
PE  =  PB  cos  0 

4ir2jB  cos*  (^        .  . 
= ya-—  by  (3) 

=  /  eoss  <t>,  by  (1)  of  Art.  197.   (3) 


Hence,  the  component  of  the  centrifugal  force  which  directly 
opposes  the  force  of  gravity,  at  any  point  on  the  earth's  sur- 
face, is  equal  to  the  centrifugal  force  at  the  equator,  mul- 
tiplied by  the  square  of  the  cosine  of  the  latitude  of  the 
place. 

Also  PF  =  PB  sin  (p 

4:TT^E  sin  d>  cos  d>   ,      ,„. 
= p '  by  (3) 

=  I" sin  2(t>,  by  (1)  of  Ai-ilO? ;  (4) 

that  is,  the  component  of  the  centrifugal  force  which  tends 
to  draw  particles  from  any  parallel  of  latitude.  P.,  towards 
the  equator,  and  to  cause  the  earth  to  assume  the  figure 
of  an  oblate  spheroid,  varies  as  the  sine  of  twice  the 
latitude. 

The  preceding  calculation  is  made  on  the  hypothesis  that 
the  earth  is  a  perfect  sphere,  whereas  it  is  an  oblate 
spheroid ;  and  the  attraction  of  the  earth  on  particles  at 
its  surface  decreases  as  we  pass  from  the  poles  to  the 
equator.      The    pendulum    furnishes  the    most    accurate 
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metliod  of  determining  the  force  of  graTity  at  difEerent 
places  on  the  earth's  surface. 

201.  The  Conical  Pendu- 
lum.— The  Governor. — Suppose 
a  particle,  P,  of  mass  m,  to  be  at- 
tached to  one  end  of  a  string  of 
length  I,  the  other  end  of  which  is 
fixed  at  A.  The  particle  is  made 
to  describe  a  horizontal  circle  of 
radius  PO,  with  uniform  velocity 
round  the  vertical  axis  A  0,  so  that 
it  makes  n  revolutions  per  second. 
It  is  required  to  find  the  inclina- 
tion, 0,  of  the  string  to  the  vertical, 
and  the  tension  of  the  string. 

'The  velocity  of  P  in  feet  per  second  —  2Tm  •  OP  =  2mi  I 
sin  6.  The  forces  acting  upon  it  are  the  tension,  T,  of  the 
string,  the  weight,  m,  of  the  particle,  and  the  centrifugal 

force,  m j—. — ^ —  (Art.  198).    Hence  resolving,  we  have 

for  horizontal  forces,     Tbiu  d  =  m-in^n^  I  sin  6 ;  (1) 

for  vertical  forces,         T  cos  6  =  mg.  (3) 

From  (1)  T  =  m-  i.-nH^  I,  (3) 

which  in  (2)  gives 

cos  e  =  -r4^,,  (4) 


Fig.Se 


^■n^n^  I 


where  T  and  d  are  completely  determined. 

If  the  string  be  replaced  by  a  rigid  rod,  which  can  turn 
about  ^  in  a  ball  and  socket  joint,  the  instrument  is  called 
a  conical  pendulum,  and  occurs  in  the  governor  of  the 
steam-engine. 
16 
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EXAMPLES. 

1.  If  the  length  of  the  seconds  pendulum  be  39.1393 
inches  in  London,  find  the  value  of  g  to  three  places  of 
decimals.  Ans.  33.191  feet. 

2.  In  what  time  will  a  pendulum  vibrate  whose  length  is 
15  inches  ?  Ans.  0.62  sec.  nearly. 

3.  In  what  time  will  a  pendulum  vibrate,  whose  length  is 
double  that  of  a  seconds  pendulum  ?  Ans.  1.41  sees. 

4.  How  many  vibrations  will  a  pendulum  3  feet  long 
make  in  a  minute?  Ans.  63.55. 

5.  A  pendulum  which  beats  seconds,  is  taken  to  the  top 
of  a  mountain  one  mile  high  ;  it  is  required  to  find  the 
number  of  seconds  which  it  will  lose  in  13  hours,  allowing 
the  radius  of  the  earth  to  be  4000  miles.    Ans.  10.8  sees. 

6.  What  is  the  length  of  a  pendulum  to  beat  seconds  at 
the  place  where  a  body  falls  IG^Jj-  ft.  in  the  first  second  ? 

Ans.  39. 11  ins.  nearly. 

7.  If  39.11  ins.  be  taken  as  the  length  of  the  seconds 
pendulum,  how  long  must  a  pendulum  be  to  beat  10  times 
in  a  minute  ?  Ans.  117-J-  ft. 

8.  A  particle  slides  down  the  arc  of  a  circle  to  the 
lowest  point ;  find  the  velocity  at  the  lowest  point,  if  the 
angle  described  round  the  centre  is  60°.  Ans.  'Vgr. 

9.  A  pendulum  which  oscillates  in  a  second  at  one  place, 
is  carried  to  another  place  where  it  makes  120  more  oscil- 
lations in  a  day ;  compare  the  force  of  gravity  at  the  latter 
place  with  that  at  the  former.  Ans.  (|f  ff )'. 

10.  Find  the  number  of  vibrations,  n,  which  a  pendulum 
will  gain  in  N  seconds  by  shortening  the  length  of  the 
pendulum. 
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Let  the  length,  I,  be  decreased  by  a  small  quantity, 
li,  and  let  n  be  increased  by  n^ ;  then  from  (3)  of  Art.  195 
we  get 

which,  divided  by  (2)  of  Art.  195,  gives 


n  +  n. 


Hence  n^  =  —f  • 

Alt 

11.  If  a  pendulum  be  45  inches  long,  how  many  vibra- 
tions will  it  gain  in  one  day  if  the  bob  *  be  screwed  up  one 
turn,  the  screw  having  32  threads  to  the  inch  ? 

Ans.  30. 

12.  If  a  clock  loses  two  minutes  a  day,  how  many  turns 
to  the  right  hand  must  we  give  the  nut  in  order  to  correct 
its  error,  supposing  the  screw  to  have  50  threads  to  the 
inch  ?  Ans.  5-4:  turns. 

13.  A  mean  solar  day  contains  24  hours,  3  minutes, 
56  •  5  secondsj  sidereal  time  ;  calculated  the  length  of  the 
pendulum  of  a  clock  beating  sidereal  seconds  in  London. 
See  Ex.  1.  Ans.  38-  925  inches. 

14.  A  heavy  ball,  suspended  by  a  fine  wire,  vibrates  in  a 
small  arc ;  48  vibrations-  are  counted  in  3  minutes.  Cal- 
culate the  length  of  the  wire.  Ans.  45-87  feet. 

15.  The  height  of  the  cupola  of  St.  Paul's,  above  the 
floor,  is  340  ft.;  calculate  the  number  of  vibrations  a  heavy 
body  would  make  in  half  an  hour,  if  suspended  from  the 
dome  by  a  fine  wire  which  reaches  to  within  6  inches  of 
the  floor.  Ans.  176-4. 

*  The  lower  extremity  of  the  pendulum. 
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16.  A  seconds  pendulum  is  carried  to  the  top  of  a 
mountain  m  miles  high ;  assuming  that  the  force  of 
gravity  varies  inversely  as  the  square  of  the  distance  from 
the  centre  of  the  earth,  find  the  time  of  an  oscillation. 

/4000  +  m\ 

^'^'-  (-^ooo-j  ''''■ 

17.  Prove  that  the  lengths  of  pendulums  vibrating  dur- 
ing the  same  time  at  the  same  place  are  inversely  as  the 
squares  of  the  number  of  oscillations. 

18.  In  a  series  of  experiments  made  at  Harton  coal-pit,  a 
pendulum  which  beat  seconds  at  the  surface,  gained  2^ 
beats  in  a  day  at  a  depth  of  1360  ft. ;  if  g  and  g'  be  the 
force  of  gravity  at  the  surface  and  at  the  depth  mentioned, 
show  that 

g'  -9  _     1 

19.  A  pendulum  is  found  to  make  640  vibrations  at  the 
equator  in  the  same  time  that  it  makes  641  at  Greenwich ; 
if  a  string  hanging  vertically  can  just  sustain  80  lbs.  at 
Greenwich,  how  many  lbs.  can  the  same  string  sustain  at 
the  equator  ?  Ans.  80|-  lbs.  about. 

30.  Find  the  time  of  descent  of  a  particle  down  the  arc 

of  a  cycloid,  the  axis  of  the  cycloid  being  vertical  and  vertex 

downward ;  and  show  that  the  time  of  descent  to  the  lowest 

point  is  the  same  whatever  point  of  the  curve  the  particle 

starts  from. 

Ans. 


It 

S.   ■n-\/  -• 

V  g 


31.  If  in  Ex,  30  the  particle  begins  to  move  from  the 
extremity  of  the  base  of  the  cycloid  find  the  pressure  at  the 
lowest  point  of  the  curve. 

Ans.  2g ;  i.  e.,  the  pressure  is  twice  the  weight  of  the 
particle. 
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22.  Find  the  pressure  on  the  lowest  point  of  the  curve 
in  Art.  193,  (1)  when  the  particle  starts  from  rest  at  the 
highest  point,  A,  (Fig.  84),  (3)  when  it  starts  from  rest  at 
the  point  B. 

Ans.  (1)  by,  (3)  ^g;  i.e.,  (1)  the  pressure  is  fire  times 
the  weight  of  the  particle  and  (2)  it  is  three  times  the 
weight  of  the  particle. 

23.  In  the  simple  pendulum  find  the  point  at  which  the 
tension  on  the  string  is  the  same  as  when  the  particle 
hangs  at  rest. 

Ans.  y  =  |A,  where  h  is  the  height  from  which  the 
pendulum  has  fallen. 

24.  If  a  particle  be  compelled  to  move  in  a  circle  with  a 
velocity  of  300  yards  per  minute,  the  radius  of  the  circle 
being  16  ft.,  find  the  centrifugal  force. 

Ans.  14-06  ft.  per  see. 

25.  If  a  body,  weighing  17  tons,  move  on  the  circum- 
ference of  a  circle,  whose  radius  is  1110  ft.,  with  a  velocity 
of  16  ft.  per  sec,  find  the  centrifugal  force  in  tons  (take 
g  =  32-1948).  A7is.  0-1217  ton. 

26.  If  a  body,  weighing  1000  lbs.,  be  constrained  to  move 
in  a  circle,  whose  radius  is  100  ft.,  by  means  of  a  string, 
capable  of  sustaining  a  strain  not  exceeding  450  lbs.,  find 
the  velocity  at  the  moment  the  string  breaks. 

Ans.  38-06  ft.  per  sec. 

27.  If  a  railway  carriage,  weighing  7  •  21  tons,  moving  at 
the  rate  of  30  miles  per  hour,  describe  a  portion  of  a  circle 
whose  radius  is  460  yards,  find  its  centrifugal  force  in  tons. 

Ans.  0-314  ton. 

28.  If  the  centrifugal  force,  in  a  circle  of  100  ft.  radius, 
be  146  ft.  per  sec,  find  the  periodic  time. 

Ans.  5-2  sees. 
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29.  If  the  centrifugal  force  be  131  ozs.,  and  the  radius 
of  the  circle  100  ft.,  the  periodic  time  being  one  hour,  find 
the  weight  of  the  body.  Ans.  386-309  tons. 

30.  Find  the  force  towards  the  centre  required  to  make 

a  body  move  uniformly  in  a  circle  whose  rndius  is  5  ft., 

with  such  a  velocity  as  to  complete  a  revolution  in  5  sees. 

4778 
Ans.  -r-' 
5 

31.  A  stone  of  one  lb.  weight  is  whirled  round  horizon- 
tally by  a  string  two  yards  long  having  one  end  fixed ;  find 
the  time  of  revolution  when  the  tension  of  the  string  is  3  lbs. 


V^ 


Ans.  2rr  ■!  /  -  sees, 


32.  A  weight,  w,  is  placed  on  a  horizontal  bar,  OA, 
which  is  made  to  revolve  round  a  vertical  axis  at  0,  with 
the  angular  velocity  6j;  it  is  required  to  determine  the 
position.  A,  of  the  weight,  when  it  is  upon  the  point  of 
sliding,  the  coefficient  of  friction  being  /. 

Ans.  OA  =■&. 

33.  Find  the  diminution  of  gravity  at  the  Sun's  equator 
caused  by  the  centrifugal  force,  the  radius  of  the  Sun  being 
441000  miles,  and  the  time  of  revolution  on  his  axis  being 
607  h.  48  m.  Ans.  0-  0192  ft.  per  sec. 

34.  Find  the  centrifugal  force  at  the  equator  of  Mercury, 
the  radius  being  1570  miles,  and  the  time  of  revolution 
24  h.  5  m.  Arts.  0-  0435  ft.  per  sec. 

35.  Find  the  centrifugal  force  at  the  .equator,  (1)  of 
Venus,  radius  being  3900  miles  and  time  of  revolution 
23  h.  21  m.,  (2)  of  Mars,  radius  being  2050  miles  and 
periodic  time  24  h.  37  m.,  (3)  of  Jupiter,  radius  being 
43500  miles  and  periodic  time  9  h.  56  m.,  and  (4)  of  Saturn, 
radius  being  39580  miles  and  periodic  time  10  h.  29  m. 


Ans.  (1)  0-11504  ft.  per  sec;  (3)  0-0544  ft.  per  sec; 
(3)  7-  0907  ft.  per  sec;  (4)  5-  7934  ft.  per  sec 

36.  Find  the  efEect  of  centrifugal  force  in  diminishing 
gravity  in  the  latitude  of  60°.    [See  (3)  of  Art.  300). 

Ans.  0-038  ft.  per  sec. 

37.  Find  (1)  the  diminution  of  gravity  caused  by  cen- 
trifugal force,  and  (3)  the  component  which  urges  particles 
towards  the  equator,  at  the  latitude  of  33°. 

Ans.  (1)  0-09  ft.  per  sec;  (3)  0-04  ft.  per  sec 

38.  A  railway  carriage,  weighing  13  tons,  is  moving 
along  a  circle  of  radius  730  yards,  at  the  rate  of  33  miles 
an  hour ;  find  the  horizontal  pressure  on  the  rails. 

Ans.  0-39  ton,  nearly. 

39.  A  railway  train  is  going  smoothly  along  a  curve  of 
500  yards  radius  at  the  rate  of  30  miles  an  hour ;  find  at 
what  angle  a  plumb-line  hanging  in  one  of  the  carriages 
will  be  inclined  to  the  vertical.  Ans.  3°  14'  nearly. 

40.  The  attractive  force  of  a  mountain  horizontally  is  /, 
and  the  force  of  gravity  is  g;  show  that  the  time  of  vibra- 

tion  of  a  pendulum  will  be  tta  /  -^ —  ;  a  being  the  length 

of  the  pendulum. 

41.  In  motion  of  a  particle  down  a  cycloid  prove  that  the 
vertical  velocity  is  greatest  when  it  has  completed  half  its 
vertical  descent. 

43.  When  a  particle  falls  from  the  highest  to  the  lowest 
point  of  a  cycloid  show  that  it  describes  half  the  path  in 
two-thirds  of  the  time. 

43.  A  railway  train  is  moving  smoothly  along  a  curve  at 
the  rate  of  60  miles  an  hour,  and  in  one  of  the  carriages  a 
pendulum,  which  would  ordinarily  oscillate  seconds,  is 
observed  to  oscillate  131  times  in  two  minutes.  Show  that 
the  radius  of  the  curve  is  very  nearly  a  quarter  of  a  mile. 
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44.  One  end  of  a  string  is  fixed ;  to  the  other  end  a 
particle  is  attached  which  describes  a  horizontal  circle  with 
uniform  velocity  so  that  the  string  is  always  inclined  at  an 
angle  of  60°  to  the  vertical ;  show  that  the  velocity  of  the 
particle  is  that  which  would  be  acquired  in  falling  freely 
from  rest  through  a  space  equal  to  three-fourths  of  the 
length  of  the  string. 

45.  The  horizontal  attraction  of  a  mountain  on  a  particle 
at  a  certain  place  is  such  as  would  produce  in  it  an  accelera- 
tion denoted  by  -■     Show  that  a  seconds  pendulum  at  that 

,  ...      .    21600.     ,    .        ,  T 

place  will  gain  — j—  beats  m  a  day,  very  nearly. 

46.  In  Art.  201,  suppose  I  equal  to  2  ft.  and  m  to  be  20 
lbs.,  and  that  the  system  makes  10  revolutions  per  sec,  and 
g  =  32;  find  fl  and  T. 

Ans.  0  =  cos~i  OK^IJ  ^  =  SOOtt*  pounds. 

47.  A  tube,  bent  into  the  form  of  a  plane  curve,  revolves 
with  a  given  angular  velocity,  about  its  vertical  axis ;  it  is 
required  to  determine  the  form  of  the  tube,  when  a  heavy 
particle  placed  in  it  remains  at  rest  in  all  parts  of  the 
tube. 

(Take  the  vertical  axis  for  the  axis  of  y,  and  the  axis  of  x 
horizontal,  and  let  to  =  the  constant  angular  velocity). 
Ans.  o&'u?  =  %gy,  if  a;  :=  0  when  ^  =  0,  i.  e.,  the  curve 
is  a  parabola  whose  axis  is  vertical  and  vertex  downwards. 

48.  A  particle  moves  in  a  smooth  straight  tube  which 
revolves  with  constant  angular  velocity  round  a  vertical 
axis  to  which  it  is  perpendicular,  to  determine  the  curve 
traced  by  the  particle. 

Let  6)  =  the  constant  angular  velocity;  and  (r,  6)  the 
position  of  the  particle  at  the  time  i,  and  let  r  =  a  when 
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i  =z  0.     Then  since  the  motion  of    the  particle  is  due 
entirely  to  the  centrifugal  force,  we  have 

if  ^rr  =  0,  when  r  =  a.    Hence  we  have 
at 


CHAPTER     IV. 

IMPACT. 

202.  An  Impulsive  Force. — Hitherto  we  have  con- 
sidered force  only  as  continuous,  i.  e.,  as  acting  through  a 
definite  and  finite  portion  of  time,  and  producing  a  finite 
change  of  velocity  in  that  time.  Such  a  force  is  measured 
at  any  instant  by  the  mass  on  which  it  acts  multiplied  by 
the  acceleration  which  it  causes.  If  a  particle  of  mass  m  be 
moving  with  a  velocity  v,  and  be  retarded  by  a  constant 
force  which  brings  it  to  rest  in  the  time  t,  then  the  measure 

of  this  force  is  ^-  (Art.  30).     Now  suppose  the  time  t  dur- 

lug  which  the  particle  is  brought,  to  rest  to  be  made  very 
small;  then  the  force  required  to  bring  it  to  rest  must  be 
very  large;  and  if  we  suppose  t  so  small  that  we  are  unable 
to  measure  it,  then  the  force  becomes  so  great  that  we  are 
unable  to  obtain  its  measure.  A  typical  case  is  the  blow  of 
a  hammer.  Here  the  time  during  which  there  is  contact  is 
apparently  infinitesimal,  certainly  too  small  to  be  measured 
by  any  ordinary  methods;  yet  the  effect  produced  is  con- 
siderable. Similarly  when  a  cricket  ball  is  driven  back  by 
a  blow  from  a  bat,  the  original  velocity  of  the  ball  is 
destroyed  and  a  new  velocity  generated.  Also  when  a  bul- 
let is  discharged  from  a  gun,  a  large  velocity  is  generated 
in  an  extremely  brief  time.  Forces  acting  in  this  way  are 
c-i^(i&  impulsive  forces.  An  impulsive  force  may  therefore 
ie  defined  to  he  a  force  which  produces  a  finite  change  of 
motion  in  an  indefinitely  irief  time.  An  Impulse  is  the 
effect  of  a  hlow. 

In  such  cases  as  these  it  is  impossible  accurately  to 
determine  the  force  and  time ;    but  we  can   determine 


IMPACT  OR    COLLISION.  371 

their  product,  or  Pt,  since  this  is  merely  the  change 
in  velocity  caused  by  the  blow  (Art.  30).  Hence,  in 
the  case  of  blows,  or  impulsive  forces,  we  do  not  attempt 
to  measure  the  force  and  the  time  of  action  separately,  but 
simply  take  the  whole  momentum  produced  or  destroyed,  as 
the  measure  of  the  impulse.  Because  impulsive  forces  pro- 
duce their  effects  in  an  indefinitely  short  time  they  are 
sometimes  called  instantaneous  forces,  ?.  e.,  forces  requiring 
no  time  for  their  action.  But  no  such  force  exists  in 
nature ;  every  force  requires  time  for  its  action.  There  is 
no  case  in  nature  in  which  a  finite  change  of  motion  is 
produced  in  an  infinitesimal  of  time ;  for,  whenever  a 
finite  velocity  is  generated  or  destroyed,  a  finite  time  is 
occupied  in  the  process,  though  we  may  be  unable  to 
measure  it,  even  approximately. 

203.  Impact  or  Collision. — When  two  bodies  in  rela- 
tive motion  come  into  contact  with  each  other,  an  impact 
or  collision  is  said  to  take  place,  and  pressure  begins  to  act 
between  them  to  prevent  any  of  their  parts  from  jointly 
occupying  the  same  space.  This  force  increases  from  zero, 
when  the  collision  begins,  up  to  a  very  large  magnitude  at 
the  instant  of  greatest  compression.  If,  as  is  always  the 
case  in  nature,  each  body  possesses  some  degree  of  elasticity, 
and  if  they  are  not  kept  together  after  the  impact  by 
cohesion  or  by  some  artificial  means,  the  mutual  pressure 
between  them,  after  reaching  a  maximum,  will  gradually 
diminish  to  zero.  The  whole  process  would  occupy  not 
greatly  more  or  less  than  an  hour  if  the  bodies  were  of  such 
dimensions  as  the  earth,  and  such  degrees  of  rigidity  as 
copper,  steel,  or  glass.  In  the  case,  however,  of  globes  of 
these  substances  not  exceeding  a  yq,rd  in  diameter,  the 
whole  process  is  probably  finished  within  a  thousandth  of 
a  second.* 

The  impulsive  forces  are  so  much  more  intense  than  the 

*  TbomBon  and  Tait's  ISTat.  Phil.,  p.  274. 
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ordinary  forces,  that  during  the  brief  time  in  which  the 
former  act,  an  ordinary  force  does  not  produce  an  effect 
comparable  in  amount  with  that  produced  by  an  impulsive 
force.  For  example,  an  impulsive  force  ihight  generate  a 
Telocity  of  1000  in  less  time  than  one-tenth  of  a  second, 
while  gravity  in  one-tenth  of  a,  second  would  generate  a 
velocity  of  about  three.  Hence,  in  dealing  with  the  effects 
of  impulses,  finite  forces  need  not  be  considered. 

204.  Direct  and  Central  Impact. — When  two  bodies 
impinge  on  each  other,  so  that  their  centres  before  impact 
are  moving  in  the  same  straight  line,  and  the  common  tan- 
gent at  the  point  of  contact  is  perpendicular  to  the  line  of 
motion,  the  impact  is  said  to  be  direct  and  central.  When 
these  conditions  are  not  fulfilled,  the  impact  is  said  to  be 
oblique. 

When  two  bodies  impinge  directly,  one  upon  the  other, 
the  mutual  action  between  them,  at  any  instant,  must  be 
in  the  line  joining  their  centres ;  and  by  the  third  law 
(Art.  166),  it  must  be  equal  in  amount  on  the  two  bodies. 
Hence,  by  Law  II,  they  must  experience  equal  changes  of 
motion  in  contrary  directions. 

We  may  consider  the  impact  as  consisting  of  two  parts ; 
during  the  first  part  the  bodies  are  coming  into  closer  con- 
tact with  each  other,  mutually  displacing  the  particles  in 
the  vicinity  of  the  point  of  contact,  producing  a  compres- 
sion and  distortion  about  that  point,  which  increases  till  it 
reaches  a  maximum,  when  the  molecular  reactions,  thus 
called  into  play,  are  sufBcient  to  resist  further  compression 
and  distortion.  At  this  instant  it  is  evident  that  the 
points  in  contact  are  moving  with  the  same  velocity.  No 
body  in  nature  is  perfectly  inelastic;  and  hence,  at  the 
instant  of  greatest  compression,  the  elastic  forces  of  resti- 
tution are  brought  into  action ;  and  during  the  second  part 
of  the  impact  the  mutual  pressure,  produced  by  the  elastic 
forces,  which  were  brought  into  action  by  the  compression 
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during  the  first  part  of  tie  impact,  tend  to  separate  the 
two  bodies,  and  to  restore  them  to  their  original  form. 

205.  Elasticity  of  Bodies. — Coefficient  of  Resti- 
tution.— It  appears  from  experiment  that  bodies  may  be 
compressed  in  various  degrees,  and  recoYer  more  or  less 
their  original  forms  after  the  compressing  force  has  ceased ; 
this  property  is  termed  elasiiciiy.  The  force  urging  the 
approach  of  bodies  is  called  the  force  of  compression  ;  the 
force  causing  the  bodies  to  separate  again  is  called  the 
force  of  restitution.  Elastic  bodies  are  such  as  regain  a 
part  or  all  of  their  original  form  when  the  compressing 
force  is  removed.  The  ratio  of  the  force  of  restitution  to 
that  of  compression  is  called  the  Coefficient  of  Restitution.* 
It  has  been  found  that  this  ratio,  in  the  same  bodies,  is 
constant  whatever  may  be  their  velocities. 

When  this  ratio  is  unity  the  two  forces  are  equal,  and  the 
body  is  said  to  be  perfectly  elastic ;  when  the  ratio  is  zero, 
or  the  force  of  restitution  is  nothing,  the  body  is  said  to  be 
non-elastic  J  when  the  ratio  is  greater  than  zero  and  less 
than  unity,  the  body  is  said  to  be  imperfectly  elastic.  There 
are  no  bodies  either  perfectly  elastic  or  perfectly  non-elas- 
tic, all  being  more  or  less  elastic. 

In  the  cases  discussed  the  bodies  will  be  supposed  spher- 
ical, and  in  the  case  of  direct  impact  of  smooth  spheres  it 
is  evident  that  they  may  be  considered  as  particles,  since 
they  are  symmetrical  with  respect  to  the  line  joining  their 
centres. 

The  theory  of  the  impact  of  bodies  is  chiefly  due  to 
Newton,  who  found,  in  his  experiments,  that,  provided  the 
impact  is  not  so  violent  as  to  make  any  sensible  indentation 
in  either  body,  the  relative  velocity  of  separation  after  the 
impact  bears  a  ratio  to  the  relative  velocity  of  approach 
before  the  impact,  which  is  constant  for  the  same  two 

*  Sometimes  called  Coefflcient  of  Elasticity.    Todhunter's  Mech.,  p.  273. 


374  DIRECT  IMPACT  OF  IXBLASTIC  BODIESa. 

bodies.  In  Newton's  experiments,  however,  the  two  bodies 
seem  always  to  have  been  formed  of  the  same  sub- 
stance. He  found  that  the  value  of  this  ratio  (the  coeffi- 
cient of  restitution),  for  balls  of  compressed  wool  was  about 
I,  steel  about  the  same,  cork  a  little  less,  ivory  |,  glass  -ff. 
The  results  of  more  recent  experiments,  made  by  Mr. 
Hodgkinson,  and  recorded  in  the  Report  of  the  British 
Association  for  18SU,  show  that  the  theory  may  be  received 
as  satisfactory,  with  the  exception  that  the  value  of  the 
ratio,  instead  of  being  quite  constant,  diminishes  when  the 
velocities  are  very  large. 

206.  Direct  Impact  of  Inelastic  Bodies. — A  sphere 
of  mass  M,  moving  with  a  velocity  v,  overtakes  and  impinges 
directly  on  another  sphere  of  mass  M',  moving  in  the  same 
direction  with  velocity  v',  and  at  the  instant  of  greatest 
mutual  compression  the  spheres  are  moving  with  a  common 
velocity  V.  Determine  the  motion  after  impact,  and  the 
impulse  during  the  compression. 

Let  R  denote  the  impulse  during  the  compression,  which 
acts  on  each  body  in  opposite  directions  ;  and  let  us  sup- 
pose the  bodies  to  be  moving  from  left  to  right.  Then, 
since  the  impulse  is  measured  by  the  amount  of  momentum 
gained  by  one  of  the  impinging  bodies  or  lost  by  the  other 
(Art.  303),  we  have 

Momentum  lost  hy  M  ^  M  {v  —  V)  =  R,         (1) 

«       gained  hj  M'  =  M'  {V -  v')  -  R,        (3) 

.-.    M{v—V)  =  M'{V-v').  (3) 

Solving  (3)  for  V  we  get 

_  Mv  +  M'v' 

M  +  M'  '  ^  > 

which  in  (1)  or  (3)  gives 
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_  MM'  {v  -  v')  ,  . 

^  -       M+M'     ■  ^^^ 

Hence  the  common  velocities  of  the  two  Indies  after  impact 
is  equal  to  the  algebraic  sum  of  their  momenta,  divided  ly 
the  sum  of  their  masses,  and  also,  from  (3),  the  lohole 
momentum  after  impact  is  equal  to  the  sum  of  the  momenta 
before. 

Cor.  1. — Had  the  balls  been  moving  in  opposite  direc- 
tions, for  example  had  M'  been  moving  from  right  to  left, 
v'  would  have  been  negative,  in  which  case  we  would  have 

^^       Mv  -  M'v'  ^      „       MM'  {v  +  v')         ,_, 

y  =  — iT lij-T- ;    and    E  =  — ^ — wr,—^-       (6) 

M  +  M'  '  M+M'  ^  ' 

From  the  first  of  these  it  follows  that  both  balls  will  be 
reduced  to  rest  if 

Mv  =  M'v'; 

that  is,  if  before  impact  they  have  equal  and  opposite 
momenta. 

CoK.  3. — li  M'  is  at  rest  before  impact,  v'  =  0,  and  (4) 
becomes 

^  ~  M  +  M'  ^'> 

If  the  masses  are  equal  we  have  from  (4)  and  (6) 

V  +  v'  V  —  v' 

y=^-'     or    — --,  (8) 


according  as  they  move  in  the  same  or  in  opposite  direc- 
tions. 

207.  Direct  Impact  of  Elastic  Bodies. — When  the 
balls  are  elastic  the  problem  is  the  same,  up  to  the  instant 
of  greatest  compression,  as  if  they  were  inelastic ;  but  at 
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this  instant,  the  force  of  restitution,  or  that  tendency  which 
elastic  bodies  have  to  regain  their  original  form,  begins  to 
throw  one  ball  forward  with  the  same  momentum  that  it 
throws  the  other  back,  and  tWs  mutual  pressure  is  propor- 
tional to  R  (Art.  205). 

Let  e  be  the  coefficient  of  restitution ;  then  during  the 
second  part  of  the  impact,  an  impulse,  eR,  acts  on  each 
ball  in  the  same  direction  respectively  as  R  acted  during 
the  compression.  Let  v^  and  «,'  be  the  velocities  of  the 
balls  Jlfand  M'  when  they  are  finally  separated.  Then  we 
have,  as  before. 

Momentum  lost  by  M  =  M{V  —v^)  =  eR,       (1) 

gained  by  if'  =  i/'  {v,'  —  V)  =  eR.     {%) 

Prom  (1)  we  have 

_  Mv  +  M'v'  _      eM'         _    , 
~    M  +  M'         M+  M'^^      '"' 

by  (4)  and  (5)  of  Art.  206, 
M' 

=  "  ~  WTm'  (^  + ')  ^"^  ""')•  ^^) 

Similarly  from  (2)  we  have 

which  are  the  velocities  of  the  halls  when  finally  separated. 

These  results  may  be  more  easily  obtained  by  the  con- 
sideration that  the  whole  impulse  is  {1  +  e)  R;  for  this 
gives  at  once  the  whole  momentum  lost  by  M  or  gained  by 
M'  during  compression  and  restitution  as  follows : 

M{v  -  V,)  =  (1  +  e)  R,  (5) 
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and  M'  («,'  -  v')  -  {1  +  e\R.  (6) 

Substituting  in  (5)  and  (6)  the  value  of  R  from  (5)  of  Art. 
306,  we  have  the  values  of  v  and  v,'  immediately. 

Cob.  1. — If  the  balls  are  moving  in  opposite  directions, 
v'  becomes  negative.  If  the  balls  are  non-elastic,  e  =  0, 
and  (3)  and  (4)  reduce  to  (4)  of  Art.  206,  as  they  should. 

CoK.  2. — If  the  balls  are  perfectly  elastic,  e  =  1,  and  (3) 
and  (4)  become 

^'  =  "  -  W+M'  (^  -  ^ )'  <^) 

^''='^'  +  ^^'(^-^')-  («) 

CoE.  3. — Subtracting  (4)  from  (3)  and  reducing,  we  get 

Vi  —  Vi'  =  V  —  v'  —  {1  +  e)  {v  —  v'), 

=  —e{v  —  v').  (9) 

Hence,  the  relative  velocity  after  impact  is  — e  times  the 
relative  velocity  before  impact. 

Cob.  4. — Multiplying  (3)  and  (4)  by  J/ and  M',  respect- 
ively, and  adding,  we  get 

Mv,  +  M'vi'  =  Mv  +  M'v'.  (10) 

Hence,  as  in  Art.  206,  the  algebraic  sum  of  the  momenta 
after  impact  is  the  same  as  before;  i.  e.,  there  is  no  mo- 
mentum lost,  which  of  course  is  a  direct  consequence  of  the 
third  law  of  motion  (Art.  169). 

Cor.  5. — Suppose  v'  =  0,  so  that  the  body  of  mass  M, 
moving  with  velocity  v,  impinges  on  a  body  of  mass  M'  at 
rest,  then  (3)  and  (4)  become 
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M—eM'  ,        ,       M{l  +  e)  ,,,, 

''  =  -mTW'  ""'^   ^'=^>^'-''-     (^^^ 

Hence  the  body  which  is  struck  goes  onwards ;  and  the 
striking  body  goes  onwards,  or  stops,  or  goes  backwards, 
according  as  M  is  greater  than,  equal  to,  or  less  than  eM'. 
If  M'  =  eM,  then  (11)  becomes 

t),  =  (1  —  e)  V,     and     v,'  =  v.  (13) 

CoE.  6.— If  M  =  M  and  e  =  1 ;  that  is,  if  the  balls 
are  of  equal  mass,  and  perfectly  elastic,*  then  (7)  and  (8) 
become,  respectively, 

Vi  =  v',    and    Vi  ^  v;  (13) 

that  is,  the  balls  interchange  their  velocities,  and  the 
motion  is  the  same  as  if  they  had  passed  through  one 
another  without  exerting  any  mutual  action  whatever. 

Cor.  7. — If  M'  be  infinite,  and  v'  =  0,  we  have  the  case 
of  a  ball  impinging  directly  upon  a  fixed  surface ;  substi- 
tuting these  values  in  (3)  it  becomes 

Vi  =  —  ev;  (14) 

that  is,  the  ball  rebounds  from  the  fixed  surface  with  a  veloc- 
ity e  iimes  that  with  which  it  impinged. 

208.  Loss  of  Kinetic  Energy  f   in  the  Impact  of 

Bodies.— Squaring  (9)  of  Art.  207,  and  multiplying  it  by 
MM',  we  have 

MM'  (t),  —  v/)2  =  MM'  e^  (v  —  v'f 

=  MM'  (v  —  v'f  —  (1  _  e2)  MM'  (v  —  v'f.        (1) 

•  This  is  the  usual  phraseology,  but  misleading,  Bncy.  Brit.,  Vol.  XV,  Art. 
Mech's. 

t  See  Art.  189. 
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Squaring  (10)  of  Art.  207,  we  liaye 

{Mv,  +  M'v^Y  =  {Mv  +  M'v'f.  (2) 

Adding  (1)  and  (2),  we  get 

{M  +  M')  (ify,2  +  M'v,'^)  =  (if  +  if')  (ify*  +  M'v'^) 

-  (1  —  e3)  itOf'  (y  —  t)')2  ; 

MM' 

the  last  term  of  which  is  the  loss  of  kinetic  energy  hy 
impact,  since  e  can  never  be  greater  than  unity.  Hence, 
there  is  always  a  loss  of  kinetic  energy  by  impact,  except 
when  e  =  1,  in  which  case  the  loss  is  zero ;  i.  e.,  when  the 
coefficient  of  restitution  is  unity,  no  kinetic  energy  is  lost. 
When  e  =  0  the  loss  is  the  greatest,  and  equal  to 

^  M  +  M'  ^  ' 

From  (3)  we  see  that  during  compression  kinetic  energy 

MM' 
to  the  amount  of  \  =j ^  (v  —  v')^  is  lost ;   and  then 

during  restitution,  e'  times  this  amount  is  regained. 

Ebm. — From  the  theory  of  kinetic  energy  it  appears 
that,  in  every  case  in  which  energy  is  lost  by  resistance, 
heat  is  generated ;  and  from  Joule's*  investigations  we 
learn  that  the  quantity  of  heat  so  generated  is  a  perfectly 
definite  equivalent  for  the  energy  lost ;  and  also  that,  in 

*  See  "  The  Correlation  and  Conservation  of  Forces,"  by  Helmholtz,  Faraday, 
Liebig,  etc. ;  also  "  Heat  as  a  Mode  of  Motion,"  by  Prof.  Tyndall.  Also  B.  Stewart's 
"Conservation  of  Energy," 
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any  natural  action,  there  is  never  a  development  of  energy 
which  cannot  be  accounted  for  by  the  disappearance  of  an 
equal  amount  elsewhere  by  means  of  some  known  physical 
agency.  Hence,  the  kinetic  energy  which  appears  to  be 
lost  in  the  above  cases  of  impact,  is  only  transformed, 
partly  into  heating  the  bodies  and  the  surrounding  air,  and 
partly  into  sonorous  vibrations,  as  in  the  impact  of  a  ham- 
mer on  a  bell. 

209.  Oblique  Impact  of  Bodies. — The  only  other 
case  which  we  shall  treat  of  is  that  of  oblique  impact  when 
the  bodies  are  spherical  and  perfectly  smooth. 

A  particle  impinges  with  a  given  velocity,  and  in  a  given 
direction,  on  a  smooth  plane;  required  to  determine  the 
motion-  after  impact. 

Let  AC  represent  the  direc- 
tion of  the  velocity  before  im- 
pact, meeting  the  plane  at  0, 

and   CB   the    direction  after 

impact.      Draw   CD  perpen-  Fig.87 

dicular    to   the  plane ;    then 

since  the  plane  is  smooth  its  impulsive  reaction  will  be 
along  CD. 

Let  V  and  v^  denote  the  velocities  before  and  after 
impact,  respectively ;  and  let  a  and  j3  denote  the  angles 
ACD  and  BCD. 

Resolve  v  along  the  plane  and  perpendicular  to  it.  The 
former  will  not  be  altered,  since  _the  impulsive  force  acts 
perpendicular  to  the  plane ;  the  latter  may  be  treated  as  in 
the  case  of  direct  impact,  and  will  therefore,  after  impact, 
be  e  times  what  it  was  before  (Art.  207,  Cor.  ?).  Hence, 
resolving  Vx  along,  and  perpendicular  to  the  plane,  we 
have 

Vi  sin  |3  =  ?;  sin  «,  (1) 

z>,  cos  i3  =  —  ev  cos  «.  (3) 
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Dividing  (3)  by  (1),  we  get 

cot  /3  =  —  e  cot  a.  (3) 

Squaring  (] )  and  (3),  and  adding,  we  get 

V-?  =  v^  (sin^  «  +  e^  cos^  a).  (4) 

Thus  (3)  determines  the  direction,  and  (4)  the  magnitude 
of  the  Telocity  after  impact. 

The  angle  ACD  is  called  the  angle  of  incidence,  and  the 
angle  BOD  the  angle  of  reflexion. 

CoK.  1. — If  the  elasticity  be  perfect,  or  e  =  1,  we  haye 
from  (3)  and  (4), 

cot  /3  =  —  cot  «,  or  i3  =  —  « ;  (5) 

and  vf  =  v^,  or  w,  =  v.  (6) 

Hence,  in  perfectly  elastic  halls  the  angles  of  incidence 
and  reflexion  are  numerically  equal,  and  the  velocities  before 
and  after  impact  are  equal.  This  is  the  ordinary  rule  in 
the  case  of  a  billiard-ball  striking  the  cushion. 

Cor.  2.— Suppose  e  =  0;  then  from  (3),  (3  =  90°. 
Thus,  if  there  is  no  elasticity,  the  body  after  impact  moves 
along  the  plane  with  the  velocity  v  sin  a. 

If  a  =  0,  so  that  the  impact  is  direct,  we  have  from  (4), 
Vi  =  ev ;  i.  e.,  after  the  impact  the  body  rebounded  along 
its  former  course  with  e  times  its  former  velocity. 

If  «  =  0,  and  6  =  0,  then  from  (4),  Vi  =  0,  and  the 
body  is  brought  to  rest  by  the  impact. 

ScH. — Of  course  the  results  of  this  article  are  applicable 
to  cases  of  impact  on  any  smooth  surface,  by  substituting 
for  the  plane  on  which  the  impact  has  beau  supposed  to 


Fig. 88 


382       OBLIQUE  IMPACT  OF  TWO  SMOOTH  SPHERES. 

take  place  the  plane  wliich  is  tangent  to  the  surface  at  the 
point  of  impact. 

210.  Oblique  Impact  of  Two  Smooth  Spheres.— 

Ttvo  smooth  spheres,  moving  in  given  directions  and  with 
given  velocities,  itnpinge  ;  to  determine  the  impulse  and  the 
subsequent  motion. 

Let  the  masses 
of  the  spheres  be 
M,  M' ;  their  cen- 
tres C,  0';  their 
velocities  before 
impact  V  and  v', 
and  after  impact 
Vi  and  «,'.  Let  ED  be  the  line  which  joins  their  centres  at 
the  instant  of  impact  (called  the  line  of  impact) :  OA  and 
CB  the  directions  of  motion  of  the  impinging  sphere,  M, 
before  and  after  impact ;  and  C'A'  and  C'B'  those  of  the 
other  sphere;  let  a,  cci  be  the  angles,  ACD  and  A'C'D, 
wliich  the  original  directions  of  motion  make  with  the  line 
of  impact ;  /3,  /3,  the  angles,  BCD  and  B'C'D,  which  their 
directions  make  after  the  impact. 

It  is  evident  that,  since  the  spheres  are  smooth,  the 
entire  mutual  impulsive  pressure  takes  place  in  the  line 
joining  the  centres  at  the  instant  of  impact.  Let  R  be  the 
impulse,  and  e  the  coeflScient  of  restitution.  Eesolve  all 
the  velocities  along  the  line  of  impact  and  at  right  angles 
to  it ;  the  latter  will  not  be  affected  by  the  impact,  and  the 
former  will  be  affected  exactly  in  the  same  way  as  if  the 
impact  had  been  direct.  Hence,  since  the  velocities  in  the 
line  of  impact  are  v  cos  a,  v'  cos  a',  Vi  cos  P,  Vi  cos  |3',  we 
have,  by  substituting  in  (3)  and  (4)  of  Art.  307, 

M' 
Vi  cos  /3  =  w  cos  a  —  -^ — -^  (1  +  fi)  {v  cos  « — v'  cos  a'),  (1) 
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M 
vl  COS  |3'  =  v'  COS  «'  +  -=j — -^,  (1  +  e)  (w  cos  « — v'  cos  «'),  (2) 

which  are  the  final  velocities  of  the  two  spheres  along  the  line 
of  impact  ED. 

Also,  from  (5)  of  Art.  306,  we  obtain  by  substitution, 

MM' 

R  =    M  J-    M'  (^  *^°®  tx  —  v'  cos  a),  (3) 

(See  Tait  and  Steele's  Dynamics  of  a  Particle,  p.  333.) 

COK.  1. — Multiplying  (1)  by  M,  and  (3)  by  M',  and  add- 
ing we  get 

Mv^  cos  /3  +  M'vi  cos  13'  =  Mv  cos  a  +  Tlf '«,'  cos  «',  (4) 

which  shows  that  ^Ae  momentum  of  the  system  resolved 
along  the  line  of  impact  is  the  same  after  impact  as  iefore. 

CoK.  3. — Subtracting  (3)  from  (1)  we  obtain, 

Vi  cos  fi  —  Vi'  COS  i3'  =  —  e{v  cos  a  —  v'  cos  «').     (5) 

That  is,  the  relative  velocity,  resolved  along  the  line  of 
impact,  after  impact  is  —  e  times  its  value  before. 

EXAMPLES. 

1.  A  body*  weighting  3  lbs.  moving  with  a  Telocity  of 
10  ft.  per  second,  impinges  on  a  body  weighing  3  lbs.,  and 
moving  with  a  velocity  of  3  ft.  per  second  ;  find  the  com- 
mon velocity  after  impact.  Ans.  1\  ft.  per  second. 

2.  A  body  weighing  7  lbs.  moving  11  ft.  per  second, 
impinges  on  another  at  rest  weighing  15  lbs.;  find  the  com- 
mon velocity  after  impact.  Ans.  3^  ft.  per  second. 

*  The  bodies  are  inelastic  unless  otherwise  stated.  The  first  27  examples  are  in 
direct  impact. 
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3.  A  body  weighing  4  lbs.  moving  9  ft.  per  second, 
impinges  on  another  body  weighing  3  lbs.  and  moving  in 
the  opposite  direction  with  a  velocity  of  5  ft.  per  second ; 
find  the  common  velocity  after  impact. 

Ans,  4^  ft.  per  second. 

4.  A  body,  M',  weighing  5  lbs.  moving  7  ft.  per  second, 
is  impinged  upon  by  a  body,  M,  weighing  6  lbs.  and  mov- 
ing in  the  same  direction;  after  impact  the  velocity  of  M' 
is  doubled :  find  the  velocity  of  M  before  impact. 

Ans.  19f  ft.  per  second. 

5.  Two  bodies,  weighing  2  lbs.,  and  4  lbs.,  and  moving  in 
the  same  direction  with  the  velocities  of  6  and  9  ft.  respec- 
tively, impinge  upon  each  other ;  find  their  common 
velocity  after  impact.  Ans.  8  ft.  per  second. 

6.  A  weight  of  3  lbs.,  moving  with  a  velocity  of  30  ft. 
per  second,  overtakes  one  of  5  lbs.,  moving  with  a  velocity 
of  5  ft,  per  second ;  find  the  common  velocity  after  impact. 

Ans.  9|^  ft.  per  second. 

7.  If  the  same  bodies  met  with  the  same  velocities  find 
the  common  velocity  after  impact. 

Ans.  2-^  ft.  per  second  in  the  direction  of  the  first. 

8.  Two  bodies  of  different  masses,  are  moving  towards 
each  other,  with  velocities  of  10  ft.  and  13  ft.  per  second 
respectively,  and  continue  to  move  after  impact  with  a 
velocity  of  1  •  3  ft.  per  second  in  the  direction  of  the  greater ; 
compare  their  masses.  Ans.  As  3  to  3. 

9.  A  body  impinges  on  another  of  twice  its  mass  at  rest: 
show  that  the  impinging  body  loses  two-thirds  of  its 
velocity  by  the  impact. 

10.  Two  bodies  of  unequal  masses  moving  in  opposite 
directions  with  momenta  numerically  equal  meet ;  show 
that  the  momenta  are  numerically  equal  after  impact. 
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11.  A  body,  M,  weighing  10  lbs.  moving  8  ft.  per  second, 
impinges  on  M',  weighing  6  lbs.  and  moving  in  the  same 
direction  5  ft.  per  seoond ;  find  their  velocities  after  impact, 
supposing  e  =  1. 

Ans.  Velocity  of  Jf  =  5| ;  velocity  of  M'  =  8|. 

12.  A  body,  M,  weighing  4  lbs.  moving  6  ft.  per  second, 
meets  M'  weighing  8  lbs.  and  moving  4  ft.  per  second; 
find  their  velocities  after  impact,  e  =  1. 

Ans.  Bach  body  is  reflected  back,  M  with  a  velocity  of 
7^  andJf'  with  a  velocity  of  2|. 

13.  Two  balls,  of  4  and  6  lbs.  weight,  impinge  on  each 
other  when  moving  in  the  same  direction  with  velocities  of 
9  and  10  ft.  respectively  ;  find  their  velocities  after  impact, 
supposing  e  =  f .  Ans.  10-08  and  9-28. 

14.  Find  the  kinetic  energy  lost  by  impact  in  example  5. 

Ans.  ^. 

15.  Two  bodies  weighing  40  and  60  lbs.  and  moving  in 
the  same  direction  with  velocities  of  16  and  26  ft.  respec- 
tively, impinge  on  each  other:  find  the  loss  of  kinetic 
energy  by  impact.  Ans.  37-3. 

16.  An  arrow  shot  from  a  bow  starts  off  with  a  velocity 
of  120  ft.  per  second;  with  what  velocity  will  an  arrow 
twice  as  heavy  leave  the  bow,  if  sent  off  with  three  times 
the  force  ?  Ans.  180  ft.  per  second. 

17.  Two  balls,  weighing  8  ozs.  and  6  ozs.  respectively, 
are  simultaneously  projected  upwards,  the  former  rises  to  a 
height  of  324  ft.  and  the  latter  to  256  ft. ;  compare  the 
forces  of  projection.  Ans.  As  3  to  2. 

18.  A  freight  train,  weighing  200  tons,  and  traveling  20 
miles  per  hr.  runs  into  a  passenger  train  of  50  tons,  stand- 
ing on  the  same  track;  find  the  velocity  at  which  the 
remains  of  the  passenger  train  will  be  propelled  along  the 
track,  supposing  e  —  \.  Ans.  19-2  miles  per  hr. 
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19.  There  is  a  row  of  ten  perfectly  elastic  bodies  whose 
masses  increase  geometrically  by  the  constant  ratio  3,  and 
the  first  impinges  on  the  second  with  the  velocity  of 
5  ft.  per  second ;  find  the  velocity  of  the  last  body. 

Ans.  -j^^  ft.  per  second, 

30.  A  body  weighing  5  lbs.  moving  with  a  velocity  of  14 
ft.  per  second,  impinges  on  a  body  weighing  3  lbs.,  and 
moving  with  a  velocity  of  8  ft.  per  second ;  find  the  velociT 
ties  after  impact  supposing  e  ^  \.  Ans.  11  and  13. 

31.  Two  bodies  are  moving  in  the  same  direction  with 
the  velocities  7  and  5  ;  and  after  impact  their  velocities 
are  5  and  6 ;  find  e,  and  the  ratio  of  their  masses. 

Ans.  e  =  I;  M'  =  2M. 

32.  A  body  weighing  two  lbs.  impinges  on  a  body  weigh- 
ing one  lb.;  e  is  ^,  show  that  Vi  =  v  +  v',  and  that  v,'  =  v. 

33.  Two  bodies  moving  with  numerically  equal  velocities 
in  opposite  directions,  impinge  on  each  other ;  the  result  is 
that  one  of  them  turns  back  with  its  original  velocity,  and 
the  other  follows  it  with  hall  that  velocity ;  show  that  one 
body  is  four  times  as  heavy  as  the  other,  and  that  e  —  \. 

34.  A  strikes  B,  which  is  at  rest,  and  after  impact  the 
velocities  we  numerically  equal;  if  r  be  the  ratio  of  B's 

2 

mass  to  A's  mass,  show  that  e  is  ^ ,  and  that  B's  mass 

r  —  1 

is  at  least  three  times  A's  mass. 

35.  A  body  impinges  on  an  equal  body  at  rest ;  show 
that  the  kinetic  energy  before  impact  cannot  be  greater 
than  twice  the  kinetic  energy  after  impact. 

26.  A  series  of  perfectly  elastic  balls  are  arranged  in  the 
same  straight  line ;  one  of  them  impinges  on  the  next, 
then  this  on  the  next  and  so  on  ;  show  that  if  their  masses 
form  a  geometric  progression  of  which  the  common  ratio 
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is  r,  tlieir  velocities  after  impact  form  a  geometric  progres- 

2 


sion  of  which  the  common  ratio  is 


r+1 


27.  A  ball  falls  from  rest  at  a  height  of  20  ft.  aboye  a 
fixed  horizontal  plane;  find  the  height  to  which  it  will 
rebound,  e  being  |,  and  g  being  33.  Ans.  11|-  feet. 

28.  A  ball  impinges  on  an  equal  ball  at  rest,  the  elas- 
ticity being  perfect ;  if  the  original  direction  of  the  strik- 
ing ball  is  inclined  at  an  angle  of  45"  to  the  straight  line 
joining  the  centres,  determine  the  angle  between  the 
directions  of  motion  of  the  striking  ball  before  and  after 
impact.  Ans.  45°. 

39.  A  ball  falls  from  a  height  h  on  a  horizontal  plane, 
and  then  rebounds ;  find  the  height  to  which  it  rises  in  its 
ascent.  Ans.  e^h. 

30.  A  ball  of  mass  M,  impinges  on  a  ball  of  mass  M',  at 
rest ;  show  that  the  tangent  of  the  angle  between  the  old 
and  new  directions  of  the  motion  of  the  impinging  body  is 

1  +  e  M'  sin  2« 

2      '  M  +  M'  (sin^  a  —  e  cos^  «) 

31.  A  ball  of  mass  M  impinges  on  a  ball  of  mass  M'  at 

rest ;   find  the  condition  in  order  that  the   directions  of 

motion  of  the  impinging  ball  before  and  after  impact  may 

be  at  right  angles.  ,        +    2     _  -^'^  ~  ^ 

Ans.  tan  a  —  jj^,  _^  -^- 

32.  A  ball  impinges  on  an  equal  ball  at  rest,  the  angle 
between  the  old-  and  new  directions  of  motion  of  the 
impinging  ball  is  60° ;  find  the  velocity  after  impact,  e 
being  1.  Ans.  v  sin  30°. 

33.  A  ball  impinges  on  an  equal  ball  at  rest,  e  being  1 ; 
find  the  condition  under  which  the  velocities  will  be  equal 
after  impact.  -  Ans.  a  ^^  45° 
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34.  A  ball  is  projected  from  the  middle  point  of  one  side 
of  a  billiard  table,  so  as  to  strike  first  an  adjacent  side,  and 
then  the  middle  point  of  the  side  opposite  to  that  from 
which  it  started ;  find  where  the  ball  must  hit  the  adjacent 
side,  its  length  being  I. 

Ans.  At  the  distance  -z from  the  end  nearest  the 

1  +  e 

opposite  side. 


CHAPTER     V. 

WORK    AND    ENERGY. 

211.  Definition  and  Measure  of  VSTork. —  WorTc  is 
the  production  of  motion  against  resistance.  A  force  is  said 
to  do  work,  if  it  moves  the  body  to  which  it  is  applied ; 
and  the  work  done  by  it  is  measured  by  the  product  of  the 
force  into  the  space  through  which  it  moves  the  body 
(Art.  101,  Rem.). 

Thus,  the  work  done  in  lifting  a  weight  through  g,  ver- 
tical distance  is  proportional  to  the  weight  lifted  and 
the  vertical  distance  through  which  is  is  lifted.  The  unit 
of  worh  used  in  England  and  in  this  country  is  that  which 
is  required  to  overcome  the  weight  of  a  pound  through  the 
vertical  height  of  a  foot,  and  is  called  a  foot-pound.  For 
instance,  if  a  weight  of  10  lbs.  is  raised  to  a  height  of 
5  ft.,  or  5  lbs.  raised  to  a  height  of  10  ft.,  50  foot-pounds  of 
work  must  have  been  expended  in  overcoming  the  resist- 
ance of  gravity.  Similarly,  if  it  requires  a  force  of  50  lbs. 
to  move  a  load  on  a  horizontal  plane  over  a  distance  of 
100  ft.,  5000  foot-pounds  of  work  must  have  been  done. 
If  a  carpenter  urges  forward  a  plane  through  3  ft.  with  a 
force  of  12  lbs.,  he  does  36  foot-pounds  of  work ;  or,  if  a 
weight  of  7  lbs.  descends  through  10  ft.,  gravity  does 
70  foot-pounds  of  work  on  it. 

Hence,  the  number  of  units  of  work,  or  foot-pounds, 
necessary  to  overcome  a  constant  resistance  of  P  pounds 
through  a  distance  of  S  feet  is  equal  to  the  product  PS. 

Prom  this  it  appears  that,  if  the  point  of  application 
move  always  perpendicular  to  the  direction  in  which  the 
force  acts,  such  a  force  does  no  work.  Thus,  no  work  is 
done  by  gravity  in  the  case  of  a  particle  moving  on  a 
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horizontal  plane,  and  when  a  particle  moves  on  any  smooth 
Eurface  no  work  is  done  by  the  force  which  the  surface 
exerts  upon  it. 

Neither /oree  nor  wio/i'ow  alone  is  sufBcient  to  constitute 
ivorkj  so  that  a  man  who  merely  supports  a  load  without 
moving  it,  does  no  work,  in  the  sense  in  which  that  term  is 
used  mechanically,  any  more  than  a  column  does  which 
sustains  a  heavy  weight  upon  its  summit. 

If  a  body  is  moved  in  the  direction  opposite  to  that  in 
which  its  weight  acts,  the  agent  raising  it  does  work  upon 
it,  while  the  work  done  by  the  earth's  attraction  is  nega- 
tive. When  the  work  done  by  a  force  is  negative,  /.  e., 
when  the  point  of  application  moves  in  the  direction  oppo- 
site to  that  in  which  the  force  acts,  this  is  frequently 
expressed  by  saying  that  work  is  done  against  the  force, 
lu  the  above  case  work  is  done  by  the  force  lifting  the 
body,  and  against  the  earth's  attraction. 

212.  General  Case  of  Work  done  by^  a  Force.— 

When  either  the  magnitude  or  direction  of  a  force  varies,  or 
if  both  of  them  vary,  the  work  done  by  the  force  during  any 
iinite  displacement  cannot  be  defined  .as  in  Art.  311.  In 
this  case  the  work  done  during  any  indefinitely  small  dis- 
placement may  be  found  by  supposing  the  magnitude  and 
direction  of  the  force  constant  during  the  displacement,  and 
finding  the  work  done  as  in  Art.  211 ;  then  taking  the  sum 
of  all  such  elements  of  work  done  during  the  consecutive 
small  displacements,  which  together  make  up  the  finite 
displacement,  we  obtain  the  whole  work  done  by  the  force 
during  such  finite  displacement. 

Thus  let  a  force,  P,  act  at  a  point,  0,  in  the  direction  OP  (Fig.  50), 
and  let  us  suppose  the  point,  0,  to  move  into  any  other  position,  A, 
very  near  0.  If  0  be  the  angle  between  the  direction,  OP,  of  the 
force  and  the  direction,  OA,  of  the  displacement  of  the  point  of  appli- 
cation, then  the  product,  P  ■  OA  cos  B,  is  called  the  work  done  by  the 
force.  If  we  drop  a  perpendicular,  A^,  on  OP,  the  work  done  by  the 
force  is  also  equal  to  the  product  P  ■  ON,  where  ON  is  to  be  esti- 
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mated  as  positive  when  in  the  direction  of  the  lorce.  If  several  forces 
act,  the  work  done  by  each  can  be  found  in  the  same  way  ;  and  the 
sum  of  all  these  is  the  work  done  by  the  whole  system  of  forces. 

It  appears  from  this  that  the  work  done  by  any  force  during  an 
infinitesimal  displacement  of  the  point  of  application,  is  the  product 
of  the  resolved  part  of  the  force  in  the  direction  of  the  displacement 
into  the  displacement  ;  and  this  is  the  same  as  the  virtual  moment  of 
the  force,  which  has  been  described  in  Art.  101.  In  Statics  we  are 
concerned  only  with  the  small  hypothetical  displacement  which  we 
give  the  point  of  application  of  the  force  in  applying  tho  principle  of 
virtual  velocities.  But  in  Kinetics  the  bodies  are  in  motion ;  thg 
force  actuaUy  displaces  its  point  of  application  in  such  a  mauner  that 
the  displacement  has  a  projection  along  the  direction  of  the  force.  If 
ds  denote  the  projection  of  any  elementary  arc  of  a  curve  along  the 
direction  of  P,  the  work  done  by  P  in  this  displacement  is  Pds.  The 
sum  of  all  these  elements  of  work  done  by  P  in  its  motion  over  a 
finite  space  is  the  whole  work  found  by  taking  the  integral  of  Pds 
between  proper  limits. 

Hence  generally,  if  «  be  an  arc  of  the  path  of  a  particle,  P  the 
tangential  component  of  the  forces  which  act  on  it,  the  work  done  on 
the  particle  between  any  two  points  of  its  path  is 

fPds,  (1) 

the  integral  being  taken  between  limits  corresponding  to  the  initial 
and  final  positions  of  the  particle. 

213.  Work  on  an  Inclined  Plane. — Let  a  be  the 

inclination  of  the  plane  to  the  horizon,  W  the  weight 
moved,  s  the  distance  along  the  plane  through  which  the 
weight  is  moved.  Eesolve  W  into  two  components,  one 
along  the  plane  and  the  other  perpendicular  to  it ;  the 
former,  W  sin  a,  is  the  component  which  resists  motion 
along  the  plane.  Hence  the  amount  of  work  required  to 
draw  the  weight  up  the  plane  =^  W  sin  te  •  s  =  PFxthe 
vertical  height  of  the  plane ;  i.  e.,  the  amount  of  work 
required  is  unchanged  ty  the  substitution  of  the  oblique  patli 
for  the  vertical.  Hence  the  vmrh  in  moving  a  body  up  an 
inclined  plane,  without  friction,  is  equal  to  the  product  of 
the  weight  of  the  body  by  the  vertical  height  through  which 
it  is  raised. 
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CoE.  1. — If  the  plane  be  rough,  let  (i  =  the  coefficient 
of  friction ;  then  since  the  normal  component  of  the  weight 
is  W  cos  a,  the  resistance  of  friction  is  nW  cos  «  (Art,  92). 
The  work  required  consists  of  two  parts,  (1)  raising  the 
weight  along  the  plane,  and  (2)  overcoming  the  resistance 
of  friction  along  the  plane,  the  former  =  Wsin  a  •  s,  and 
the  latter  is  fiW  cos  a  •  s.  Hence  the  whole  work  necessary 
to  move  the  weight  up  the  plane  is 

IF  (sin  a  ^  fi  cos  o)  s.  (1) 

Since  s  sin  «  represents  the  vertical  height  through 
which  the  weight  is  raised,  and  s  cos  «  the  horizontal  space 
through  which  it  is  drawn,  this  result  may  be  stated  thus  : 
Tlie  worTc  expended  is  the  same  as  that  which  would  be 
required  to  raise  the  weight  through  the  vertical  height  of 
the  plane,  together  with  that  which  would  he  required  to 
draw  the  body  along  the  base  of  the  plane  horizontally 
against  friction. 

Cor.  3. — If  a  body  be  dragged  through  a  space,  s,  down 
an  inclined  plane,  tohich  is  too  rough  for  the  body  to  slide 
down  by  itself,  the  work  done  is 

W  (|U  cos  a  —  sin  «)  s.  (2) 

Cor.  3. — If  h  =  the  height  of  the  inclined  plane,  and 
b  =  its  horizontal  base,  then  the  work  done  against  gravity 
to  move  the  body  up  the  plane  =  Wh ;  and  the  work  done 
against  friction  to  move  the  body  along  the  plane,  suppos- 
ing it  to  be  horizontal,  =  nb  W.  Hence  (Cor.  1)  the  total 
work  done  is 

Wh  +  fibW.  (3) 

If  the  body  be  drawn  down  the  plane,  the  total  work 
expended  (Cor.  2)  is 

—  Wh  +  fibW.  (4) 
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If  in  (4)  the  former  term  is  greater  than  the  latter, 
gravity  does  more  work  than  what  is  expended  on  friction, 
and  the  body  slides  down  the  plane  with  accelerated 
velocity. 

ScH.  1. — If  the  inclination  of  the  plane  is  small,  as  it  is 
in  most  cases  which  occur  in  practice,  as  in  common  roads 
and  railroads,  cos  a  may  without  any  important  error  be 
taken  as  equal  to  unity,  and  the  expression  for  the  work 
becomes  (Cors.  1  and  3) 

W(}i8  ±s  sin  a),  (5) 

the  upper  or  lower  sign  being  taken  according  as  the  body 
is  dragged  up  or  down  the  plane. 

ScH.  3. — If  the  inclination  of  the  plane  is  small,  as  in 
the  case  of  railway  gradients,  the  pressure  upon  the  plane 
will  be  very  nearly  equal  to  the  weight  of  the  body ;  and 
the  total  work  in  moving  a  body  along  an  inclined  plane 
will  be  from  (3)  and  (4), 

ldW±  Wh,       .  (6) 

where  filW  is  the  work  due  to  friction  along  the  plane 
of  length  I,  and  Wh  is  the  work  due  to  gravity,  the  proper 
sign  being  taken  as  in  (5). 

EXAMPLES. 

1.  How  much  work  is  done  in  lifting  150  and  300  lbs. 
through  the  heights  of  80  and  120  ft.  respectively. 

The  work  done  =  150  x  80  +  300  x  130 
=  36000  foot-pounds,  Ans. 

3.  A  body  weighing  500  lbs.  slides  on  a  rough  horizontal 
plane,  the  coefficient  of  friction  being  0.1 ;  how  much  work 
must  be  done  against  friction  to  move  the  body  over 
100  ft.  ? 
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Here  the  friction  is  a  force  of  50  lbs.  acting  directly 
opposite  to  the  motion ;  hence  the  work  done  against  fric- 
tion to  move  the  body  over  100  ft.  is 

50  X  100  =  5000  foot-pounds,  Ans. 

3.  A  train  weighs  100  tons ;  the  total  resistance  is  8  lbs. 
per  ton ;  how  much  wc*fc  must  be  expended  in  raising  it 
to  the  top  of  an  inclined  plane  a  mile  long,  the  inclination 
of  the  plane  being  1  vertical  to  70  horizontal. 

Here  the  work  done  against  friction  (Sch.  3) 

=  800  X  5280  =  4334000  foot-pounds, 
and  the  work  done  against  g]:a,vity 

=  334000*  X  5380  x  i^  =  16896000  foot-pounds, 
so  that  the  whole  work  =  31130000  foot-pounds. 

4.  A  train  weighing  100  tons  moves  30  rajles  an  hour 
along  a  horizontal  road;  the  resistances  are  8  lbs.  per  ton  ; 
find  the  quantity  of  work  expended  each  hour. 

Ans.  136730000  foot-pounds. 

5.  If  35  cubic  feet  of  water  are  pumped  every  5  minutes 
from  a  mine  140  fathoms  deep,  required  the  amount  of 
work  expended  per  minute,  a  cubic  foot  of  water  weighing 
63ilbs.  Ans.  363500  foot-pounds. 

6.  How  mucih  worfe;  is  done  when  an  engine  weighing 
10  tons  moves  half  a  mile  on  a  horizontal  road,,  if  the, 
total  resistance  is  8  lbs.  per  ton. 

Am.  211300  foot-pounds. 

7.  If  a  weight  of  1130  lbs.  be  lifted  up  by  20  men,  20  ft. 
high,  twice  in  a  minute,  how  much  work  does  each  nian 
do  per  hour  ?  Ans.  1344000  foot-pounds. 

j 

*  One  tou  being  3340  Ibe.  unices  otherwise  stated. 
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8.  A  body  falls  down  the  whole  length  of  an  inclined 
plane  on  which  the  coefficient  of  friction  is  0.2.  The 
height  of  the  plane  is  10  ft.  and  the  base  30  ft.  On  reach- 
ing the  bottom  it  rolls  horizontally  on  a  plane,  having  the 
same  coefficient  of  friction.     Find  how  far  it  will  roll. 

Ans.  20  ft. 

9.  How  much  work  will  be  required  to  pump  8000  cubic 
feet  of  water  from  a  mine  whose  depth  is  500  fathoms. 

Ans.  1500000000  horse-power. 

10.  A  horse  draws  150  lbs.  out  of  a  well,  by  means  of  a 
rope  going  oyer  a  fixed  pulley,  moving  at  the  rate  of 
3^  miles  an  hour ;  how  many  units  of  work  does  this  horse 
perform  a  minute,  neglecting  friction. 

Ans.  33000  units  of  work. 

214.  Horse  Power. — It  would  be  inconvenient  to 
express  the  power  of  an  engine  in  foot-pounds,  since  this 
unit  is  so  small ;  the  term  Horse  Power  is  therefore  used 
in  measuring  the  performance  of  steam  engines.  From 
experiments  made  by  Boulton  and  Watt  it  was  estimated 
that  a  horse  could  raise  33000  lbs.  vertically  through  one 
foot  in  one  minute.  This  estimate  is  probably  too  high  on 
the  average,  but  it  is  still  retained.  Whether  it  is  greater 
or  less  than  the  power  of  a  horse  it  matters  little,  while  it 
is  a  power  so  well  defined.  A  Horse  Power  therefore  means 
a  power  loMch  can  perform  S3000  foot-pounds  of  work  in  a 
minute.  Thus,  when  we  say  that  the  actual  horse  power 
of.  an  engine  is  ten,  we  mean  that  the  engine  is  able  to  per- 
form 330000  foot-pounds  of  work  per  minute. 

It  has  been  estimated  that  |  of  the  33000  foot-pounds  would  be 
about  the  work  of  a  horse  of  average  strength.  A  mule  will  perform 
j  the  work  of  a  horse.  An  ass  will  perform  about  J  the  work  of  a 
horse.  A  man  will  do  about  -f-^  the  work  of  a  horse,  or  about  3300 
units  of  work  per  minute.  See  Evers'  Applied  Mech's ;  also  Byrne's 
Practical  Mech's. 
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215.  TVork  of  Raising  a  System  of  Weights. — 

Let  P,  Q,  R,  be  any  three  weights  at  the  distances,  p,  q, 
r,  respectively  above  a  fixed  horizontal  plane.  Then  [Art. 
59  (3)]  or  (Art.  73,  Cor.  3),  the  distances  of  the  centre  of 
gravity  of  P,  Q,  R,  above  this  fixed  horizontal  plane  is 

Pp+  Qq  +  Rr 
P+Q  +  R    '  ^^^ 

Now  suppose  that  the  weights  are  raised  vertically 
through  the  heights  a,  b,  c,  respectively.  Then  the  dis- 
tance of  the  centre  of  gravity  of  the  three  weights,  in  the 
new  position,  above  the  same  fixed  horizontal  plane  is 

P{p  +  a)  +  Q{q  +  b)  ^-  R{r  +  c) 

P+Q  +  R  '  ^'^' 


Subtracting  (1)  from  (2),  we  have 

Pa+  Qb  +  Re 
P+Q+R    ' 


(3) 


for  the  vertical  distance  between  the  two  positions  of  the 
centre  of  gravity  of  the  three  bodies. 

Now  the  work  of  raising  vertically  a  weight  equal  to  the 
sum  of  P,  Q,  R,  through  the  space  denoted  by  (3)  is  the 
product  of  the  sum  of  the  weights  into  the  space,  which  is 

Pa+  Qb  +  Re,  (4) 

but  (4)  is  the  work  of  raising  the  three  weights  P,  Q,  R, 
through  the  heights  a,  I,  c,  respectively.  In  the  same  way 
this  may  be  shown  for  any  number  of  weights, 

Eenee  when  several  weights  are  raised  vertically  through 
different  heights,  the  whole  tvork  done  is  the  same  as  that  of 
raising  a  weight  equal  to  the  sum  of  the  weights  vertically 
from  the  first  position  of  their  centre  of  gravity  to  the  last 
piisition.     (See  Todhunter's  Mech's,  p.  338.) 
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EXAMPLES. 

1.  How  many  horse-power  would  it  take  to  raise  3  cwt. 
of  coal  a  minute  from  a  pit  whose  depth  is  110  fathoms? 

Depth  =  110  X  6  =  660  feet. 

3  cwt.  =  113  X  3  =  336  lbs. 

Hence  the  work  to  be  done  in  a  minute 

=  660  X  336  =  321760  foot-pounds. 

Therefore  the  horse-power 

=  231760  -^  33000  =  6.73,  Ans. 

2.  Find  how  naany  cubic  feet  of  water  an  engine  of 
40  horse-power  will  raise  in  an  hour  from  a  mine  80 
fathoms  deep,  supposing  a  cubic  foot  of  water  to  weigh 
1000  ozs. 

Work  of  the  engine  per  hour  =  40  x  33000  x  60  foot- 
pounds. 

Work  expended  in  raising  one  cubic  foot  of  water- 
through  80  fathoms  =  iffJix80x6  =  30000  foot- 
pounds. 

Hence  the  number  of  cubic  feet  raised  in  an  hour 

=  40  X  33000  x  60  -^  30000  =  2640,  Ans. 

3.  Find  the  horse-power  of  an  engine  which  is  to  move 
at  the  rate  of  30  miles  an  hour  up  an  incline  which  rises 
1  foot  in  100,  the  weight  of  the  engine  and  load  being 
60  tons,  and  the  resistance  from  friction  12  lbs,  per  ton. 

The  horizontal  space  passed  over  in  a  minute  =  1760  ft.; 
the  vertical  space  is  one-hundredth  of  this  =  17.60  ft. 
Hence  from  (6)  of  Art.  313,  we  have 

13  X 1760  X  60 -t-  60  X  2340  x  17.6=1760  x  3064  foot-pounds. 
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Therefore  the  horse-power 

=  1760  X  2064  -^  33000  =  110.08,  Am. 

4.  A  well  is  to  be  dug  20  ft.  deep,  and  4  ft.  in  diameter ; 
find  the  work  in  raising  the  material,  supposing  that  a 
cubic  foot  of  it  weighs  140  lbs. 

Here  the  weight  of  the  material  to  be  raised 

=  47T  X  30  X  140  =  140  X  807r  lbs. 

The  work  done  is  equivalent  to  raising  this  through  the 
height  of  10  ft.  (Art.  315).     Hence  the  whole  work 

=  140  X  807T  X  10  =  1130007T  foot-pounds,  Ans. 

5.  Find  the  horse-power  of  an  engine  that  would  raise 
T  tons  of  coal  per  hour  from  a  pit  whose  depth  is  a 
fathoms. 

w    1             •     i         ^  X  3340  X  a  X  6       ^o^    t 
Work  per  mmute  = ^ =  334«r; 

334^7 
-•.    the  horse-power  =  „        ,  Ans. 

6.  Required  the  work  in  raising  water  from  three  different 
levels  whose  depths  are  a,  b,  c  fathoms  respectively ;  from 
the  first  A,  from  the  second  B,  from  the  third  C,  cubic 
feet  of  water  are  to  be  raised  per  minute. 

Work  in  raising  water  from  the  first  level 

=  63.5^  X  a  X  6  =  375  ^-a; 

and  so  on  for  the  work  in  the  other  levels  ; 

.-.    work  per  min.  =  375  {A.a-\-B''b-\-C-c)  foot-pounds. 

7.  Find  the  horse-power  of  an  engine  which  draws  a 
load  of  T  tons  along  a  level  road  at  the  rate  of  m  miles 
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an  hoiir,  the  friction  being  p  pounds  per  ton,  all  other 
resistances  being  neglected. 
Work  of  the  engine  per  minute 

_  5380  m        „j,  ^ 
=  7^  — gQ—  =  88  Tpm. 

'  '  ~    33000    -    3000   '  ^'**- 

8.  iSequired  the  number  of  horse-powei"  to  raise  2200 
cubic  ft.  of  water  an  hour,  from  a  mine  whose  depth  is  63 
fathoms.  Ans.  36^. 

9.  What  weight  of  coal  will  an  engine  of  4  horse-power 
taiSe  in  one  hour  from  a  pit  whose  depth  is  300  ft.  ? 

Ans.  39600  lbs. 

10.  In  what  time  will  an  engine  of  10  horse-power  raise 
5  tons  of  material  from  the  depth  of  133  it? 

Ans.  4-48  minutes. 

11.  How  many  cubic  feet  of  water  will  an  engine  of  36 
horse-power  raise  in  an  hour  from  a  mine  whose  depth  is  40 
fathoms  ?  Ans.  4753  cubic  feet, 

13.  The  piston  of  a  steatn  engine  is  15  ins.  in  diameter ; 
its  stroke  is  3i^  ft.  long;  it  makes  40  strokes  per  minute ; 
the  mean  pressure  of  the  steam  on  it  is  15  lbs.  per  square 
inch ;  what  number  of  foot-poiunds  is  done  by  the  steairi 
per  minute,  and  what  is  the  horse-power  of  the  engine  ? 
Ans.  365073  foot-pounds;  8-03  H.-P. 

13.  A  weight  of  1^  tons  is  to  be  raided  from  a  depth  of 
50  fathoms  in  one  minute;  determine  the  horse-power  of 
the  engine  capable  of  doing  the  work. 

Ans.  30^^  H.-P. 

*  Tbe  letters  H.-F.  ore  often  used  as  aibbreviations  Of  tbe  words  horse-power. 
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14.  The  resistance  to  the  motion  of  a  certain  body  is 
440  lbs.;  how  many  foot-pounds  must  be  expended  in 
making  this  body  move  over  30  miles  in  one  hour  ?  What 
must  be  the  horse-power  of  an  engine  that  does  the  same 
number  of  foot-pounds  in  the  same  time  ? 

Ans.  69696000  foot-pounds ;  35-J  II.-P. 

15.  An  engine  draws  a  load  of  60  tons  at  the  rate  of  30 
miles  an  hour;  the  resistances  are  at  the  rate  of  8  lbs.  per 
ton  ;  find  the  horse-power  of  the  engine.         Ans.  35-  6. 

16.  How  many  cubic  feet  of  water  will  an  engine  of  350. 
horse-power  raise  per  minute  from  a  depth  of  300  fathoms  ? 

Ans.  110  cubic  ft. 

17.  There  is  a  mine  with  three  shafts  which  are  respec- 
tively 300,  450,  and  500  ft.  deep;  it  is.  required  to  raise 
from  the  first  80,  from  the  second  60,  from  the  third  40 
cubic  ft.  of  water  per  minute;  find  the  horse-power  of  the 
engine.  Ans.  134|^. 

216.  Modulus*  of  a  Machine. — The  whole  work  per- 
formed by  a  machine  consists  of  two  parts,  the  useful  work 
and  the  lost  work.  The  useful  work  is  that  which  the 
machine  is  designed  to  produce,  or  it  is  that  which  is 
employed  in  overcoming  useful  resistances ;  the  lost  work 
is  that  which  is  not  wanted,  but  which  is  unavoidably 
produced  or  it  is  that  which  is  spent  in  overcoming  waste- 
ful resistances.  For  instance  in  drawing  a  train  of  cars,  the 
useful  work  is  performed  in  moving  the  train,  but  the  lost 
work  is  that  which  is  done  in  overcoming  the  friction  of 
the  train,  the  resistance  of  gravity  on  up  grades,  the  resist- 
ance of  the  air,  etc.  The  work  applied  to  a  machine  is 
equal  to  the  whole  work  done  by  the  machine,  both  useful 
and  lost,  therefore  the  useful  work  is  always  less  than  the 
work  applied  to  the  machine. 


*  Sometimes  called  EfBciency.    (Art.  108.) 
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The  Modulus  of  a  macldne  is  the  ratio  of  the  useful  luork 
done  to  the  work  applied.  Thus,  if  the  work  applied  to  an 
engine  be  40  horse-power,  and  the  engine  delivers  only  30 
horse-power,  the  modulus  is  f,  i.  e.,  one-quarter  of  the  work 
applied  to  the  machine  is  lost  by  friction,  etc. 

Let  Whe  the  work  applied  to  the  machine,  TF.  the  use- 
ful work,  and  m  the  modulus.  Then  we  have  from  the 
above  definition 

W 
^  =  if-  (1) 

If  a  machine  were  perfect,  i.  e.,  if  there  were  no  lost  work, 
the  modulus  would  be  unity ;  bitt  in  every  machine,  some 
of  the  work  is  lost  in  overcoming  wasteful  resistances, 
so  that  the  modulus  is  always  less  than  unity ;  and  it  is  of 
course  the  object  of  inventors  and  improvers  to  bring  this 
fraction  as  near  to  unity  as  possible. 

EXAMPLES. 

1.  An  engine,  of  N  effective  horse-power,  is  found  to 
pump  A  cubic  ft.^  of  water  per  min.,  from  a  mine  a  fathoms 
deep ;  find  the  modulus  of  the  pumps. 

Work  of  the  engine  per  min.  =  33000  N  H.-P. 

The  useful  work,  or  work  expended  in  pumping  water, 

=  63-5  A  X  6a  =  375  A-a; 

hence  from  (1)  we  have 

j_  _  375  A-a  _  A-a       . 
^  -  330001V-  -  88lV^'  '^''^' 

2.  There  were  A  cubic  ft.  of  water  in  a  mine  whose  depth 
is  a  fathoms,  when  an  engine  of  iV  horse-power  began  to 
work  the  pump ;  the  water  continued  to  flow  into  the  mine 
at  the  rate  of  B  cubic  ft.  per  minute;  required  the  time 
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in  which  the  mine  would  be  cleared  of  water,  the  modulus 
of  the  pump  being  m. 

Let  X  =  the  number  of  minutes  to  clear  the  mine  of 
water.    Then 

weight  of  water  to  be  pumped  =  63-  5  (A  +  Ba;) ; 

work  in  pumping  water  =  375o  (A  +  Bar)  foot-pounds ; 

efiFective  work  of  the  engine  =  m-N-  33000a; ; 

.  • .    33000  mNx  =  375fl  (A  +  Ba;) ; 

_  A-ffl 

■"■    '^  —  88wiV— A-a' 

3.  An  engine  has  a  6  foot  cylinder ;  the  shaft  makes  30 
revolutions  per  minute ;  the  average  steam  pressure  is  25 
lbs.  per  square  inch  ;  required  the  horse-power  when  the 
area  of  the  piston  is  1800  square  inches,  the  modulus  of 
the  engine  being  f^. 

Work  done  in  one  minute  =  1800  x  25  x  6  x  3  x  30 
foot-pounds.  We  multiply  by  twice  the  length  of  the 
stroke,  because  the  piston  is  driven  both  up  and  down  in 
one  revolution  of  the  shaft. 

The  effective  horse-power  =  ^^^'>1\%U^''^'>  x^ 

=  450,  Ans. 

4.  The  diameter  of  the  piston  of  a  steam  engine  is  60 
ins. ;  it  makes  11  strokes  per  minute ;  the  length  of  each 
stroke  is  8  ft.;  the  mean  pressure  per  square  in.  is  15  lbs.; 
required  the  number  of  cubic  ft.  of  water  it  will  raise  per 
hour  from  a  depth  of  50  fathoms,  the  modulus  of  the 
engine  being  0-65. 

The  number  of  foot-pounds  of  useful  work  done  in  one  hour  and 
spent  in  raising  water  ■=  ir  x  30"  x  8  x  15  x  11  x  60  x  0  •  65,  therefore,  etc. 

Ans.  7763  cubic  ft. 
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5.  An  engine  is  required  to  pump  lOOOGOO  gallons  of 
water  every  13  hours,  from  a  mine  132  fathoms  deep ;  find 
the  horse-pover  if  the  modulus  be  ||,  and  a  gallon  of 
water  weighs  10  Ihs.  Ans.  ^%^^  H.-P. 

6.  What  must  be  the  horse-power  of  an  engine  working 
e  hours  per  day,  to  supply  n  families  with  g  gallons  of 
water  each  per  day,  supposing  the  water  to  be  raised  to  the 
mean  height  of  h  feet,  and  that  a  gallon  of  water  weighs  10 
lbs.,  the  modulus  being  in.  .  ngh       „  „ 

^'*^-  198000  m  ^•■■^• 

7.  Water  is  to  be  raised  from  a  mine  at  two  diflferent 
levels,  viz.,  50  and  80  fathoms,  from  the  former  30  cubic  ft., 
and  from  the  latter  15  cubic  ft.  per  minute ;  find  the  horse- 
power of  the  machinery  that  will  be  required,  assuming 
the  modulus  to  be  0-  6.  Ans.  51  •  12  H.-P. 

8.  The  diameter  of  the  piston  of  an  engine  is  80  ins.,  the 
mean  pressure  of  the  steato  is  12  lbs.  per  square  inch,  the 
length  of  the  stroke  is  10  ft.,  the  number  of  strokes  made 
per  minute  is  11 ;  how  many  cubic  ft.  of  water  wiH  it  raise 
per  minute  from  a  depth  of  250  fathoms^  its  modulus  being 
0-6?  Ans.  42-46  cubic  ft. 

9.  If  the  engine  in  the  last  example  had  raised  55  cubic 
ft.  of  water  per  minute  from  a  depth  of  250  fathoms,  what 
would  have  been  its  modulus  ?  Ans.  0-  7771. 

10.  How  many  strokes  per  minute  must  the  engine  in 
Ex.  8  make  in  order  to  raise  16  cubic  ft.  of  water  per 
minute  from  the  given  depth  ?  Ans.  4. 

11.  What  must  be  the  length  of  the  stroke  of  an  engine' 
whose  modulus  is  0-  65,  and  whose  other  dimensions  and 
conditions  of  working  are  the  same  as  in  Ex.  8,  if  they  both 
do  the  same  quantity  of  useful  work  ?  Ans.  9-23  ft. 
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217.  Kinetic  and  Potential  Energy.  Stored 
Work. — The  energy  of  a  body  means  its  poiver  of  doing 
work  ;  and  the  total  amount  of  energy  possessed  by  the  body 
is  measured  by  the  total  amount  of  work  which  it  is  capable 
of  doing  in  passing  from  its  present  condition  to  some 
standard  condition. 

Every  moving  body  possesses  energy,  for  it  can  be  made 
to  do  work  by  parting  with  its  velocity.  The  velocity  of. 
the  body  may  be  used  for  causing  it  to  ascend  vertically 
against  the  attraction  of  the  earth,  i.  e.,  to  do  work  against 
the  resistance  of  gravity.  A  cannon  ball  in  motion  can 
penetrate  a  resisting  body ;  water  flowing  against  a  water- 
wheel  will  turn  the  wheel ;  the  moving  air  drives  the  ship 
through  the  water.  Wherever  we  find  matter  in  motion 
we  have  a  certain  amount  of  energy. 

Energy,  as  known  to  us,  belongs  to  one  or  the  other  of 
two  classes,  to  which  the  names  kinetic*  energy  and 
potential  energy  are  given. 

Kinetic  energy  is  energy  that  a  body  possesses  in  virtue  of 
its  being  in  motion.  It  is  energy  actually  in  use,  energy 
that  is  constantly  being  speiat.  The  energy  of  a  bullet  in 
motion,  or  of  a  fly-wheel  revolving  rapidly,  or  of  a  pile- 
driver  just  before  it  strikes  the  pile,  are  examples  of  kinetic 
energy.  The  work  done  by  a  force  on  a  body  fi-ee  to  move, 
exerted  through  a  given  distance,  is  always  equal  to  the 
corresponding  increase  of  kinetic  energy  [Art.  189  (3)].  If 
a  mass,  m,  is  moving  with  a  velocity,  v,  its  kinetic  energy 
is  \m  v^  [(3)  of  Art.  189].  If  this  velocity  be  generated  by  a 
constant  force,  P,  acting  through  a  space,  s,  we  have, 
(Art.  311) 

Ps  =  \mv»,  (1) 

that  is,  the  work  done  on  the  body  is  the  exact  equivalent 
of  the  kinetic  energy,   and  the  kinetic  energy  is  recon- 

*  Culled  also  actViOl  energy,  or  energy  of  motion. 
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vertible  into  the  work;  and  the  exact  amount  of  work 
which  the  mass  m,  with  a  velocity  v,  can  do  against  resist- 
ance before  its  motion  is  completely  destroyed  is  ^mv\ 
This  is  called  stored  work*  and  is  the  amount  of  work  that 
any  opposing  force,  P,  will  have  to  do  on  the  body  before 
bringing  it  to  rest.  Thus,  when  a  heavy  fly-wheel  is  in 
rapid  motion,  a  considerable  portion  of  the  work  of  the 
engine  must  have  gone  to  produce  this  motion  ;  and  before 
the  engine  can  come  to  a  state  of  rest  all  the  work  stored 
up  in  the  fly-wheel,  as  well  as  in  the  other  parts  of  the 
machine,  must  be  destroyed.  In  this  way  a  fly-wheel  acts 
as  a  reservoir  of  work. 

If  a  body  of  mass  m,  moving  through  a  space  s,  change 
its  velocity  from  v  to  v^  the  work  done  on  the  body  as  it 
moves  through  that  space,  (Art.  189),  is 

im  {v^  -  v,3).  (2) 

If  the  body  is  not  perfectly  free,  i.  e.,  if  there  is  one  force 
urging  the  body  on,  and  another  force  resisting  the  body, 
the  kinetic  energy,  ^miy^,  gives  the  excess  of  the  work  done 
by  the  former  force  over  that  done  by  the  latter  force. 
Thus,  when  the  resistance  of  friction  is  overcome,  the 
moving  forces  do  work  in  overcoming  this  resistance,  and 
all  the  work  done,  in  excess  of  that,  is  stored  in  the  moving 
mass. 

Potential  energy  is  energy  that  a  body  possesses  in  virtue 
of  its  position.  The  energy  of  a  bent  watch-spring,  which 
does  work  in  uncoiling;  the  energy  of  a  weight  raised 
above  the  earth,  as  the  weight  of  a  clock  which  does  work 
in  falling  ;  the  energy  of  compressed  aii",  as  in  the  air-gun, 
or  in  an  air-brake  on  a  locomotive,  which  does  work  in 
expanding ;  the  energy  of  water  stored  in  a  mill-dam,  and 
of  steam  in  a  boiler,  are  all  examples  of  potential  energy. 

*  Called  also  aeemnulated  work.  See  Todhunter's  MechB,,  also  stored  energy  and 
network.    Browne's  Mechanics,  p.  178. 
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Such  energy  may  or  may  not  be  caDed  into  action,  it  may 
be  dormant  for  years ;  the  power  exists,  but  the  action  will 
begin  only  when  the  weight,  or  the  water,  or  the  steam  is 
released.  Hence  the  word  potential,  is  significant,  as 
expressing  that  the  energy  is  in  existence,  and  that  a  new 
power  has  been  conferred  upon  it  by  the  act  of  raiang  or 
confining  it. 

For  example  suppose  a  weight  of  1  lb.  be  projected 
vertically  upwards  with  a  yelocity  of  32-2  ft.  per  second. 
The  energy  imparted  to  the  body  will  carry  it  to  a  height 
of  16- 1  ft.,  when  it  will  cease  to  have  any  velocity.  The 
whole  of  its  kinetic  energy  will  have  been  expended ;  but 
the  body  will  have  acquired  potential  energy  instead  ;  i,  e., 
the  kinetic  energy  of  the  body  will  all  have  been  converted 
into  potential  energy,  whioh,  if  the  weight  be  lodged  for 
any  time,  is  stored  up  and  ready  to  be  freed  whenever  the 
body  shall  be  permitted  to  fall,  and  bring  it  back  to  its 
starting  point  with  the  velocity  of  33 -2  ft.  per  second;  and 
thus  the  body  wOl  reacquire  the  kinetic  energy  which  it 
originally  received.  Hence  kinetic  energy  and  potential 
energy  are  mutually  convertible. 

Let  h  be  the  height  through  which  a  body  mnst  fall  to 
acquire  the  velocity  v,  m  and  W  the  mass  and  weight, 
respectively.  Then  since  tr^  =  2ffh,  we  have,  for  the  stored 
work, 

imi^  =  ^v^  =  ~-^gh=Wh.  (3) 

Hence  we  may  say  that  the  work  stored  in  a  moving  body 
is  measured  by  the  product  of  the  weight  of  the  body  Mo  the 
height  through  which  it  must  fall  to  acquire  the  veloeUy.. 

EXAMPLES. 

1.  Let  a  bullet  leave  the  barrel  of  a  gun  with  the  velocity 
of  1000  ft.  per  second,  and  suppose  it  to  weigh  3  ozs. ;  find 
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the  work  stored  up  in  the  bullet,  and  the  height  from  which 
it  must  fall  to  acquire  that  velocity. 
Here  we  have  from  (3)  for  the  stored  work 

;  (1000)3  =  Wh 


2  xl6g 

=  1941  foot-pounds. 
.-.    A  =  15538  feet. 

2.  A  ball  weighing  w  lbs.  is  projected  along  a  horizontal 
plane  with  the  velocity  of  v  ft.  per  second  ;  what  space,  s, 
will  the  ball  move  over  before  it  comes  to  a  state  of  rest, 
the  coefficient  of  friction  being/? 

Here  the  resistance  of  friction  is  fw,  which  acts  directly 
opposite  to  the  motion,  therefore  the  work  done  by  friction 
while  the  body  moves  over  s  feet  =  fws ;  the  work  stored 

up  in  the  ball  =  ^mv^  =  -„-  ;  therefore  from  (1)  we  have 

3.  A  railway  train,  weighing  T  tons,  has  a  velocity  of  v 
ft.  per  second  when  the  steam  is  turned  off ;  what  distance, 
s,  will  the  train  have  moved  on  a  level  raU,  whose  friction 
is^  lbs.  per  ton,  when  the  velocity  is  v^  ft.  per  second  ? 

Here  the  work  done  by  friction  z=  pTs;  hence  from  (2) 
we  have 

_        ,    2340  T,  ,         ,, 

1120  {^2  -  v^^) 
.• .    s  = 

4.  A  train  of  T  tons  descends  an  incline  of  s  ft.  in 
length,  having  a  total  rise  of  /*  ft.;  what  will  be  the  velocity, 
V,  acquired  by  the  train,  the  friction  beings  lbs.  per  ton  ? 
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Here  we  have  (Art.  213,  Sch.  2),  the  work  done  on  the 
train  =  the  work  of  gravity  —  the  work  of  friction 

=  %U(i  Th  —  pTs; 

which  is  equal  to  the  work  stored  up  in  the  train.     Hence 

2340  Tv^ 


^ 


=  2240  Th  —pTs; 


.-.    v=  V2gk  -  Trh^c/ps. 

5.  If  the  velocity  of  the  train  in  the  last  example  be 
Vq  ft.  per  second  when  the  steam  is  turned  off,  what  will  be 
its  velocity,  v,  when  it  reaches  the  bottom  of  the  incline  ? 

Ans.  V  =  V'j'o^  +  '^9^  —  T^nffPS- 

6.  A  body  weighing  40  lbs.  is  projected  along  a  rough 
horizontal  plane  with  a  velocity  of  150  ft.  per  sec. ;  the 
coefficient  of  friction  is  ^;  find  the  work  done  against 
friction  in  five  seconds.  Ans.  3500  foot-pounds. 

7.  Find  the  work  accumulated  in  a  body  which  weighs 
300  lbs.  and  has  a  velocity  of  64  ft.  per  second. 

Ans.  19200  foot-pounds. 

218.  Kinetic  Energy  of  a  Rigid  Body  revolving 
round  an  Axis. — Let  m  be  the  mass  of  any  particle  of 
the  body  at  the  distance  r  from  the  axis,  and  let  w  be  the 
angular  velocity,  which  will  be  the  same  for  every  particle, 
since  the  body  is  rigid;  then  the  kinetic  energy  of  m  = 
^m  (rw)*.  The  kinetic  energy  of  the  whole  body  will  be 
found  by  taking  the  sum  of  these  expressions  for  every 
particle  of  the  body.    Hence  it  may  be  written 

S |OTr«w2  =  j^  mr".  (1) 
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S  mr'^  is  called  the  moment  of  inertia  of  the  body  about  the 
axis,  and  will  be  explained  in  the  next  chapter. 

Hence  the  kinetic  energy  of  any  rotating  body  ^  ^Iw*, 
ivhere  I  is  the  moment  of  inertia  round  the  axis,  and  co  the 
angular  velocity. 

In  the  case  of  a  fly-wheel,  it  is  sufficient  in  practice  to 
treat  the  whole  weight  as  distributed  uniformly  along  the 
circumference  of  the  circle  described  by  the  mean  radius 
of  the  rim.  Let  r  be  this  radius ;  then  the  moment  of 
inertia  of  any  particle  of  the  wheel  =  7tir'^,  and  the  moment 
of  inertia  of  the  whole  wheel  =  Mr^,  where  M  is  the  total 

6)2 

mass.  Hence,  substituting  in  (1)  we  have  -^  Mr^,  which 
is  the  kinetic  energy  of  the  fly-wheel. 

EXAMPLES. 

1.  Two  equal  particles  are  made  to  revolve  on  a  vertical 
axis  at  the  distances  of  a  and  h  feet  fi'om  it ;  required  the 
point  where  the  two  particles  must  be  collected  so  that  the 
work  may  not  be  altered. 

Let  m  =  the  mass  of  each  particle,  k  —  the  distance  of 
the  required  point  from  the  axis,  and  w  =  the  angular  veloc- 
ity ;  then  we  have 

Work  stored  in  both  particles  =  |-m  (aw)^  +  ^m  {buy ; 

Work  stored  in  both  particles  collected  at  point  =  m  (^w)^; 

-•.    m{i;(oy  =  im{a(oy  +  {-m{b(jY; 


This  point  is  called  the  centre  of  gyration.     (See  next 
chapter.) 

2.  The  weight  of  a  fly-wheel  is  w  lbs.,  the  wheel  makes 
n  revolutions  per  minute,  the  diameter  is  2r  feet,  diameter 
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of  axle  a  inches,  and  the  coeflScient  of  friction  on  the  axle 
/;  how  many  revolutions,  x,  will  the  wheel  make  before  it 
stops  ? 

Work  stored  in  the  wheel  =  -^  ("cTT  )  '"'» 

Work  done  by  friction  in  x  revolutions 
and  wlien  the  wheel  stops,  we  have 

~  ioQfag' 

3.  Eequired  the  number  of  strokes,  x,  which  the  fly-wheel 
in  .the  last  example,  will  give  to  a  forge  hammer  whose 
weight  is  W  lbs.  and  lift  h  feet,  supposing  the  hammer  to 
make  one  lift  for  every  revolution  of  the  wheel. 

Here  the  work  due  to  raising  hammer  =  Whx.        .  ■ ,  &c. 


X  = 


150^  (12  Wh  +  trafw) 


4.  .The  weight  of  a  fly-wheel  is  8000  lbs.,  the  diameter 
30  feet,  diameter  of  axle  14  inches,  coeflBcient  of  frictiofi 
0.3 ;  if  the  wheel  is  separated  from  the  engine  when  mak- 
ing 21'  revolutions  per  minute,  find  how  many  revolutions 
it  will  make  before  it  stops  {g  taken  =  33.2). 

Ans.  16.9  revolutions. 
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219.  Force  of  a  Blow.— In  order  to  express  the 
amount  of  force  between  the  face  of  a  hammer,  for  in- 
stance, and  the  head  of  a  nail,  we  mnst  consider  what 
weight  mnst  be  laid  upon  the  head  of  the  nail  to  force  it 
into  the  wood.  A  nail  requires  a  large  force  to  pull  it  out, 
when  friction  alone  is  retaining  it,  and  to  force  it  in  must 
of  course  require  a  still  larger  force. 

Now  the  head  of  the  hamnier,  when  it  delivers  a  blow 
upon  the  head  of  the  nail,  must  be  capable  of  developing  a 
force  equal  for  a  short  time  to  the  continued  pressure  that 
would  be  produced  by  a  very  heavy  load.  Hence,  the  efEect 
of  the  hammer  may  be  explained  by  the  principles  of  energy. 
When  the  hammer  is  in  motion  it  has  a  quantity  of  kinetic 
energy  stored  up  in  it,  and  when  it  comes  in  contact  with 
the  nail  this  energy  is  instantly  converted  into  work  which 
forces  the  nail  into  the  wood. 

EXAMPLES. 

1.  Suppose  that  a  hammer  weighs  1  lb.,  and  that  it  is 
impelled  downwards  by  the  arm  with  considerable  force,  so 
that,  at  the  instant  the  head  of  the  hammer  reaches  the 
nail,  it  is  moving  with  a  velocity  of  20  ft.  per  second  ;  find 
the  force  which  the  hammer  exerts  on  the  nail  if  it  is 
driven  into  the  wood  one-tenth  of  an  inch. 

Let  P  be  the  force  which  the  hammer  exerts  on  the  nail, 
then  the  work  done  in  forcing  the  nail  into  the  wood  = 
P  X  ylo^,  and  the  energy  stored  up  in  the  hammer 

I         2  (20)'  fi9 

*  64 

Since  the  work  done  in  forcing  the  nail  into  the  wood 
must  be  equal  to  all  the  work  stored  in  the  hammer,  (Art. 
317),  we  have 

^  =  6.3;    .-.    i'  =  7441bs. 
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Hence  the  force  which  the  hammer  exerts  on  the  head  of 
the  nail  is  at  least  744  lbs. 

2.  If  the  hammer  in  the  last  example  forces  the  nail  into 
the  wood  only  0.01  of  an  inch,  find  the  force  exerted  on 
the  nail.  Ans.  7440  lbs. 

Hence,  we  see  that,  according  as  the  wood  is  harder,  i.  e.,  accord- 
ing as  the  nail  enters  less  at  each  stroke,  the  force  of  the  hlovv 
becomes  greater.  So  that  when  we  speak  of  the  "  force  of  a  blow," 
we  must  specify  how  soon  the  body  giving  the  blow  will  come  to 
rest,  otherwise  the  term  is  meaningless.  Thus,  suppose  a  ball  of 
100  lbs.  weight  have  a  velocity  that  will  cause  it  to  ascend  1000  ft. ; 
if  the  ball  is  to  be  stopped  at  the  end  of  1000  ft.,  a  force  of  100  lbs. 
will  do  it ;  but  if  it  is  to  be  stopped  at  the  end  of  one  foot,  it  will 
need  a  force  of  100000  lbs.  to  do  it ;  and  to  stop  it  at  the  end  of  one 
inch  will  require  a  force  of  1300000  lbs.,  and  so  on.  • 

220.  Work  of  a  Water-Fall. — When  water  or  any 
body  falls  from  a  given  height,  it  is  plain  that  the  work 
which  is  stored  up  in  it,  and  which  it  is  capable  of  doing,  is 
equal  to  that  which  would  be  required  to  raise  it  to  the 
height  from  which  it  has  fallen ;  i.  e.,  if  1  lb.  of  water 
descend  tlirough  1  foot  it  must  accumulate  as  much  work 
as  would  be  required  to  raise  it  through  1  foot.  Hence 
when  a  fall  of  water  is  employed  to  drive  a  water-wheel,  or 
any  other  hydraulic  machine,  whose  modulus  is  given,  the 
work  done  upon  the  machine  is  equal  to  the  weight  of  the 
water  in  pounds  x  its  fall  in  feet  x  the  modulus  of  the 
machine. 

EXAMPLES. 

1.  The  breadth  of  a  stream  is  b  feet,  depth  a  feet,  mean 
velocity  v  feet  per  minute,  and  the  height  of  the  fall  li  feet ; 
find  (1)  ■  the  horse-power,  N,  of  the  water-wheel  whose 
modulus  is  m,  and  (2)  find  the  number  of  cubic  feet.  A, 
which  the  wheel  will  pump  per  minute  from  the  bottom  of 
the  fall  to  the  height  of  h^  feet. 
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Weight  of  water  going  over  the  fall  per  min.  =  63.5  ahv. 

.  • .    Work  of  wheel  per  min,  =  62.5  abvhm.  (1) 

T~ 63.5  abvJim  .  . 

■■•    ^-"ssooo"'  ^^' 

Work  in  pumping  water  per  min.  =  63.5  Ahi ; 

which  must  =  the  work  of  the  wheel  per  min.;   hence 
from  (1)  we  have 

63.5  Ah  =  63.5  abvhm; 

.  .     abvhin  .„. 

3.  The  mean  section  of  a  stream  is  5  ft.  by  3  ft. ;  its 
mean  velocity  is  35  ft.  per  minute  ;  there  is  a  fall  of  13  ft. 
on  this  stream,  at  which  is  erected  a  water-wheel  whose 
modulus  is- 0.65  ;  find  the  horse-power  of  the  wheel. 

Ans.  6.6  H. -P. 

3.  In  how  many  hours  would  the  wheel  in  Ex.  3  grind 
8000  bushels  of  wheat,  supposing  each  horse-power  to  grind 
1  bushel  per  hour  ?  Ans.  14384-  hours. 

4.  How  many  cubic  feet  of  watpr  must  be  made  to 
descend  the  fall  per  minute  in  Ex.  3,  that  the  wheel  may 
grind  at  the  rate  of  38  bushels  per  hour  ? 

Ans.  1749.5  cu.  ft. 

5.  Given  the  stream  in  Ex.  3,  what  must  be  the  height 
of  the  fall  to  grind  10  bushels  per  hour,  if  the  modulus  of 
the  wheel  is  0.4  ?  Ans.  37.7  feet. 

6.  Find  the  useful  horse-power  of  a  water-wheel,  sup- 
posing the  stream  to  be  5  ft.  broad  and  3  ft.  deep,  and  to 
flow  with  a  velocity  of  30  ft.  per  minute ;  the  height  of  the 
fall  being  14  ft.,  and  the  modulus  of  the  machine  0. 65. 

Ans.  5.3  nearly. 
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221.  The  Duty  of  an  Engine.— 7%fl  duty  of  an  engine 
is  the  number  of  units  of  work  which  it  is  capable  of  doing 
by  burning  a  given  quantity  of  fuel. — It  has  been  found  by 
experiment  that,  whatever  may  be  the  pressure  at  which 
the  steam  is  formed,  the  quantity  of  fuel  necessary  to 
evaporate  a  given  volume  of  water  is  always  nearly  the 
same ;  hence  it  is  most  advantageous  to  employ  "steam  of  a 
high  pressure.* 

In  good  ordinaTy  engines  the  duty  varies  between  200000  and 
500000  units  of  work  for  a  lb.  of  eoal.  The  extent  to  which  the 
economy  of  fuel  may  be  carried  is  well  illustrated  by  the  engines  em- 
ployed to  drain  the  mines  in  Cornwall,  England.  In  1815,  the 
average  duty  of  these  engines  was  30  million  units  of  work  for  a 
bushelf  of  coal ;  in  1843,  by  reason  of  successive  improvements,  the 
average  duty  had  become  60  millions,  effecting  a  saving  of  £85000 
per  annum.  It  is  stated  that  in  the  case  of  one  engine,  the  duty  was 
raised  to  135  millions.  The  duty  of  the  engine  depends  largely  on 
the  construction  of  the  boiler ;  1  lb,  of  eoal  in  the  Cornish  boiler 
evaporates  llj  lbs.  of  water,  while  in  a  differently-shaped  boiler  8.7 
is  the  maximum.| 

EXAMPLES. 

1.  An  engine  burns  2  lbs,  of  coal  for  each  horse-power 
per  hour  ;  find  the  duty  of  the  engine  for  a  lb.  of  coal. 

Here  the  work  done  in  one  hour 

=  60  X  33000  foot-ponnds ; 

therefore  the  duty  of  the  engine  =  30  x  33000  foot-pounds, 

=  990000  foot-pounds. 

2.  How  many  bushels  of  coal  must  be  expended  in  a 
day  of  24  hours  in  raising  150  cubic  ft.  of  water  per  minute 

*  See  Tate  in  Mechanics'  Magazine,  in  the  year  1841. 

t  One  buehel  of  coal  =  84  or  M  Ihs.,  depending  npon  where  it  is.  Qoodeve,. 
p.  120. 

X  Bourne  on  the  Steam  Engine,  p.  171,  and  Fairbaim,  Uscfol  Information, 
p.  ITT. 
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from  a  (Jepth  of  100  fathoms;   the  duty  of  the  engine 
beiag  60  millions  for  a  bushel  of  co^  ? 

Ans.  135  bushels. 

3.  A  steam  engine  is  required  to  raise  70  cubic  ft.  of 
water  per  minute  from  a' depth  of  800  ft. ;  find  bow  many- 
tons  of  coal  will  be  required  per  day  of  24  hours,  supposing 
the  duty  of  the  engine  to  be  350000  for  a  lb.  of  coal. 

Ans^  9  tons. 

222.  Work  of  a  Variable  Force.— When  the  force 
which  performs  work  through  a  given  space  varies,  the 
work  done  may  be  determined  by  multiplying  the  given 
space  by  the  mean  of  all  the  variable  forces. 

Let  AG-  represent  the  space  in  units 
of  feet  through  which  a  variable 
-  force  is  exerted.  Divide  AG  into 
six  equal  parts,  and  suppose  P^,  P^, 
Pg,  etc.,  to  be  the  forces  in  pounds 
applied  at  the  points  A,  B,  0,  etc.,  '^" 

respectively.  At  these  points  draw  the  ordinates  y^,  y^,  y^, 
etc.,  to  represent  the  forces  which  act  at  the  points  A,  B, 
C,  etc.  Then  the  work  done  from  A  to  B  will  be  equal  to 
the  space,  AB,  multiplied  by  the  mean  of  the  forces  P^ 
and  Pj,  i.  e.,  the  ^ork  will  be  represented  by  the  area  of 
the  surface  AabB,  In  like  manner  the  work  done  from 
B  to  0  will  be  represented  by  the  area  BbeG,  and  so 
on ;  so  that  the  work  done  through  the  whole  space,  AG, 
by  a  force  which  varies  continuously,  will  be  represented  by 
the  area  Aa^G.  This  area  may  be  found  approximately  by 
the  ordinary  rule  of  Mensuration  for  the  area  of  a  curved 
surface  with  equidistant  ordinates,  or  more  accurately  by 
Simpson's*  rule,  the  proof  of  which  we  shall  now  give. 

223.  Simpson's  Rule.— Let  z/j,  y^)  Vi'  ^tc,  be  the 

*  Although  it  was  not  invented  by  Simpson.    See  Todhunter. 
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equidistant  ordinates  (Fig.  89)  and  I  the  distance  between 
any  two  consecutive  ordinates ;  then  by  taking  the  sum  of 
the  trapezoids,  Aa5B,-B6cC,  etc.,  we  have  for  the  area  of 
AagG, 

¥  iyi  +  Vi)  +  i^  («/2  +  Vi)  +  ¥  (^3  +  Vi)  +  etc. 
=  il  iVi  +  2^8  +  3i/3  +  2«/4  +  ^Vi  +  ^y,  +  «/,) ;  (1) 
which  is  the  ordinary  formula  of  mensuration. 

Now  it  is  evident  that  when  the  curve  is  always  concave 
to  the  line  AG  (1)  will  give  too  small  a  result,  and  if  con- 
vex it  will  give  too  large  a  result. 

Let  Fig.  90  represent  the  space  between  any  two  odd 
consecutive  ordinates,  as  Cc  and  Ee  (Fig.  89) ;  divide  CE 
into  three  equal  parts,  CK  =  KL  =  LE,  e^Ai^ 
and  erect  the  ordinates  K^  and  12,  dividing  ] 
the  two  trapezoids  Ccc^D  and  Dc^eE  into  the 
three  trapezoids  KjcTcK,  K^^L,  and  L?eE.  ^ — kdI" 
The  sum  of  the  areas  of  these  three  trapezoids  Fi8.9o 

=  iCK  (Cc  +  2K4  +  %U  +  Ee) 

=  \l  (Cc  +  i'Klc  +  %U  +  Ee),  (since  ^CK  =  ^CD  =  \T) 

=  \l  (Cc  +  4Do  +  Ee),  (since  3Ki  +  %U  —  4Do),       (2) 

which  is  a  closer  approximation  for  the  area  of  CceE 
than  (1). 

Now  when  the  curve  is  concave  towards  CE,  (2)  is 
smaller  than  the  area  between  CE  and  the  curve  ckdU ;  if 
we  substitute  for  Do,  the  ordinate  D<?,  which  is  a  little 
greater  than  Do  and  which  is  given,  (2)  becomes 

\l  (Cc  +  md  +  Ee),  (3) 

which  is  a  still  closer  approximation  than  (2). 
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Similarly  we  have  for  the  areas  of  AacQ  and  ^gG, 

\l  (A«  +  4B&  +  Oc),  and  \l  (Ee  +  4r/  +  G^).      (4) 

Adding  (3)  and  (4)  together,  we  have  for  an  approximate 
value  of  the  whole  area, 

¥  [y^  +yi  +  ^{y%+  y^)  +  4  (2/2  +  2/4  +  yi)l  (5) 

which  is  Simpson's  Formula.  Hence  Simpson's  rule  for 
finding  the  area  approximately  is  the  following :  Divide  the 
abscissa,  AG,  into  an  even  nuniber  of  equal  parts,  and  erect 
ordinates  at  the  points  of  division;  then  add  together  the 
first  and  last  ordinates,  ttvice  the  sum  of  all  the  other  odd 
ordinates i  and  four  times  the  sum  of  all  the  even  ordinates  ; 
multiply  the  sum  by  one-third  of  the  common  distance 
between  any  two  adjacent  ordinates.  (See  Todhunter's 
Mensuration,  also  Tate's  Geometry  and  Mensviration,  also 
Morin's  Mech's,  by  Bennett.) 

EXAMPLES. 

1.  A  variable  force  has  acted  through  3  ft. ;  the  value  of 
the  force  taken  at  seven  successive  equidistant  points, 
includingthe  first  and  the  last,  is  in  lbs.  189,  151.2,  126, 
108,  94.5,  84,  75.6  ;  find  the  whole  work  done. 

Ans.  346.4  foot-pounds. 

3.  A  variable  force  has  acted  through  6  ft. ;  the  value  of 
the  force  taken  at  seven  successive  equidistant  points, 
including  the  first  and  the  last,  is  in  lbs.  3,  8,  15,  24,  35, 
48,  63  ;  find  the  whole  work  done. 

Ans.  162  foot-pounds. 

3.  A  variable  force  has  acted  tlirough  9  ft. ;  the  value  of 
the  force  taken  at  seven  successive  equidistant  points, 
including  the  first  and  the  last,  is  in  lbs.  6.082,  6.164, 
6.245,  6.403,  6.481,  6.557;  find  the  whole  work  done. 

Ans.  56.907  foot-pounds. 
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Should  any  of  the  ordinates  become  zero,  it  will  not  pre- 
vent the  use  of  Simpson's  rule. 

Simpson's  rule  is  applicable  to  other  investigations  as 
well  as  to  that  of  work  done  by  a  variable  force.  For 
example,  if  we  want  the  velocity  generated  in  a  given  time 
in  a  particle  by  a  variable  force,  let  the  straight  line  AG 
represent  the  whole  time  during  which  the  force  acts,  and 
let  the  straight  lines  at  right  angles  to  AG  represent  the 
force  at  the  corresponding  instants;  then  the  area  will 
represent  the  whole  space  described  in  the  given  time. 

EXAMPLES. 

1.  The  ram  of  a  pile-driving  engine  weighs  half  a  ton,* 
and  has  a  fall  of  17  ft. ;  how  many  units  of  work  are  per- 
formed in  raising  this  ram  ?        Ans.  19040  foot-pounds. 

3.  How  many  units  of  work  are  required  to  raise  7  cwt. 
of  coal  from  a  mine  whose  depth  is  13  fathoms  ? 

Ans.  61153  foot-pounds. 

3.  A  horse  is  used  to  lift  the  earth  from  a  trench,  which 
he  does  by  means  of  a  cord  going  over  a  pulley.  He  pulls 
up,  twice  every  5  minutes,  a  man  weighing  130  lbs.,  and  a 
barrowf ul  of  earth  weighing  360  lbs.  Bach  time  the  horse 
goes  forward  50  ft. ;  find  the  units  of  work  done  by  the 
horse  per  hour.  Ans.  374000. 

4.  A  railway  train  of  T  tons  ascends  an  inclined  plane 
which  has  a  rise  of  e  ft.  in  100  ft.,  with  a  uniform  speed  of 
m  miles  per  hour ;  find  the  horse-power  of  the  engine,  the 
friction  beings  lbs.  per  ton. 

Ans.  -^nP+^^^Ae)  ^^^ 

5.  A  railway  train  of  80  tons  ascends  an  incline  which 
rises  one  foot  in  50  ft.,  with  the  uniform  rate  of  15  miles 

*  Ouc  ton  -  ^u  CIV  i.  =  ^iii)  lljs. 
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per  hour ;  find  the  horse-power  of  the  engine,  the  friction 
being  8  lbs.  per  ton.  Ans.  169.96  H.-P. 

6.  If  a  horse  exert  a  traction  of  t  lbs.,  what  weight,  w, 
will  he  pull  up  or  down  a  hill  of  small  inclination  which 
has  a  rise  of  e  in  100,  the  coefficient  being/? 

.  lOOit 

^^'- «'  =  mf±-e 

t.  Prom  what  depth  will  an  engine  of  32  horse-power 
raise  13  tons  of  coal  in  an  hour  ?  Ans.  34.9  ft. 

8.  An  engine  is  observed  to  raise  7  tons  of  material  an 
hour  from  a  mine  whose  depth  is  85  fathoms ;  find  the 
horse-power  of  the  engine,  supposing  \  of  its  work  to  be 
lost  in  transmission.  Ans.  4.4839  H.-P. 

9.  Eequired  the  horse-power  of  an  engine  that  would 
supply  a  city  with  wa.ter,  working  13  hours  a  day,  the 
water  to  be  raised  to  a  height  of  50  ft. ;  the  number  of 
inhabitants  being  130000,  and  each  person  to  use  5  gallons 
of  water  a  day,  the  gallon  weighing  8^  lbs.  nearly. 

Ans.  11.4  H.-P. 

10.  Prom  what  depth  will  an  engine  of  30  horse-power 
raise  600  cubic  feet  of  water  per  hour  ?     Ans.  1056  feet. 

11.  At  what  rate  per  hour  will  an  engine  of  30  horse- 
power draw  a  train  weighing  90  tons  gyoss,  the  resistance 
being  S^lbs.  per  ton  ?  Ans.  15.635  miles. 

13.  What  is  the  gross  weight  of  a  train  which  an  engine 
of  35  horse-power  will  draw  at  the  rate  of  35  miles  an 
hour,  resistances  being  8  lbs.  per  ton  ? 

Ans.  46.875  tons. 

13.  A  train  whose  gross  weight  is  80  tons  travels  at  the 
rate  of  30  miles  an  hour ;  if  the  resistance  is  8  lbs. 
per  ton,  what  is  the  horse-power  of  the  engine  ? 

Ana.  U^sB-.-V. 
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14.  What  must  be  the;  length  of  the  stroke  of;  a  piston 
of  an  engine,  the  surface  of  which  is  1500  square  incliesj 
which  makes  20  strokes  per  minute,  so  that  with  a  mean 
pressure  of  12  lbs.  on  each  square  inch  of  the  piston,  the 
engine  may  be  of  80  horse-power  ?  Ans.  7^  ft. 

15.  The  diameter  of  the  piston  of  an  engine  is  80  ins., 
the  length  of  the  stroke  is  10  ft.,  it  makes  11  strokes  per 
minute,  and  the  mean  pressure  of  the  steam  on  the  piston 
is  12  lbs.  per  square  inch  ;  what  is  the  horse-power  ? 

Ans.  201-06  H.-P. 

16.  The  cylinder  of  a  steam  engine  has  an  internal 
diameter  of  3  ft,  the  length  of  the  stroke  is  6  ft.,  it  makes 
6  strokes  per  minute;  under  what  effective  pressure  per 
square  inch  would  it  have  to  work  in  order  that  75  horse- 
power may  be  done  on  the  piston  ?  Ans.  67-  54  lbs. 

17.  It  is  said  that  a  horse,  walking  at  the  rate  of  2^  miles 
an  hour,  can  do  1650000  units  of  work  in  an  hour ;  what 
force  in  pounds  does  he  continually  exert  ? 

Ans.   125  lbs. 

18.  Find  the  horse-power  of  an  engine  which  is  to  move 
at  the  rate  of  30  miles  an  hour,  the  weight  of  the  engine 
and  load  being  50  tons,  and  the  resistance  from  friction 
16  lbs.  per  ton.  Ans.  64  H.-P. 

19.  There  were  6000  cubic  ft.  of  water  in  a  mine  whose 
depth  is  60  fathoms,  when  an  engine  of  50  horse-power 
began  to  work  the  pump  ;  the  engine  continued  to  work  5 
hours  before  the  mine  was  cleared  of  the  water  ;  required 
the  number  of  cubic  ft.  of  water  which  had  run  into  the 
mine  during  the  5  hoars,  supposing  I  of  the  work  of  the 
engine  to  be  lost  by  transmission.      Ans.  10500  cubic  ft. 

20.  Find  the  horse-power  of  a  steam  engine  which  will 
raise  30  cubic  ft.  of  water  per  minute  from  a  mine  440  ft. 
deep.  Am.  25  H.-P. 
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21.  If  a  pit  10  ft.  deep  with  an  area  of  4  square  ft.  be 
excavated  and  the  earth  thrown  up,  how  much  work  will 
have  been  done,  supposing  a  cubic  foot  of  earth  to  weigh 
90  lbs.  Ans.  18000  fi-lbs. 

22.  A  well-shaft  300  ft.  deep  and  5  ft.  in  diameter  is  full 
of  water ;  how  many  units  of  work  must  be  expended  in 
getting  this  water  out  the  well ;  {i.  e.,  irrespectively  of  any 
other  water  flowing  in)  ?  Ans.  155323350  ft.-lbs. 

23.  A  shaft  a  ft.  deep  is  full  of  water;  find  the  depth  of 
the  surface  of  the  water  when  one-quarter  of  the  work 
required  to  empty  the  shaft  has  been  done.  .        a  „ 

./L7t/S.    7r  ID. 
/i 

24.  The  diameter  of  the  cylinder  of  an  engine  is  80  ins., 
the  piston  makes  per  minute  8  strokes  of  10^  ft.  under  a 
mean  pressure  of  15  Ihs.  per  square  inch  ;.the  modulus  of 
the  engine  is  0-55;  how  many  cubic  ft.  of  water  will  it 
raise  from  a  depth  of  112  ft.  in  one  minute  ? 

Ans.  485-78  cub.  ft. 

25.  If  in  the  last  example  the  engine  raised  a  weight  of 
66433  lbs.  through  90  ft.  in  one  minute,  what  must  be  the 
mean  pressure  per  square  inch  on  the  piston  ? 

Ans.  26-37  lbs.    ' 

26.  If  the  diameter  of  the  piston  of  the  engine  in  Ex.  34 
had  been  85  ins.,  what  addition  in  horse-power  would  that 
make  to  the  useful  power  of  the  engine  ? 

Ans.  13-28  H.-P. 

27.  If  an  engine  of  50  horse-power  raise  2860  cub.  ft.  of 
water  per  hour  from  a  mine  60  fathoms  deep,  find  the 
modulus  of  the  engine.  Ans.  -65. 

28.  Find  at  what  rate  an  engine  of  30  horse-power  could 
draw  a  train  weighing  50  tons  up  an  incline  of  1  in  280, 
the  resistance  from  friction  being  7  lbs.  per  ton. 

Ans.  1320  ft.  per  minute. 


433  EXAMPLES. 

29.  A  forge  hammer  weighing  300  lbs.  makes  100  lifts  a 
minute,  the  perpendicular  height  of  each  lift  being  3  ft.; 
what  is  the  horse-power  of  the  engine  that  gives  motion  to 
20  such  hammers  ?  Ans.  36-36  H.-P. 

30.  An  engine  of  10  horse-power  raises  4000  lbs.  of  coal 
from  a  pit  1200  ft.  deep  in  an  hour,  and  also  gives  motion 
to.  a  hammer  which  makes  60  lifts  in  a  minute,  each  lift 
having  a  perpendicular  height  of  4  ft.;  what  is  the  weight 
of  the  hammer  ?  Ans.  1250  lbs. 

31.  Find  the  horse-power  of  the  engine  to  raise  T  tons  of 
coal  per  hour  from  a  pit  whose  depth  is  a  fathoms,  and  at 
the  same  time  to  give  motion  to  a  forge  hammer  weighing 
w  lbs.,  which  makes  n  lifts  per  minute  of  h  ft.  each. 

Ans.  ^^-±^  H.-P. 
334a 

32.  Find  the  useful  work  done  by  a  fire  engine  per 
second  which  discharges  every  second  13  lbs.  of  water  with 
a  velocity  of  50  ft.  per  second.  Ans.  508  nearly. 

33.  A  railway  truck  weighs  m  tons ;  a  horse  draws  it 

along  horizontally,  the  resistance  being  n  lbs.  per  ton ;  in 

passing  over  a  space  s  the  velocity  changes  from  u  to  v; 

find  the  work  done  by  the  horse  in  this  space. 

.        2340m  ,  ,         „, 
Ans.  — s —  (^  —  W)  +  mns. 

34.  The  weight  of  a  ram  is  600  lbs.,  and  at  the  end  of 
the  blow  has  a  velocity  of  32|  ft.;  what  work  has  been 
done  in  raising  it  ?  Ans.  9650. 

35.  Kequired  the  work  stored  in  a  cannon  ball  whose 
weight  is  33^  lbs.,  and  velocity  1500  ft.      Ans.  1135000. 

36.  A  ball,  weighing  30  lbs.,  is  projected  with  a  velocity 
of  60  ft.  a  second,  on  a  bowling-green  ;  what  space  will  the 
ball  move  over  before  it  comes  to  rest,  allowing  thefriotion 
to  be  ^  the  weight  of  the  ball  ?  Ans.  1007-3  ft. 
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37.  A  train,  weighing  193  tons,  has  a  velocity  of  30 
miles  an  hour  when  the  steam  is  turned  off ;  how  far  will 
the  train  move  on  a  level  rail  before  coming  to  rest,  the 
friction  being  5^  lbs.  per  ton  ?  Ans,  13356  ft. 

38.  A  train,  weighing  60  tons,  has  a  velocity  of  40  miles 
an  hour,  when  the  steam  is  turned  off,  how  far  will  it 
ascend  an  incline  of  1  in  100,  taking  friction  at  8  lbs.  a  ton  ? 

Ans.  3943^  ft. 

39.  A  carriage  of  1  ton  moves  on  a  level  rail  with  the 
speed  of  8  ft.  a  second;  through  what  space  must  the 
carriage  move  to  have  a  velocity  of  3  ft.,  supposing  friction 
to  be  6  lbs.  a  ton  ?  Ans.  348  ft. 

40.  If  the  carriage  in  the  last  example  moved  over  400 
feet  before  it  comes  to  a  state  of  rest,  what  is  the  resistance 
of  friction  per  ton  ?  Ans.  5. 57  lbs. 

41.  A  force,  P,  acts  upon  a  body  parallel  to  the  plane ; 
find  the  space,  s,  moved  over  when  the  body  has  attained  a 
given  velocity,  v,  the  coefficient  of  friction  being/,  and  the 
body  weighing  w  lbs.  .  wi^ 


2g  (P  -fw) 

43.  Suppose  the  body  in  the  last  example  to  be  moved 
for  t  seconds  ;  required  (1)  the  velocity,  v,  acquired,  and 
(3)  the  work  stored. 

43.  A  body,  weighing  40  lbs.,  is  projected  along  a  rough 
horizontal  plane  with  a  velocity  of  150  ft.  per  second  ;  the 
coefficient  of  friction  is  \ ;  find  the  work  done  against  fric- 
tion in  5  seconds.  Ans.  3500  foot-pounds. 

44.  A  body  weighing  50  lbs.,  is  projected  along  a  rough 
horizontal  plane  with  the  velocity  of  40  yards  per  second ; 
find  the  work  expended  when  the  body  comes  to  re^t. 

Atis.  11350  ft.-lbs. 
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45.  If  a  traiQ  of  cars  weighing  100000  lbs.  is  moving  on 
a  horizontal  track  with  a  velocity  of  40  miles  an  hour  when 
the  steam  is  turned  oflf;  through  what  space  will  it  move 
before  it  is  brought  to  rest  by  friction,  the  friction  being 
8  lbs.  per  ton?  ^ws.  13374.8  ft. 

46.  What  amount  of  energy  is  acquired  by  a  body  weigh- 
ing 30  lbs.  that  falls  through  the  whole  length  of  a  rough 
inclined  plane,  the  height  of  which  is  30  ft.,  and  the  base 
100  ft.,  the  coefficient  of  friction  being  |  ? 

Ans.  300ft.-lbs. 

47.  If  a  train  of  cars,  weighing  T  tons,  ascend  an  incline 
having  a  raise  of  e  ft.  in  100  ft.,  with  the  velocity  v^  ft.  per 
second  when  the  steam  is  turned  off;  through  what  space, 
X,  will  it  move  before  it  comes  to  a  state  of  rest,  the  friction 
being  p  lbs.  per  ton  ?  a  _       IISOj;^^ 

g  (22. 4e  +  p) 

48.  Suppose  the  train,  in  Ex.  4,  Art.  217,  to  be  attached 
to  a  rope,  passing  round  a  wheel  at  the  top  of  the  incline, 
which  has  an  empty  train  of  T^  tons  attached  to  the  other 
extremity  of  the  rope ;  what  velocity,  v,  will  the  train 
acquire  in  descending  s  ft;  of  the  incline  ? 


Ans. 


sJ'^n^Y 


Ti      gps 


+  Ti       1120 


49.  An  engine  of  35  horse-power  makes  20  revolutions 
per  minute,  the  weight  of  the  fly-wheel  is  20  tons  and  the 
diameter  is  20  ft.;  what  is  the  accumulated  energy  in  foot- 
pounds? Ans.  307000. 

50.  If  the  fly-wheel  in  the  last  example  lifted  a  weight  of 
4000  lbs.  through  3  ft.,  what  part  of  its  angular  velocity 
would  it  lose  ?  Ans.  -^. 

51.  If  the  axis  of  the  above  fly-wheel  be  6  ins.  in 
diameter,  the  coefficient  of  friction  0-075,  what  fraction, 
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approximately,  of  the  35  horse-power  is  expended  in  turn- 
ing the  fly-wheel  ?  Ans.  ^. 

53.  In  pile  driving,  38  men  raised  a  ram  13  times  in  an 
hour ;  the  weight  of  the  ram  was  13  cwt.,  and  the  height 
through  which  it  was  raised  140  ft.;  find  the  work  done  by 
one  man  in  a  minute.  Ans.  990  ft.-lbs. 

53.  A  battering-ram,  weighing  3000  lbs.,  strikes  the 
head  of  a  pile  with  a  velocity  of  30  ft.  per  second ;  how  far 
will  it  drive  the  pile  if  the  constant  resistance  is  10000  lbs.? 

Ans.  1,35  ft. 

54.  A  nail  3  ins.  long  was  driven  into  a  block  by  suc- 
cessive blows  from  a  monkey  weighing  5.01  lbs.;  after  one 
blow  it  was  found  that  the  head  of  the  nail  projected  0-  8 
of  an  inch  above  the  surface  of  the  block  ;  the  monkey,  was 
then  raised  to  a  height  of  1.5  ft.,  and  allowed  to  fall  upon 
the  head  of  the  nail ;  after  this  blow  the  head  of  the  nail 
was  0.46  of  an  inch  above  the  surface ;  find  the  force  which 
the  monkey  exerted  upon  the  head  of  the  nail  at  this  blow. 

Ans.  365.55  lbs. 

55.  The  monkey  of  a  pile-driver,  weighing  500  lbs.  is 
raised  to  a  height  of  30  ft.,  and  then  allowed  to  fall  upon 
the  head  of  a  pile,  which  is  driven  into  the  ground  1  inch 
by  the  blow;  find  the  force  which  the  monkey  exerted 
upon  the  head  of  the  pile.  Ans.  130000  lbs. 

56.  A  steam  hammer,  weighing  500  lbs.,  falls  through  a 
height  of  4  ft.  under  the  action  of  its  own  weight  and  a 
steam  pressure  of  1000  lbs.;  find  the  amount  of  work 
which  it  can  do  at  the  end  of  the  fall. 

Ans.  6000  ft.-lbs. 

57.  The  mean  section  of  a  stream  is  8  square  ft.;  its 
mean  velocity  is  40  ft.  per  minute ;  it  has  a  fall  of  17^  ft.; 
it  is  required  to  raise  water  to  a.  height  of  300  ft.  by  means 
of  a  water-wheel  whose  modulus  is  0. 7 ;  how  many  cubic  ft. 
will  it  raise  per  minute  ?  Ans.  13.07  cub.  ft. 
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58.  To  what  height  wOuld  the  wheel  in  the  last  example 
raise  2}  cub.  ft.  of  water  per  minute  ?         Ans.  1743f  ft. 

59.  The  mean  section  of  a  stream  is  1^  ft.  by  11  ft. ;  its 
mean  yelocity  is  3^  miles  an  hour  ;  there  is  on  it  a  fall  of 
6  ft.  on  which  is  erected  a  wheel  whose  modulus  is  0.7 ;  this 
wheel  is  employed  to  raise  the  hammers  of  a  forge,  each  of 
which  weighs  2  tons,  and  has  a  lift  of  l^ft.;  how  many 
lifts  of  a  hammer  will  the  wheel  yield  per  minute? 

Ans.  142  nearly. 

60.  In  the  last  example  determine  the  mean  depth  of 
the  stream  if  the  wheel  yields  135  lifts  per  minute. 

Ans.  1.43  ft. 

61.  In  Ex.  59,  how  many  cubic  ft.  of  water  must  descend 
the  fall  per  minute  to  yield  97  lifts  of  the  hammer  per 
minute  ?  Ans.  3483  cub.  ft. 

63.  A  stream  is  a  ft.  broad  and  b  ft.  deep,  and  flows  at 
the  rate  of  c  ft.  per  hour;  there  is  a  fall  of  h  ft. ;  the  water 
turns  a  machine  of  which  the  modulus  is  e ;  find  the  num- 
ber of  bushels  of  corn  which  the  machine  can  grind  in  an 
hour,  supposing  that  it  requires  m  units  of  work  per 
minute  for  one  hour  to  grind  a  bushel.       .       1000a5c7;e 

"****•  16  X  60m' 

63.  Down  a  14-ft.  fall  300  cub.  ft.  of  water  descend  every 
minute,  and  turn  a  wheel  whose  modulus  is  0.6.  The 
wheel  lifts  water  from  the  bottom  of  the  fall  to  a  height  of 
54  ft. ;  (1)  how  many  cubic  ft.  will  be  thus  raised  per 
minute  ?  (3)  If  the  water  were  raised  from  the  top  of  the 
fall  to  the  same  point,  what  would  the  number  of  cubic  ft. 
then  be?  Ans.  (1)  31.1  cub.  ft.;  (2)  34.7  cub.  ft. 

In  the  second  case  the  number  of  cnb.  ft.  of  water  taken  from  the 
top  of  the  fall  being  x,  the  number  of  ft.  that  will  turn  the  wheel  will 
be  200  -  a;. 

64.  Find  how  many  units  of  work  are  stored  up  in  a 
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mill-pond  which  is  100  ft.  long,  50  ft.  broad,  and  3  ft.  deep, 
and  has  a  fall  of  8  ft.  '  Ans.  7500000. 

65.  There  are  three  distinct  levels  to  be  pumped  in  a 
mine,  the  first  100  fathoms  deep,  the  second  120,  the  third 
150  ;  30  cub.  ft.  of  water  are  to  come  from  the  first,  40  from 
the  second,  and  60  from  the  third  per  minute ;  the  duty  of 
the  engine  is  70000000  for  a  bushel  of  coail.  Determine  (1) 
its  working  horse-power  and  (2)  the  consumption  of  coal 
per  hour.  Ans.  (1)  191  H.-P. ;  (2)  5.4  bushels.  '' 

66.  In  the  last  example  suppose  there  is  another  level  of 
160  fathoms  to  be  pumped,  that  the  engine  does  as  much 
work  as  before  for  the  other  levels,  and  that  the  utmost 
power  of  the  engine  is  275  H.-P. ;  find  the  greatest  number 
of  cub.  ft.  of  water  that  can  be  raised  from  the  fourth  level. 

Ans.  46 J  cub.  ft. 

67.  A  variable  force  has  acted  through  8  ft.;  the  value 
of  the  force  taken  at  nine  successive  equidistant  points, 
including  the  first  and  the  last,  is  in  lbs.  10.204,  9.804, 
9.434,  9.090,  8.771,  8.475,  8.197,  7.937,  7.692;  find  the 
whole  work  done.  Ans.  70.641  foot-pounds. 

68.  The  value  of  a  variable  force,  taken  at  nine  succes- 
sive equidistant  points,  including  the  first  and  the  last 
points,  is  in  lbs.  2.4849,  2.5649,  2.6391,  2.7081,  2.7726, 
2.8332, 2.8904, 2.9444,  2.9957,  the  common  distance  between 
the  points  is  1  ft. ;  find  the  whole  work  done. 

Ans.  22.0957  foot-pounds. 

69.  A  train  whose  weight  is  100  tons  (including  the 
engine)  is  drawn  by  an  engine  of  150  horse-power,  the  fric- 
tion being  14  lbs.  per  ton,  and  all  other  resistances  neglect- 
ed ;  find  the  maximum  speed  which  the  engine  is  capable 
of  sustaining  on  a  level  rail.     Ans.  40^  miles  per  hour. 

70.  If  the  train  described  in  the  last  example  be  moving 
at  a  particular  instant  with  a  velocity  of  15  miles  per  hour. 


428  EXAMPLES. 

and  the  engine  working  at  full  power,  what  is  the  accelera- 
tion at  that  instant  ?    (Call  g  =  33.)  Ans.  ■^. 

71.  Find  the  horse-power  of  an  engine  rej^uired  to  drag  a 
train  of  100  tons  up  an  incline  of  1  in  50  with  a  velocity  of 
30  miles  an  hour,  the  friction  being  1400  lbs. 

Ans.  The  engine  must  be  of  not  less  than  4'J'Of  horse- 
power. This  is  somewhat  above  the  power  of  most  locomo- 
tive engines. 

72.  A  train,  of  200  tons  weight,  is  ascending  an  incline 
of  1  in  100  at  the  rate  of  30  miles  per  hour,  the  friction 
being  8  lbs.  per  ton.  The  steam  being  shut  off  and  the 
break  applied,  the  train  is  stopped  in  a  quarter  of  a  mile. 
Find  the  weight  of  the  break-van,  the  coefficient  of  fric- 
tion of  iron  on  iron  being  |.  Ans.  ll^j  tons. 


CHAPTER    VI. 

MOMENT    OF    INERTIA.* 

224.  Moments  of  Inertia. — The  quantity  Sw2?-?  in 
which  m  is  the  mass  of  an  element  of  a  body,  and  r  its 
distance  from  an  axis,  occurs  frequently  in  problems  of 
rotation,  so  that  it  becomes  necessary  to  consider  it  in 
detail ;  it  is  called  the  moment  of  inertia  of  the  body  about 
the  axis  (Art.  318).  Hence,  "moment  of  inertia"  may  be 
defined  as  follows :  If  the  mass  of  every  particle  of  a  body  be 
multiplied  by  the  square  of  its  distance  from  a  straight  line, 
the  sum  of  the  products  so  formed  is  called  the  Moment  of 
Inertia  of  the  body  about  that  line. 

If  the  mass  of  every  particleof  a  body  be  multiplied  by 
the  square  of  its  distance  from  a  given  plane  or  from  a 
given  point,  the  sum  of  the  products  so  fornied  is  called  the 
moment  of  inertia  of  the  body  with  reference  to  that  plane 
or  that  point. 

If  the  body  be  referred  to  the  axes  of  x  and  y,  and  if  the 
mass  of  each  particle  be  multiplied  by  its  two  co-ordinates, 
X,  y,  the  sum  of  the  products  so  formed  is  called  the 
product  of  inertia  of  the  body  about  those  two  axes. 

If  dm  denote  the  mass  of  an  element,  p  its  distance  from 
the  axis,  and  /  the  moment  of  inertia,  we  have 

/  =  -Zfdm.  (1) 

If  the  body  be  referred  to  rectangular  axes,  and  x,  y,  z, 
be  the  co-ordinates  of  any  element,  then,  according  to  the 
definitions,  the  moments  of  inertia  about  the  axes  of  x,  y, 
z,  respectively,  will  be 

*  This  term  was  introduced  by  Euler,  and  has  now  got  into  general  use  when- 
ever Kigid  Dynamics  is  studied. 
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2  (y3  +  22)  dm,    S  (22  +  x^)  dm,    S  (ajS  +  f)  dm.    (2) 

The  moments  of  inertia  with  respect  to  the  planes  yz,  zx, 
xy  respectively,  are, 

^xHm,    J.y^dm,    'LzHm.  (3) 

The  products  of  inertia  with  respect  to  the  axes  y  and  z, 
2  and  X,  X  and  y,  are 

S  yzdm,    S  zxdm,    S  xydm^  (4) 

The  moment  of  inertia  with  respect  to  the  origin  is 

^{3?  +  y^  +  z^)  dm  =  2  r^dm,  (5) 

where  r  is  the  distance  of  the  particle  from  the  origin. 

The  moment  of  inertia  of  a  lamina,  when  the  axis  lies  in 
it,  is  called  a  rectangular  moment  of  inertia,  and  when  it  is 
perpendicular  to  the  lamina  it  is  called  a  polar  moment  of 
inertia,  and  the  corresponding  axis  is  called  the  rectangular 
or  the  polar  axis. 

The  process  of  finding  moments  and  products  of  inertia 
is  merely  that  of  integration  ;  but  after  this  has  been  accom- 
plished for  the  simplest  axes  possible,  they  can  be  found 
without  integration  for  any  other  axes. 

EXAMPLES. 

1.  Find  the  moment  of  inertia  of  a  uniform  rod,  of  mass 
m,  and  length  I,  about  an  axis  through  its  centre  at  right 
angles  to  it. 

Let  x  be  the  distance  of  any  element  of  the  rod  from  the 
centre,  and  ju  the  mass  of  a  unit  of  length  ;  then  dm  =  fidx, 
which  in  (1)  gives  for  the  moment  of  inertia  S  fJkZ^dx,  or 


=    /    fixMz, 
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remembering  that  the  symbol  of  summation,  2,  includes 
integration  in  the  cases  wherein  the  body  is  a  continuous 
mass. 

Hence  /  =  -^nT^  =  ^mK 

If  the  axis  be  drawn  through  one  end  of  the  rod  and 
perpendicular  to  its  length  we  shall  have  for  the  moment 
of  inertia 

/  =  \mK 

3.  Find  the  moment  of  inertia  of  a  rectangular  lamina* 
about  an  axis  through  its  centre,  parallel  to  one  of  its  sides. 

Let  b  and  d  denote  the  breadth  and  depth  respectively  of 
the  rectangle,  the  former  being  parallel  to  tbe  axis.  Im- 
agine the  lamina  composed  of  elementary  strips  of  length  h 
parallel  to  the  axis.  Let  the  distance  of  one  of  them  from 
the  axis  be  y,  and  its  breadth  dy ;  then,  denoting  the  mass 
of  a  unit  of  area  by  ii,  we  have  dm  =  fiMy,  which  in  (1) 
gives 

fibyMy  =  ^bc^  =  ^^d^. 

id 

If  the  axis  be  drawn  through  one  end  of  the  rectangle,  we 
shall  have  for  the  moment  of  inertia 

r  =  ^cH^. 

3.  Find  -the  moment  of  inertia  of  a  circular  lamina  with 
respect  to  an  axis  through  its  centre  and  perpendicular  to 
its  surface. 

Let  the  radius  ^  a,  and  fi  the  mass  of  a  unit  of  area  as 
before,  then  we  have 

J  _  r'"  r..„3  ^„  M  _  '^K  _  ^^a' 


^pftit   pa 
=   /      I   y-r^dr  dd 


2 


*  In  all  caees  we  Bhall  asBnme  the  thicknesB  of  the  lamiose  or  plates  to  be 
infinitesimal. 
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4.  Find  the  moment  of  inertia  of  a  circular  plate  (1) 
about  a  diameter  as  an  axis,  and  (3)  about  a  tangent. 

Ans.  (1)  {ma^;  (2)  |mal 

5.  Find  the  moment  of  inertia  of  a  square  plate,  (1) 
about  an  axis  through  its  centre  and  perpendicular  to  its 
plane,  (3)  about  an  axis  which  joins  the  middle  points  of 
two  opposite  sides,  and  (3)  about  an  axis  passing  through 
an  angular  point  of  the  plate,  and  perpendicular  to  its 
plane.  Let  a  =  the  side  of  the  plate  and  jt*  the  mass  of  a 
unit  of  area, 

a        a 

(1)  1=  J^^f\{a?  +  f)dydx=.''-^  =  ^a^; 

(3)  yV»««';  (3)  l»'«^- 

6.  Find  the  moment  of  inertia  of  an  isosceles  triangular 
plate,  (1)  about  an  axis  through  its  vertex  and  perpen- 
dicular to  its  plane,  and  (2)  about  an  axis  which  passes 
through  its  vertex  and  bisects  the  base. 

Let  3S  =  the  base  and  a  =  the  altitude,  then 


'J  0    ^0 


"  fi{x>  +  yi)  dydx  =  j  (aa2  +  h^) ;  (3)  ^mbl 


225.  Moments  of  Inertia  relative  to  Parallel 
Axes,  or  Planes. — The  moment  of  inertia  of  a  body  about 
any  axis  is  equal  to  its  moment  of  inertia  about  a  parallel 
axis  through  the  centre  of  gravity  of  the  body,  plus  the 
product  of  the  mass  of  the  body  into  the  square  of  the  dis- 
tance between  the  axes. 


Let  the  plane  of    the    paper 
through  the  centre  of  gravity  of  the 
body,  and  be  perpendicular  to  the  two 
parallel  axes,  meeting  them  in  0  and 
G,  and  let  P  be  the  projection  of  any     -  - 

element  on  the  plane   of  the  paper.  '^' 
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Take  the  centre  of  gravity,  G,  as  origin,  the  fixed  axis 
through  it  perpendicular  to  the  plane  of  the  paper  as  the 
axis  of  z,  and  the  plane  through  this  and  the  parallel  axis 
for  that  of  zx  ;  and  let  I^  be  the  moment  of  inertia  about 
the  axis  through  G,  /  that  for  the  parallel  axis  through  0, 
a  the  distance,  OG,  between  the  axes,  and  {x,  y)  any  point, 
P.    Then  we  shall  have 

7j  =  X  {x^  +  f)dm;  Z"  =  2  [{x  +  af  +  «/«]  dm. 

Hence        /  —  -^i  =  3a  '^xdm  +  a^  Zdm  =  a^m, 

since  Zxdm  =  0,  as  the  centre  of  gravity  is  at  the  origin. 

.-.     I  ^  I^  +  ahn,  (1) 

which  is  called  (he  formula  of  reduction. 

Hence  the  moment  of  inertia  of  a  body  relative  to  any 
axis  can  be  found  when  that  for  the  parallel  axis  through 
its  centre  of  gravity  is  known. 

CoE.  1. — The  moments  of  inertia  of  a  body  are  the  same 
for  all  parallel  axes  situated  at  the  same  distance  from  its 
centre  of  gravity.  Also,  of  all  parallel  axes,  that  which 
passes  through  the  centre  of  gravity  of  a  body  has  the  least 
moment  of  inertia. 

Cor.  3. — It  is  evident  that  the  same  theorem  holds  if  the 
moments  of  inertia  be  taken  with  respect  to  jjarallel  planes, 
instead  of  parallel  axes. 

A  similar  property  also  connects  the  moment  of  inertia 
relative  to  any  point  with  that  relative  to  the  centre  of 
gravity  of  the  body. 

EXAMPLES. 

1.  The  moment  of  inertia  of  a  rectangle*  in  reference 
to  an  axis  through  its  centre  and  parallel  to  one  end  is 

*  See  Note  to  Ex.  2,  Art.  234 ;  strictly  speaking,  an  area  has  a  moment  of  inertia 
no  more  than  it  has  weight. 
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^mi^ ;  find  the  moment  of  inertia  in  reference  to  a  parallel 
axis  through  one  end. 
From  (1)  we  hare 

/j  =  ^^md?  +  —m  =  ^d^. 

3.  The  moment  of  inertia  of  an  isosceles  triangle  about 
an  axis  through  its  vertex  and  perpendicular  to  its  plane 
is  ^m  (3a'  +  &^),  (Art.  224,  Ex.  6) ;  find  its  moment  about 
a  parallel  axis  through  the  centre. 

From  (1)  we  have 

I  =\m  (3a2  +  ¥)  —  ^dhn  =  ^m  {^a^  +  ¥). 

3.  Find  the  moment  of  inertia  of  a  circle  about  an  axis 
through  its  circumference  and  perpendicular  to  its  plane 
(See  Ex.  3,  Art.  334).  Ans.  fmal 

4.  Find  the  moment  of  inertia  of  a  square  about  an  axis 
through  the  middle  point  of  one  of  its  sides  and  perpen- 
dicular to  its  plane  (Ex.  5,  Art.  324).  Ans.  -^^maK 

226.  Radius  of  G-yration. — Let  h  be  such  a  quantity 
that  the  moment  of  inertia  =  mk?,  then  we  shall  have 

/  =  J-r^dm  =^  ml?.  (1) 

The  distance  h  is  called  the  radius  of  gyration  of  the 
body  with  respect  to  the  fixed  axis,  and  it  denotes  the 
distance  from  the  axis  to  that  point  into  which  if  the  whole 
mass  were  concentrated  the  moment  of  inertia  would  not  be 
altered.  The  yoint  into  which  the  body  might  be  concen- 
trated, without  altering  its  moment  of  inertia,  is  called  the 
centre  of  gyration.  When  the  fixed  axis  passes  through  the 
centre  of  gravity,  the  length  Tc  and  the  point  of  concentra- 
tion are  called  -principal  radius  and  principal  centre  of 
gyration. 
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Let  Jci  =  the  principal  radius  of  gyration  and  r^  the 
distance  of  an  element  from  the  axis  through'  the  centre  of 
gravity ;  then  from  (1)  we  have 

m'k?  =  S  rHm 

—  £  ri^dm  +  ma\  [by  (1)  of  Art.  235] 

=  mk^  +  mc^; 

.-.    *3  =  V  +  a2,  (3) 

from  which  it  appears  that  the  principal  radius  of  gyration 
is  the  least  radius  for  parallel  axes,  which  is  also  evident 
from  Cor.  1,  Art.  335. 

ScH. — In  homogeneous  bodies,  since  the  mass  of  any  part 
varies  directly  as  its  volume,  (1)  may  be  written 

S.t^dV=rk%  (3) 

where  d  V  denotes  the  element  of  volume,  and  V  the  entire 
volume  of  the  body. 

Hence,  in  homogeneous  bodies,  the  value  of  k  is  inde- 
pendent of  the  density  of  the  body,  and  depends  only  on  its 
form ;  and  in  determining  the  moment  of  inertia,  we  may 
take  the  element  of  volume  or  weight  for  the  element  of 
mass,  and  the  total  volume  or  weight  of  the  body  instead 
of  its  mass. 

Also  in  finding  the  moment  of  inertia  of  a  lamina,  since 
k  is  independent  of  the  thickness  of  the  lamina,  we  may 
take  the  element  of  area  instead  of  the  element  of  mass, 
and  the  total  area  of  the  lamina  instead  of  its  mass, 

From  (1)  we  have 

k^  =  -•  (4) 

Similarly,  k,^  =  ^,  (5) 
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hence,  the  square  of  the  radius  of  gyration  with  respect  to 
any  axis  equals  the  moment  of  inertia  with  respect  to  the 
same  axis  divided  by  the  mass. 

EXAMPLES. 

1.  Find  the  principal  radius  of  gyration  of  a  straight 
line. 

From  Ex.  1,  Ai-t.  334,  we  have 

/,  =  i^mP; 

therefore  from  (5)  we  have  ^i^  =  -^P. 

3.  Find  the  principal  radius  of  gyration  of  a  circle  (1) 
with  respect  to  a  polar  axis,  and  (3)  with  respect  to  a 
rectangular  axis.  Ans.  (1)  -Ja^ ;  (3)  ^a^. 

3.  Find  the  principal  radius  of  gyration  of  a  I'ectangle 
with  respect  to  a  rectangular  axis.  Ans.  -^dK 

4.  Find  the  principal  radius  of  gyration  (1)  of  a  square 
with  respect  to  a  polar  axis,  and  (3)  of  an  isosceles  triangle 
with  respect  to  a  polar  axis. 

Ans.  (1)K;   (3)  i  (i«' +  5«). 

227.  Polar  Moment  of  Inertia. — If  any  thin  plate,  or 
lamina,  be  referred  to  two  rectangular  axes  and  x,  y  be  the 
co-ordinates  of  any  element,  then  (Art.  334)  the  moments 
of  inertia  about  the  axes  of  x  and  y  respectively,  are  S  y^dm 
and  S  x'^dm ;  and  therefore  the  moment  of  inertia  with 
respect  to  the  axis  drawn  perpendicular  to  the  plane  at  the 
intersection  of  the  axes  of  x  and  y  is 

S(a^  +  y^).dm. 

Hence  the  polar  moment  of  inertia  of  any  lamina  is  equal 
to  the  sum  of  the  m.ometits  of  inertia  with  respect  to  any  two 
rectangular  axes,  lying  in  the  plane  of  the  lamina. 
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CoK. — For  every  two  rectangular  axes  in  the  plane  of 
the  lamina,  at  any  point,  we  have 

X  x^dm  +  S  y'^dm  =  const. 

that  is,  ihe  sum  of  the  moments  of  inertia  toith  respect  to  a 
pair  of  rectangular  axes  is  constant.  Hence,  if  one  be  a 
maximum,  the  other  is  a  minimum,  and  vice  versa. 

EXAMPLES. 

1.  Find  the  moment  of  inertia  of  a  rectangle  with  respect 
to  an  axis  through  its  centre  and  perpendicular  to  its  plane. 

From  Ex.  3,  Art.  324,  the  rectangular  moments  of 
inertia  are 

■^^md^  and  -^mW; 

therefore  the  polar  moment  of  inertia  =  -^m  (rf^  +  W) ; 

2.  Find  the  moment  of  inertia  of  an  isosceles  triangle 
with  respect  to  an  axis  through  its  centre  parallel  to  its 
base,  a  being  the  altitude  and  and  %h  the  base. 

Ans.  -^ma^;  k^  =  -^-guK 

228.  Moment  of  Xnertia  of  a  Solid  of  Revolution, 
•with  respect  to  its  Geometric  Axis. — Let  the  axis  be 
that  of  x;  and  let  the  equation  of  the  generating  curve 
be  y  z=f(x).  Let  the  solid  be  divided  into  an  iniinite 
number  of  circular  plates  perpendicular  to  the  axis  of 
revolution;  let  the  density  be  uniform  and  fi  the  mass  of  a 
unit  of  volume ;  and  denote  by  x  the  distance  of  the  centre 
of  any  circular  plate  from  the  origin,  y  its  radius,  and  dx 
its  thickness  ;  then  the  moment  of  inertia  of  this  circular 
plate  about  an  axis  through  its  centre  and  perpendicular  to 
its  plane,  by  (Ex.  3,  Art.  324),  is 
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therefore  the  moment  of  inertia  of  the  whole  solid  is 


"ff[f(^)ydx;  (1) 


2 
the  integration  being  taken  between  proper  limits. 

EXAMPLES. 

1.  Find  the  moment  of  inertia  of  a  right  circular  cone 
about  its  axis. 

Let  h  =  the  height  and  b  =  the  radius  of  the  base ; 

then  the  equation   of  the  generating  curve  is  y  =  j  x, 
which  in  (1)  gives  for  the  moment  of  inertia, 

^  -  2¥  Jo  '^'^'^  -     10 
=  ^mW;  (since  m  =  ^\MA- 
Therefore    h^^  =  ^. 

2.  Find  the  moment  of  inertia  (1)  of  a  solid  cylinder 
about  its  axis,  5  being  its  radius  and  h  its  height,  and  (3) 
of  a  hollow  cylinder,  5  and  V  being  the  external  and 
internal  radii,  Ans.  (1)  \mW ;  (3)  \m  {W  +  5'«). 

3.  Find  the  moment  of  inertia  of  a  paraboloid  about  its 
axis,  h  being  its  altitude  and  h  the  radius  of  the  base. 


Ans. 


6 


229.  Moment  of  Inertia  of  a  Solid  of  Revolution, 
with  respect  to  an  Axis  Perpendicular  to  its  Geo- 
metric Axis. — Take  the  origin  at  the  intersection  of  the 
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axis  of  reTolution  with  the  axis  about  which  the  moment 
of  inertia  is  required ;  and  denoting  by  x  the  distance  of 
the  centre  of  any  circular  plate  from  the  origin,  y  its 
radius  and  dx  its  thickness,  we  have  for  the  moment  of 
inertia  of  this  circular  plate,  about  a  diameter,  by  Ex.  4, 
Art.  324, 

"Lfdx; 

therefore  (Art.  325)  the  moment  of  inertia  of  this  plate 
about  the  parallel  axis  at  the  distance  x  from  it  is 

-—■dx  +  TTfiy^x^dx; 
therefore  the  moment  of  inertia  of  the  whole  solid  is 

wfll'  +  fxjdx,  (1) 

the  integration  being  taken  between  proper  limits. 

EXAMPLES. 

1.  Find  the  moment  of  inertia  of  a  right  circular  cone 
about  an  axis  through  its  vertex  and  perpendicular  to  its 
own  axis. 

Let  h  =  the  height  and  b  —  the  radius  of  the  base,  then 
the  moment  of  inertia  from  (1) 

=  ^TO  (47t«  +  P). 

3.  Find  the  moment  of  inertia  of  a  cone,  whose  altitude 
=  h,  and  the  radius  of  whose  base  =  b,  about  an  axis 
through  its  centre  of  gravity  and  perpendicular  to  its  own 

axis.  J.ns.  -^m  {h^  +  ib^). 
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3.  Find  the  moment  of  inertia  of  a  paraboloid  of  revolu- 
tion about  an  axis  through  its  vertex  and  perpendicular  to 
its  ov?n  axis,  the, altitude  being  h  and  the  radius  of  the 

o 


230.  Moment  of  Inertia  of  Various  Solid  Bodies. 

EXAMPLES. 

1.  Find  the  moment  of  inertia  of  a  rectangular  parallel- 
epiped about  an  axis  through  its  centre  of  gravity  and  par- 
allel to  an  edge. 

Let  the  edges  be  a,i,c;  since  a  parallelepiped  may  be 
conceived  as  consisting  of  an  infinite  number  of  rectangular 
laminae,  each  of  which  has  the  same  radius  of  gyration 
relative  to  an  axis  perpendicular  to  its  plane,  it  follows 
that  the  radius  of  gyration  of  the  parallelepiped  is  the 
same  as  that  of  the  laminae.  Hence,  the  moments  of 
Inertia  relative  to  three  axes  through  the  centre  and  par- 
allel to  the  edges  a,  h,  c,  respectively,  are  by  Ex.  1,  Art. 
237,  ^^m  (ja  +  c^),  ^m  (a«  +  (?),  i^m  (a^  +  ¥). 

2.  Find  the  moment  of  inertia  of  a  rectangular  parallel- 
epiped about  an  edge. 

This  may  be  obtained  immediately  from  the  last  exam- 
ple by  using  Art.  335,  or  otherwise  independently  as 
follows : 

Take  the  three  edges  a,  h,  c  for  the  axes  of  x,  y,  z, 
respectively ;  let  |u  be  the  mass  of  a  unit  of  volume,  then 
the  moment  of  inertia  relative  to  the  edge  a  is 

na    fib    pc 

=   /    /    /  1^  if  +  z^)  dx  dy  dz 
^0  "0  «^o 
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and  similarly  for  the  moments  of  inertia  about  the  edges 
i  and  c. 

The  moment  of  inertia  of  a  cube  whose  edge  is  a  witli 
respect  to  one  of  its  edges  is  ^jxa^  =  fma'. 

3.  Find  the  moment  of  inertia  of  a  segment  of  a  sphere 
relative  to  a  diameter  parallel  to  the  plane  of  section,  the 
radius  of  the  sphere  being  a  and  the  distance  of  the  plane 
section  from  the  centre  h. 

Ans.  -^n  (16flS  +  I5a^b  +  lOa^bs  _  955). 

231.  Moment  of  Inertia  of  a  Lamina  with  respect 
to  any  Axis. — When  the  moment  of  inertia  of  a  plane 
figure  about  any  axis  is  known,  we  easjly  find  the  moment 
of  inertia  about  any  parallel  axis  (Art.  335) ;  also,  when 
the  moments  of  inertia  about  two  rectangular  axes  in  the" 
plane  of  the  figure  are  known,  the  moment  of  inertia  about 
the  straight  line  at  right  angles  to  the  plane  of  these  axes 
at  their  intersection  is  known  immediately,  (Art.  337)  ;  we 
now  proceed  to  find  the  moment  of  inertia  about  any 
straight  line  in  the  plane  inclined  to  these  axes  at  any 
angle. 

Through  any  point,  0,  as 
origin,  draw  two  rectangular 
axes,  OX,  OY,  in  the  plane  of 
the  lamina;  and  draw  any 
straight  line,  OX,  in  the  plane. 
It  is  required  to  find  the  mo-  Fig.92 

ment   of   inertia  about  OX  in 
terms  of  the  moments  of  inertia  about  OX  and  OY. 

Let  P  be  any  point  of  the  lamina,  a;,  y,  its  rectangular, 
and  r,  6,  its  polar  co-ordinates,  p  =  PM,  and  «  the  angle 
2;0X.  Then  if  I  be  the  moment  of  inertia  of  the  lamina 
relative  to  Ox,  a  and  i  the  moments  of  inertia  relative  to 
the  axes  of  x  and  y  respectively,  and  h  the  product  of 
inertia  relative  to  the  same  axes,  we  have 


442  PRINCIPAL   AXES  OF  A   BODY. 

/  =  S  j^dm  =  E  r2  sin^  {0  —  «)  dm 
=  2  (y  cos  a  —  a;  sin  of  dm 

=  cos^  a  S  y^dm  +  sin^  a  2  x^dm  —  2  sin  a  cos  a  2  xydm 
=  a  cos'  a  +  b  sin'  «  —  3/»  sin  «  cos  «.  (1) 

If  we  choose  the  axes  so  that  the  term  A  or  S  xydm  =  0, 
the  expression  for  /  becomes  much  simpler.  The  pair  of 
axes  so  chosen  are  called  the  principal  axes  at  the  point; 
and  the  corresponding"  moments  of  inertia  are  called  the 
principal^  moments  of  inertia  of  the  lamina,  relative  to  the 
point. 

If  A  and  B  represent  these  principal  moments  of  inertia, 
(1)  becomes 

I  =  Acqs*  a-\-  B  sin'  a.  (2) 

.  Hence,  the  moment  of  inertia  of  a  lamina  with  respect  to 
any  axis  through  a  point  may  he  found  when  the  principal 
moments  loith  respect  to  the  point  are  determined. 

232.  Principal  Axes  of  a  Body. — At  any  point  of  a 
rigid  lody  and  in  any  plane  there  is  a  pair  of  principal 
axes. 

Let  OX,  OY  (Pig.  92),  be  any  rectangular  axes  in  the 
plane;  let  Ox,  Oy,  be  another  set  of  rectangular  axes  in 
the  same  plane,  inclined  to  the  former  at  an  angle  « ;  let 
a,  b,  and  h,  as  before,  denote  the  moments  and  product  of 
inertia  about  OX,  OY,  and  let  {x',  y')  be  any  point,  P, 
referred  to  the  axes  Ox,  Oy.  Then,  using  the  notation  of 
the  last  article,  we  have 

x'  ■=  r  cos  (0  —  a);    y'  =z  r  sin  (0  —  «) ; 

S  x'y'dm  =  is  r'  sin  2  {0  —  a)  dm 

=  cos  2a  S  r'  sin  6  cos  6  dm 

—  I  sin  2«  2  r'  (cos'  0  —  sin'  6)  dm. 

Putting  this  =  0,  and  solving  for  «,  wc  obtain 
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tan  'Ha 


2S  r^  sin  6  cos  0  dm 
S  r^  (cos^  e  —  sin2  S) 

2S  a;^  (?m       _     2A 
^{x^  —  y^)dm  ~  i^^i 


(1) 


As  the  tangent  of  an  angle  may  have  any  value,  positive 
or  negative,  from  0  to  oo ,  it  follows  that  (1)  will  always 
give  a  real  value  for  3«,  so  there  is  always  a  set  of  princi- 
pal axes  ;  that  is,  at  every  point  in  a  body  there  exists  one 
pair  of  rectangular  axes  for  which  the  quantity  h  or 
S  xy  dm  =  0. 

CoE. — It  may  also  be  shown  that  at  every  point  of  a 
rigid  body  there  are  three  axes  at  right  angles  to  one 
another,  for  which  the  products  of  inertia  vanish.* 

*  Let  o,  6,  c,  be  tte  moments  of  inertia  about  tbiee 
axes,  OX;  OY,  OZ,  at  right  angles  to  one  anotlier ;  d-,  6, 
/,  Uie  products  of  inertia  (Smys,  'Smzx,  Snucj^,  re- 
spectively). Let  Ox  be  any  line  drawn  through  the 
origin,  making  angles  i.,  /J,  y,  with  the  co-ordinate 
axes. 

Let  OL,  LM,  MP,  be  the  co-ordinates  x,  y,  z,  of  any 
point  P  of  the  body  at  which  an  element  of  mass  7n  is 
situated.    Draw  PN  perpendicular  to  Ox. 

Projecting  the  broken  line,  OLMP,  on  ON,  (Art. 
102),  we  have  Fig.9la 

ON  =  X  cos  a  +  y  cos  /8  -^  «  cos  y  ; 

also  0P»  =  X'  +  y'  +  e',    and    1  =  cos '  a  +  cos"  0  +  cos°  y. 

The  moment  of  inertia  I  about  Ox  =  5)  mPN" 

=  S»i  (OP'  -  0N=) 

=  Sm  [x'  +  y'  +  g'  —  (x  cos  a  +  y  cos  0  +  z  cos  j-)"] 

=  2m[(a;'-^y''-^^')(cos''  a-ncos'  |8-^cos»  y)—(xcos  a-^J/cos/ff+^cos  y)'] 

=  'Sm  (y'  +  s')  COB'  a  +  Sm  (a»  +  x')  cos"  |3  •^  £m  («"  +  y')  cos'  y 

—  %I,myz  cos  0  cos  y  —  SSmsa'  cos  y  cos  o  -  SSm  cos  a  cos  0 
=  a  cos'  a  +  b  cos'  0  +  c  cos'  y  —  3ii  cos  0  cos  y 

—  2e  cos  y  cos  a  —  Zf  cos  a  cos  |8.  (1) 

To  represent  this  geometrically,  take  a  point  Q  on  ON ;  and  let  its  distance 
from  O  be  r,  and  its  co-ordinates  be  x„  yu  8,.    Then 

X,  =  r  cos  a,    Pi  =  r  cos  0,    Zi  =  r  cos  y. 
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ScH. — In  many  eases  the  position  of  the  principal  axes 
can  be  seen  at  once.  Suppose,  for  example,  we  wish  the 
principal  axis  for  a  rectangle  when  the  given  point  is  the 
centre.  Draw  through  the  centre  straight  lines  parallel  to 
the  sides  of  the  rectangle  ;  then  these  will  be  the  principal 

Therefore  (1)  becomea 

1 ^ — —  .  (a) 

But  the  equation 

<ra,=  +  by^'  +  ca,"  -  Zdy^z-,  -  2««,a!,  -  ?ft;,y,  =  1,  (3) 

denotes  an  ellipsoid  whose  centre  is  at  O ;  because  a,  fi,  c  are  necessarily  positive; 
since  a  moment  of  inertia  is  essentially  positive,  being  title  sum  of  a  number  of 
squares.    If  then  Q  is  a  point  on  this  ellipsoid,  (2)  becomes 


or  the  moment  of  inertia  about  any  line  through  O,  is  measured  by  the  sqnare  of 
the  reciprocal  of  the  radius  vector  of  this  ellipsoid,  which  coincides  with  the 
line.         ^ 

This  is  called  the  momentcU  ellipeoid,  and  was  first  used  by  Cauchy,  Eaxrcises  de 
Math.,  Vol.  n.  It  has  no  physical  existence,  but  is  an  artiace  to  bring  under  the 
methods  of  geometry  the  properties  of  moments  of  inertia.  The  momental  ellip- 
soid has  a  definite  form  for  every  point  of  a  rigid  body. 

Now  every  ellipsoid  has  three  axes,  to  which  if  it  is  refeiTcd,  the  coeflicients  of 
yz,  zx,  xij  vanish,  and  therefore  (3),  when  transformed  to  these  axes  takes  the 
form 

Aa:,» +  Bj^.' +  C2,»  =  1;  (4) 

and  hence  (1)  or  (8)  when  referred  to  these  axes,  becomes 

I  =  A  cos"  a  +  B  cos"  |S  +  C  cos'  y,  (5) 

where  A,  B,  O,  are  the  moments  of  inertia  of  the  body  about  these  axes. 

When  three  rectangular  axes,  meeting  in  a  given  point,  are  chosen  so  that  the 
products  of  inertia  all  vanish,  they  are  called  the  principal  axes  at  the  given 
point. 

The  three  planes  through  any  two  principal  axes  are  called  the  principal  planes 
at  the  given  point. 

The  moments  of  inertia  about  the  principal  axes  at  any  point  arc  called  the  prin- 
cipal moments  of  inertia  at  that  point. 

If  the  three  principal  moments  of  inertia  of  a  body  are  equal  to  one  another  the 
ellipsoid  (4)  becomes  a  sphere,  since  A  =  B  =  C ;  and  therefore  the  moment  of 
inertia  about  every  other  axis  is  equal  to  these,  for  (6)  becomee 

I  =  A  (cos'  a  +  cos"  0  +  COB'  y)  —  A; 

and  every  axis  is  a  jirincipal  axis.  (See  Eouth's  Eigid  Dynamics,  )i,  18,  Piico'B 
Anal.  Mcch'B,  Vol.  II,  p.  ISO,  Tiiiu's  Bigid  Dynamics,  p  ID,  etc.; 
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axes;  because  for  every  element,  dm,  on  one  side  of  the 
axis  of  X  at  the  point  {x,  y),  there  is  another  element  of 
equal  mass  on  the  other  side  at  the  point  {x,  — y).  Hence, 
S  xy  dm  consists  of  terms  which  may  be  arranged  in  pairs, 
so  that  the  two  terms  in  a  pair  are  numerically  equal  but 
of  opposite  signs  ;  and  therefore  S  xy  dm  =  0. 

Again,  if  in  any  uniform  body  a  Straight  line  can  be 
drawn  with  respect  to  which  the  body  is  exactly  symmetri- 
cal, this  must  be  a  principal  axis  at  every  point  in  its 
length.  Any  diameter  of  a  uniform  circle  or  sphere  or  the 
axis  of  a  parabola  or  ellipse  or  hyperbola  is  a  principal  axis 
at  any  point  in  its  line ;  but  the  diagonal  of  a  rectangular 
plate  is  not  for  this  reason  a  principal  axis  at  its  middle 
point,  for  every  straight  line  drawn  perpendicular  to  it  is 
not  equally  divided  by  it. 

Let  the  body,  be  synimetrical  about  the  plane  of  xy,  then 
for  every  element  dm,  on  one  side  of  the  plane  at  the  point 
{x,  y,  z),  there  is  another  element  of  equal  mass  on  the 
other  side  at  the  point  {x,  y,  — z).  Hence,  for  such  a  body 
2  xz  dm  =  0  and  2  yz  dm  =  0.  If  the  body  be  a  lamina  in 
the  plane  of  xy,  then  z  of  every  element  is  zero,  and  we 
have  again  S  xz  dm  =  0,  S  y«  dm  =  0. 

Thus,  in  the  case  of  the  ellipsoid,  the  three  principal 
sections  are  all  planes  of  symmetry,  and  therefore  the  three 
axes  of  the  ellipsoid  are  principal  axes.  Also,  at  every 
point  in  a  lamina  one  principal  axis  is  the  perpendicular  to 
the  plane  of  the  lamina. 


EXAMPLES. 

1.  Find  the  moment  of  inertia  of  a  rectangular  lamina 
about  a  diagonal. 

From  Ex.  2,  Art.  334,  the  moments  of  inertia  about  two 
lines  through  the  centre  parallel  to  the  sides  (principal 
moments  of  inertia)  are 
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■^md^    and    ^jwS' ; 

where  I  and  d  are  the  breadth  and  depth  respectiTely. 

Also,  if  a  be  the  angle  which  the  diagonal  makes  with 
the  side  t,  we  have 

sill'  «  =  JH   ,    ^»    cos2  « 


Substituting  these  values  for  A,  B,  sin*  a,  cos*  a,  in  (3)  of 
Art.  331,  we  have 


+  (P 

2.  Find  the  moment  of  inertia  of  an  isosceles  triangular 
plate  about  an  axis  through  its  centre  and  inclined  at  an 
angle  a  to  its  axis  of  symmetry,  a  being  its  altitude  and  2b 
its  base.  Ans.  \m  {\a^  cos*  a  +  5*  sin*'«). 

3.  Find  the  moment  of  inertia  of  a  square  plate  about  a 
diagonal,  a  being  a  side  of  the  square.  Ans.  -^ma?. 

233.  Products  of  Inertia. — The  value  of  the  product 
of  inertia  at  any  point  may  be  made  to  depend  on  the  value 
of  the  product  of  inertia  for  parallel  axes  through  the  cen- 
tre of  gravity.  Let  {x,  y)  be  the  position  of  any  element, 
dm,  referred  to  axes  through  any  assigned  point ;  {x',  y')  the 
position  of  the  element  referred  to  parallel  axes  through 
the  centre  of  gravity,  and  {h,  Jc)  the  centre  of  gravity 
referred  to  the  first  pair  of  axes.    Then 

X  =  x'  +  }i,     y  —  y'  +  h; 

therefore     i:xydm  =  I,  (x'  +  h)  {y'  +  k)  dm 

=  S  x'y'  dm  +  A*  2  dm,  (1) 

since  E  mx'  =  0,  and  S  my'  =  0. 
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ScH. — By  (1)  we  may  often  find  the  product  of  inertia 
for  an  assigned  origin  and  axes.  Thus,  suppose  we  require 
the  product  of  inertia  in  the  case  of  a  rectangle,  when  the 
origin  is  at  the  comer,  and  the  axes  are  the  edges  which 
meet  at  that  comer.  By  Art.  233,  Sch.  we  have  Zx'y'dm 
=  0 ;  therefore  from  (1)  we  have 

^xydm  =  hk^dm ; 

and  as  h  and  k  are  known,  heing  half  the  lengths  of  the 
edges  of  the  rectangle  to  which  they  are  respectively 
parallel,  the  prpduct  of  inertia  is  known. 

EXAMPLES. 

Find  the  expressions  for  the  moments  of  inertia  in  the 
following,  the  bodies  being  supposed  homogeneous  in  all 
cases. 

1.  The  moment  of  inertia  of  a  rod  of  length  a,  with 

respect  to  an  axis  perpendicular  to  the  rod  and  at  a  distance 

d  from  its  middle  point.  .  (a^ 

^  Ans.  m ' 


(i^^y 


2.  The  moment  of  inertia  of  an  arc  of  a  circle  whose 
radius  is  a  and  which  subtends  an  angle  2a  at  the  centre,  (1) 
about  an  axis  through  its  centre  perpendicular  to  its  plane, 
(3)  about  an  axis  through  its  middle  point  perpendicular  to 
its  plane,  (3)  about  the  diameter  which  bisects  the  arc. 

Ans.  {l)ma^;  (3)  2m  (l-^)««;  (3)  m(l-'i||f^)|!. 

3.  The  moment  of  inertia  of  the  are  of  a  complete 
cycloid  whose  length  is  a  with  respect  to  its  base. 

Ans.  ^^^aK 

4.  The  moment  of  inertia  of  an  equilateral  triangle,  of 
side  a,  relative  to  a  line  in  its  plane,  parallel  to  a  side,  at 
the  distance  d  from  its  centre  of  gravity. 

Ans.  mi^  +  (P). 
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5.  Given  a  triangle  whose  sides  are  a,  i,  c,  and  whose 
perpendiculars  on  these  sides,  from  the  opposite  vertices 
are  J3,  q,  r,  respectively ;  find  the  moment  of  inertia  of  the 

■  triangle  about  a  line  drawn  through  each  vertex  and 
parallel  respectively,  (1)  to  the  side  a,  (2)  to  the  side  I,  (3) 
to  the  side  c.  Ans.   (1)  ^mp^;  (3)  {mf  ;  (3)  \inr\ 

6.  Find  the  moment  of  inertia  of  the  triangle  in  the  last 
example  relative  to  the  three  lines  drawn  through  the 
centre  of  gravity  of  the  triangle  and  parallel  respectively 
to  the  sides  «,  b,  c.  Ans.  -^mp^ ;  -^^mq^ ;  -^^mrK 

7-.  Find  the  moment  of  inertia  of  the  triangle  in  Ex.  5, 
relative  to  the  three  sides  a,  b,  c,  respectivelj^ 

Ans.  Imp^;  }mq^;  ^mrK 

8.  The  moment  of  inertia  of  a  right  angled  triangle,  of 
hypothenuse  c,  relative  to  a  perpendicular  to  its  plane 
passing  through  the  right  angle.  '    Ans.  ^mc^. 

9.  The  moment  of  inertia  of  a  ring  whose  outer  and 
inner  radii  are  a  and  b  respectively,  (1)  with  respect  to  a 
polar  axis  througli  its  centre,  and  (2)  with  respect  to  a 
diameter.  Ans.   (1)  ^ni  {a^  +  P)  ;  (2)  ^m  {cfi  +  W). 

10.  The  moment  of  inertia  of  an  ellipse,  (1)  with  respect 
to  its  major  axis,  (2)  with  respecb  to  its  minor  axis,  and  (3) 
with  respect  to  an  axis  through  its  centre  and  perpendicular 
to  its  plane. 

Ans.    (1)  Iml^;    (2)  \ma^;    (3)  Im  (««  +  6'). 

11.  The  moment  of  inertia  of  the  surface  of  a  sphere  of 
radius  a  about  its  diameter.  Ans.  ^ma^. 

12.  The  moment  of  inertia  of  a  right  prism  whose  base 
is  a  right  angled  triangle,  with  respect  to  an  axis  passing 
through  the  centres  of  gravity  of  the  ends,  the  sides  con- 
taining the  right  angle  of  the  triangular  base  being  a  and  b 
and  the  height  of  the  prism  c.  Ans.  -^n  {a^  +¥). 
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13.  The  moment  of  inertia  of  a  right  prism  whose  height 
is  c,  about  an  axis  passing  through  the  centres  of  gravity  of 
the  ends,  the  base  of  the  prism  being  an  isosceles  triangle 
whose  base  is  a  and  height  b.  43  ('^^  j_  ^\ 


'•*(^f)- 


14.  The  moment  of  inertia  of  a  sphere  of  radius  a,  (1) 
relative  to  a  diameter,  and  (3)  relative  to  a  tangent. 

Ans.  (1)  ^maJ^ ;  (3)  ^aK 

15.  The  moment  of  inertia,  about  its  axis  of  rotation,  (1) 
of  a  prolate  spheroid,  and  (3)  of  an  oblate  spheroid. 

Ans.  (1)  %mff>;  (3)  fma^. 

16.  The  moment  of  inertia  of  a  cylinder,  relative  to  an 
axis  perpendicular  to  its  own  axis  and  intersecting  it,  (1)  at 
a  distance  c  from  its  end,  (3)  at  the  end  of  the  axis,  and  (3) 
at  the  middle  point  of  the  axis,  the  altitude  of  the  cylinder 
being  h  and  radius  of  its  base  a. 

Ans.   (1)  Ima^  +  ^m  {¥  +  Bhc  +  (?) ; 

(3)  ^m  (3a«  +  W) ;  (3)  -^m  {h^  +  SaJ>). 

17.  The  moment  of  inertia  of  an  ellipse  about  a  central 
radius  vector  r,  making  an  angle  «  with  the  major-alis. 

Ans.  im  —5-- 

*  y* 

18.  The  moment  of  inertia  of  the  area  of  a  parabola  cut 
off  by  any  ordinate  at  a  distance  x,  from  the  vertex,  (1) 
about  the  tangent  at  the  vertex,  and  (3)  about  the  axis  of 
the  parabola. 

Ans.  i^ma? ;  (3)  \my^  where  y  is  the  ordinate  correspond- 
ing to  X. 

19.  The  moment  of  inertia  of  the  area  of  the  lemniscate, 
r^  —  a"  cos  26,  about  a  line  through  the  origin  in  its  plan- 
and  perpendicular  to  its  axis.  Ans.  -^m  (Stt  +  8)  a^ 


450  EXAMPLES. 

20.  The  moment  of  inertia  of  the  ellipsoid, 

«3  +  ^  +  ^  -  ^" 

ahout  the  axis  a,  h,  c,  respectively. 

Ans.  (1)  ^m  (6^  +  (?) ;  (3)  jw  (c«  +  a«) ; 
(3)  im  (««  +  5^). 


CHAPTER    VII. 

ROTATORY    MOTION. 

234.  Impressed  and  BflFective  Forces.— All  forces 
acting  on  a  body  other  than  the  mutual  actions  of  the 
particles,  are  called  the  Impressed  Forces  that  act  on  the 
body. 

Thus,  when  a  ball  is  thrown  in  vacuo,  the  impressed 
force  is  gravity ;  if  a  ball,  is  rotating  about  a  vertical  axis, 
the  impressed  forces  are  gravity  and  the  reaction  of  the 
axis. 

The  impressed  or  external  forces  are  the  cause  of  the  motion  and  of 
all  the  other  forces.  Which  are  the  impressed  forces  depends  upon 
the  particular  system  which  is  under  consideration.  The  same  force 
may  be  external  to  one  system  and  internal  to  another.  Thus,  the 
pressure  between  the  foot  of  a  man  and  the  deck  of  a  ship  on  which 
he  is,  is  external  to  the  ship  and  also  to  the  man  and  is  the  cause  of 
his  own  forward  motion  and  of  a  slight  backward  motion  of  the  ship ; 
but  if  the  man  and  ship  are  considered  as  parts  of  one  system  the 
pressure  is  internal. 

When  a  particle  is  moving  as  part  of  a  rigid  body,  it  is 
acted  on  by  the  external  impressed  forces  and  also  by  the 
molecular  reactions  of  the  other  particles.  Now  if  this 
particle  were  considered  as  separated  from  the  rest  of  the 
body,  and  all  the  forces  removed,  there  is  some  one  force 
which,  singly,  would  move  it  in  the  same  way  as  before. 
This  force  is  called  the  Effective  Force  on  the  particle ;  it  is 
evidently  the  resultant  of  the  impressed  and  molecular 
forces  on  the  particle. 

Thus,  the  efEective  force  is  that  part  of  the  impressed  force  which 
is  effective  in  causing  actual  motion.  It  is  the  force  which  is  required 
for  producing  the  deviation  from  the  straight  line  and  the  change  of 
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velocity.  If  a,  particle  is  revolving  with  constant  velocity  round  a 
fixed  axis,  the  effective  force  is  the  centripetal  force  (Art.  1.98).  If  a, 
heavy  body  falls  without  rotation,  the  whole  force  of  gravity  is 
effective  ;  but  if  it  is  rotating  about  a  horizontal  axis  the  weight  goes 
partly  to  balance  the  pressure  on  the  axis. 

If  we  suppose  the  particle  of  mass  in  to  be  at  the  point 
(.)■,  y,  z)  at  any  time,  t,  and  resolve  the  forces  acting  on  it 
into  the  three  axial  components,  X,  Y,  Z,  the  motion  may 
be  found  [Art.  168  (3)]  by  solving  the  simultaneous  equa- 
tions 

d^T-  cj/^li  ^Z 

If  we  regard  a  rigid  body  as  one  in  which  the  particles 
retain  invariable  positions  with  respect  to  one  another,  so 
that  no  external  force  can  alter  them  (Art.  43),  we  might 
write  down  the  equations  of  the  several  particles  in  accord- 
ance with  (1),  if  all  the  forces  were  known.  Such,  how- 
ever, is  not  the  case.  We  know  nothing  of  the  mutual 
actions  of  the  particles,  and  consequently  cannot  determine 
the  motion  of  the  body  by  calculating  the  motion  of  its 
particles  separately.  When  there  are  several  rigid  bodies 
which  mutually  act  and  react  on  one  another  the  problem 
becomes  still  more  complicated. 

235.  D'Alembert's  Principle.*— By  D'Alembert's 
Principle,  however,  aU  the  necessary  equations  may  be 
obtained  without  writing  down  the  equations  of  motion  oJ 
the  several  particles,  and  without  any  assumption  as  to  the 
nature  of  the  mutual  actions  except  the  following,  which 
may  be  regarded  as  a  natural  consequence  of  the  laws  of 
motion. 

The  internal  actions  and  reactions  of  any  system  of  rigid 
bodies  in  motion  are  in  equilibrium  among  themselves. 

*  Introduced  by  D'Alembert  in  1742. 
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The  axial  accelerations  of  the  particle  of  mass  m,  which 

^j^X       uP"U       (Jj^Z 

is  moving  as  part  of  a  rigid    hody,  are    ^,  ^,  -^^^ 

Let/  be  their  resultant,  then  the  eflfectire  force  is  measured 
by  mf.  Let  i^and  R  be  the  resultants  of  the  impressed  and 
molecular  forces,  respectively,  on  the  particle.  Then  mf 
is  the  resultant  of  F  and  R.  Hence  if  mf  be  reversed,  the 
three  forces,  F,  R,  and  mf,  are  in  equilibrium. 

The  same  reasoning  may  be  applied  to  every  particle  of 
each  body  of  the  system,  thus  furnishing  three  groups  of 
forces,  similar,  respectively,  to  F,  R,  and  mf;  and  these 
thi-ee  groups  wiU  form  a  system  of  forces  in  equilibrium. 
Now  by  D'Alembert's  principle  the  group  R  will  itself 
form  a  system  of  forces  in  equilibrium.  Whence  it  follows 
that  the  group  F  will  be  in  equilibrium  with  the  group  mf. 
Hence, 

If  forces  equal  and  exactly  opposite  to  the  effective  forces 
were  applied  at  each  particle  of  the  system,  they  would  le 
in  equilitrium  with  the  impressed  forces. 

That  is,  D'' Alemberf s  principle  asserts  that  tJie  whole 
effective  forces  of  a  system  are  together  equivalent  to  the 
impressed  forces. 

ScH. — By  this  principle  the  solution  of  a  problem  in 
Kinetics  is  reduced  to  a  problem  in  Statics  as  follows :  We 
first  choose  the  co-ordinates  by  means  of  which  the  position 
of  the  system  in  space  may  be  fixed.  We  then  express  the 
effective  forces  on  each  element  in  terms  of  its  co-ordinates. 
These  efEeetive  forces,  reversed,  will  be  in  equilibrium 
with  the  given  impressed  forces.  Lastly,  the  equations  of 
motion  for  each  body  may  he  formed,  as  is  usually  done  in 
Statics,  by  resolving  in  three  directions  and  taking  mo- 
ments about  three  straight  lines.  (See  Routh's  Eigid 
Dynamics,  Pine's  Eigid  Dynamics,  Pratt's  Mech's,  Price's 
Anal.  Mech's,  Vol.  IL) 
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236.  Rotation  of  a  Rigid  Body  about  a.  Fixed 
Axis  under  the  Action  of  any  Forces.— Let   any 

plane  passing  through  the  axis  of  rotation  and  fixed  in 
space  be  taken  as  a  plane  of  reference.  Let  m  he  the  mass 
of  any  element  of  the  body,  r  its  distance  from  the  axis, 
and  0  the  angle  which  a  plane  through  the  axis  and  the 
element  makes  with  the  plane  of  reference. 
Then  the  velocity  of  wi  in  a  direction  perpendicular  to 

the  plane  containing  the  element  and  the  axis  is  r-^- 

The   moment   of  the   momentum*  of  this   particle   about 

the  axis  is  mr^^fr- 
dt 

all  the  particles  is 


the  axis  is  mr^  -^-    Hence  the  moment  of  the  momenta  of 


^mr^%.  (1) 

Since  the  particles  of  the  body  are  rigidly  connected, 

it  is  clear  that  -^  is  the  same  for  every  particle,  and  is  the 

angular  velocity  of  the  body.     Hence  the  moment  of  the 

momenta  of  all  the  particles  of  the  body  about  the  axis  is  the 

moment  of  inertia  of  the  body  about  the  axis  multiplied  by 

the  augular  velocity. 

The  acceleration  of  m  perpendicular  to  the  direction  in 

d/^0 
which  r  is  measured  is  r  ^^r,  and  therefore  the  moment  of 
dt^ 

d/'d 
the  moving  forces  of  m  about  the  axis  is  w^r'-^-    Hence, 

the  moment  of  the  effective  forces  of  all  the  particles  of  the 
body  about  the  axis  is 

^^^'%'  (3) 

which  is  the  moment  of  inertia  of  the  body  about  the  axis 
multiplied  by  the  angular  acceleration. 

*  Called  also  Angular  Momentum.    (See  Pirie'e  Bigid  Dynamics,  p.  44.) 
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(1)  Let  the  forces  be  impulsive  (Art.  303) ;  let  w,  w',  be 
the  angular  velocities  just  before  and  Just  after  the  action 
of  the  forces,  and  N  the  moment  of  the  impressed  forces 
about  the  axis  of  rotation,  by  which  the  motion  is  pro- 
duced. 

Then,  since  by  D'Alembert's  principle  the  effective 
forces  when  reversed  are  in  equilibrium  with  the  impressed 
forces,  we  have  from  (1) 

(o  —  0)  = 

moment  of  impulse  about  axis  _ 


moment  of  inertia    about  axis ' 


(3) 


that  is,  the  change  in  the  angular  velocity  of  a  body,  pro- 
duced hy  an  impulse,  is  equal  to  the  moment  of  the  impulse 
divided  hy  the  moment  of  inertia  of  the  hody, 

(3)  Let  the  forces  be  finite.      Then  taking  moments 
about  the  axis  as  before,  we  have  from  (3) 


dJ^d  N 


dt^       S  mr* 

moment  of  forces  about  axis  _ 
moment  of  inertia  about  axis ' 


(4) 


that  is,  the  angular  acceleration  of  a  lody,  produced  by  a 
force,  is  equal  to  the  moment  of  the  force  divided  by  the 
moment- of  inertia  of  the  body. 

By  integrating  (4)  we  shall  know  the  angle  through 
which  the  body  has  revolved  in  a  given  time.  Two  arbi- 
trary constants  will  appear  in  the  integrations,  whose 
values  are  to  be  determined  from  the  given  initial  values 

of  d  and  ^-    Thus  the  whole  motion  can  be  found,  and 
dt 
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we  shall  consequently  be  able  to  determine  the  position  of 
the  body  at  any  instant.      ^ 

ScH. — It  appears  from  (3)  and  (4)  that  the  motion 
of  a  rigid  body  round  a  fixed  axis,  under  the  action  of  any 
forces,  depends  on  (1)  the  moment  of  the  forces  about 
that  axis,  and  (2)  the  moment  of  inertia  of  the  body  about 
the  axis.  If  the  whole  mass  of  the  body  were  concentrated 
into  its  centre  of  gyration  (Art.  326),  and  attached  to  the 
fixed  axis  of  rotation  by  a  rod  without  mass,  whose  length 
is  the  radius  of  gyration,  and  if  this  system  were  acted  on 
by  forces  having  the  same  moment  as  before,  and  were  set 
in  motion  with  the  same  initial  values  of  6  and  the  angular 
velocity,  then  the  whole  subsequent  angular  motion  of  the 
rod  would  be  the  same  as  that  of  the  body.  Hence,  we  may 
say  briefly,  that  a  body  turning  about  a  fixed  axis  is 
kinetically  given  when  its  mass  and  radius  of  gyration  are 
known. 

EXAMPLE. 

A  rough  circular  horizontal  board  is  capable  of  revolving 
freely  round  a  vertical  axis  through  its  centre.  A  man 
walks  on  and  round  at  the  edge  of  the  board;  when  he 
has  completed  the  circuit  what  will  be  his  position  in 
space  ? 

Let  a  be  the  radius  of  the  board,  M  and  M'  the  masses 
of  the  board  and  man  respectively ;  0  and  B'  the  angles 
described  by  the  board  and  man,  and  i^the  action  between 
the  feet  of  the  man  and  the  board. 

The  equation  of  motion  of  the  board  by  (4)  is 

Since  the  action  between*  the  man  and.  the  board  is  con- 
tinually tangent  to  the  path  described  by  the  man,  the 
equation  of  motion  of  the  man  is,  by  (5)  of  Art.  20, 
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Eliminating  F  and  integrating  twice,  the  constant  being 
zero  in  both  cases,  because  "the  man  and  board  start  from 
rest,  we  get 

Mk?d  =  M'a^e'.  (1) 

"When  the  man  has  completed  the  circuit  we  have  0  +  &' 
=  2Tr;  also  Tc^  =^  —•    Substituting  these  in  (1)  we  get 


b' 


2nM 
2M'  +  M'' 


which  gives  the  angle  in  space  described  by  the  man. 
If  if  =  M',  tMs  becomes 


and 


6'  =  in; 


which  is  the  angle  in  spaCe  described  by  the  board.     (See 
Eouth's  Eigid  Dynamics,  p.  67.) 


237.  The  Compound  Pendulnm. — A  hody  moms  about 
a  fixed  horizontal  axis  acted  on  by  gravity  only,  to  determine 
the  motion. 

Let  ABO  be  a  section  of  the  body  made  by 
the  plane  of  the  paper  passing  through  G, 
the  centre  of  gravity,  and  cutting  the  axis 
of  rotation  perpendicularly  at  0.  Let  0  = 
the  angle  which  OG  makes  with  the  vertical 
OY;  and  let  h  =  OG,  ^i  =  the  principal 
radius  of  gyration,  and  M  =  the  mass  of 
the  body.  Then  by  (4)  of  Art.  336,  we 
have 

20 
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cPd  _  Mgh  sin  e  _       Mgh  sin  0 

=  ~  WVh^  '^"  "  ^^  (^)  °*  ^'■*-  ^^^]'  (1) 

the  negative  sign  being  taken  because  0  is  a  decreasing 
function  of  the  time. 

This  equation  cannot  be  integrated  in  finite  terms,  but 
if  the  oscillations  be  small,  we  may  develop  sin  B  and  reject 
all  powers  above  the  first,  and  (1)  will  become 

Multiplying  by  2  -^  and  integrating,  and  supposing  that 

the  body  began  to  move  when  0  was  equal  to  «,  (3) 
becomes 

Hence  denoting  the  time  of  a  complete  oscillation  by  T, 
we  have 

which  gives  the  time  in  seconds,  when  h  and  A,  are  meas- 
ured in  feet  and  g  =  33.18. 

When  a  heavy  body  vibrates  about  a  horizontal  axis,  by 
the  force  of  gravity,  it  is  called  a  compound  pendulmn. 

Cob.  1. — If  we  suppose  the  whole  mass  of  the  compound 
pendulum  to  be  concentrated  into  a  single  point,  and  this 
point  connected  with  the  axis  by  a  medium  without  weight, 
it  becomes  a  simple  pendulum  (Art.  194).  Denoting  the 
distance  of  the  point  of  concentration  from  the  axis  by  I, 
we  have  for  the  time  of  an  oscillation,  by  (1)  of  Art.  194, 
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"V^- 


If  the  point  be  so  chosen  that  the  simple  pendu- 


lum will  perform  an  oscillation  in  the  same  time  as  the 
compound  pendulum,  these  two  expressions  for  the  time  of 
an  oscillation  must  be  equal  to  each  other,  and  we  shall 
have 

,  _  ^^  +  Tc? 

=  A  +  I*  =  00',  (4) 

(0'  being  the  point  of  concentration). 

CoK.  3. — This  length  is  called  the  length  of  the  simple 
equivalent  pendulum ;  the  point  0  is  called  the  centre  of 
suspension  ;  the  point  0',  into  which  the  mass  of  the  com- 
pound pendulum  must  be  concentrated  so  that  it  will 
oscillate  in  the  same  time  as  before,  is  called  the  centre  of 
oscillation;  and.  a  line  through  the  centre  of  oscillation 
and  parallel  to  the  axis  of  suspension  is  called  an  axis  of 
oscillation. 

From  (4)  we  have 

{l  —  h)h  —  V; 

or  GO'-  GO  =  *,3.  (5) 

Now  (5)  would  not  be  altered  if  the  place  of  0  and  0' 
were  interchanged;  hence  if  0'  be  made  the  centre  of 
suspension,  then  0  will  be  the  centre  of  oscillation.  Thus 
the  centres  of  oscillation  and  of  suspension  are  convertible, 
and  the  time  of  oscillation  about  each  is  the  same. 

CoE.  3. — Putting  the  deriTative  of  I  with  respect  to  h  in 
(4)  equal  to  zero,  and  solving  for  h,  we  get 

h  =  ^1, 
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which  makes  I  a  minimum,  and  thei'efore  makes  t  a  mini- 
mum. Hence,  tvhen  the  axis  of  suspension  passes  throuyh 
the  principal  centre  of  gyration  the  time  of  oscillation  is  a 

minimum. 

Rem. — The  problem  of  detennlning  the  law  under  which  a  heavy 
body  swings  about  a  horizontal  axis  is  one  of  the  most  important  in 
the  history  of  science.  A  simple  pendulum  is  a  thing  of  theory  ;  our 
accurate  knowledge  of  the  acceleration  of  gravity  depends  therefore 
on  our  understanding  the  rigid  or  compound  pendulum.  This  was 
the  first  problem  to  which  D'Alembert  applied  his  principle. 

The  problem  was  called  in  the  days  of  D'Alembert,  the  "  centre  of 
oscillation."  It  was  required  to  find  if  there  were  a  point  at  which 
the  whole  mass  of  the  body  might  be  concentrated,  so  as  to  form  a 
simple  pendulum  whose  law  of  oscillation  was  the  same. 

The  position  of  the  centre  of  oscillation  of  a  body  was  first  correctly 
determined  by  Huyghens  and  published  at  Paris  in  1678.  As 
D'Alembert's  principle  was  not  known  at  that  time,  Huyghens  had  to 
discover  some  principle  for  himself.* 


EXAMPLES. 

1.  A  material  straight  line  oscillates  about  an  axis  per- 
pendicular to  its  length ;  find  the  length  of  the  equivalent 
simple  pepdulum. 

Let  2a  =  the  length  of  the  line,  and  h  the  distance  of  its 

centre  of  gravity  from  the  point  of  suspension.    Then  since 

a^ 
/fcj^  =  -,  we  have  from  (4) 


.2 


^  =  /*  +  £-  (1) 

CoK.  1. — If  the  point  of  suspension  be  at  the  extremity 
of  the  line  (1)  becomes 

I  —  ^a; 

*  Eouth's  Rigid  DynamiCB,  p.  69. 
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that  is,  the  length  of  the  equiyalent  simple  pendulum  is 
two-thirds  of  the  length  of  the  rod. 

CoK.  3. — Let  /t  =  ^;  then  (1)  becomes 

Hence,  the  time  of  an  oscillation  is  the  same,  whether  -the 
line  be  suspended  from  one  extremity,  or  from  a  point  one- 
third  of  its  length  from  the  extremity.  This  also  illustrates 
the  conTertibility  of  the  centres  of  oscillation  and  of  sus- 
pension (See  Cor.  2). 

CoE.  3. — If  A  =  10a,  then  (1)  becomes 

2.  A  circular  arc  oscillates  about  an  axis  through  its 
middle  point  perpendicular  to  the  plane  of  the  arc.  Prove 
that  the  length  of  the  simple  equivalent  pendulum  is 
independent  of  the  length  of  the  arc,  and  is  equal  to  twice 
the  radius. 

From  Ex.  2,  Art.  233,  we  have 

B  =  h->  +  k,-^  =  2(l-^^)aK 

Prom  Ex.  1,  Art.  78,  we  have 

sin  ct 

h  =^  a  ~  a • 

a 

Therefore  (4)  becomes 

7        o  ,'L        sin  es\  /         sin  «\ 

I  =  2a'  II 1  -^  «  1 1 1  =  2a. 
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3.  A  right  cone  oscillates  about  an  axis  passing  through 

its  vertex  and  perpendicular  to  its  own  axis ;  it  is  required 

to  find  the  length  of  the  simple  equivalent  pendulum,  (1) 

when  h  is  the  altitude  of  the  cone  and  b  the  radius  of  the 

base,  and  (3)  when  the  altitude  =  the  radius  of  the  base  =  7*. 

.  iJi^  +  W 

Ans.  (1)  — gv^ — ;  (3)  h. 

That  is,  in  the  second  cone,  the  centre  of  oscillation  is  in 
the  centre  of  the  base ;  so  that  the  times  of  oscillation  are 
equal  for  axes  through  the  vertex  and  the  centre  of  the 
base  perpendicular  to  the  axis  of  the  cone. 

4.  A  sphere,  radius  a,  oscillates  about  an  axis  ;  find  the 
length  of  the  simple  equivalent  pendulum,  (1)  when  the 
axis  is  tangent  to  the  sphere,  (3)  when  it  is  distant  10« 
from  the  centre  of  the  sphere,  and  (3)  when  it  is  distant 

-  from  the  centre  of  the  sphere. 

Ans.  {I)  la;  (3)  W«;  (3) -V«- 

238.    The    Length    of    the     Second's    Pendulum 

Determined  Experimentally. — The  time  of  oscillation 

h  ^ 
of  a  compound  pendulum  depends  on  h  +  -~  by  (4)  of 

Art.  337.  But  there  are  diflBculties  in  the  way  of  determin- 
ing h  and  k^.  The  centre,  G-,  can  not  be  got  at,  and,  as 
every  body  is  more  or  less  irregular  and  variable  in  density, 
k^  cannot  be  calculated  with  sufficient  accuracy.  These 
quantities  must  therefore  be  determined  from  experiments. 
Bessel  observed  the  times  of  oscillation  about  different 
axes,  the  distances  between  which  were  very  accurately 
known.  Captain  Kater  employed  the  property  •  of  the 
convertibility  of  ihe  centres  of  suspension  and  oscillation 
(Art.  337,  Cor.  3),  as  follows : 

Let  the  pendulum  consist  of  an  ordinary  straight  bar,  CO,  and  a 
small  weight,  m,  which  may  be  clamped  to  it  by  means  of  a  screw, 
and  shifted  from  one  position  lo  another  on  the  pendulum.     At  the 
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o 


o 


Ll"» 


points  C  and  0  in  two  triangular  aper- 
tures, at  the  distance  I  apart,  let  two  knife 

edges  of  hard  steel  be  placed  parallel  to  r  -  ■  ^ip 

each  other,  and  at  right  angles  to  the 
pendulum,  so  that  it  may  vibrate  on  either 
of  them,  as  in  Fig.  94.  Let  m  be  shifted 
till  it  is  found  that  the  times  of  oscillation 
about  C  and  O  are  exactly  the  same.  It 
remains  only  to  measure  CO,  and  observe 
the  time  of  oscillation.     The  distance  be-  Rg>94 

tween  the  two  points  C  and  0  is  the  length 

of  the  simple  equivalent  pendulum.  This  distance  between  the  knife 
edges  was  measured  by  Captain  Kater  with  the  greatest  care.  The 
mean  of  three  measurements  differed  by  less  than  a  ten-thousyndth 
of  an  inch  from  each  of  the  separate  measurements. 

The  time  of  a  single  vibration  cannot  be  observed  directly,  because 
this  would  require  the  fraction  of  a  second  of  time  as  shown  by  the 
clock,  to  be  estimated  either  by  the  eye  or  ear.  The  difficulty  may 
be  overcome  by  observing  the  time,  say  of  a  thousand  vibrations,  and 
thus  the  error  of  the  time  of  a  single  vibration  is  divided  by  a 
thousand.  The  labor  of  so  much  counting  may  however  be  avoided 
by  the  use  of  "  the  method  of  coincidences."  The  pendulum  is  placed 
in  front  of  a  clock  pendulum  whose  time  of  vibration  is  slightly 
different.  Certain  marks  made  on  the  two  pendulums  are  observed 
by  a  telescope  at  the  lowest  point  of  their  arcs  of  vibration.  The  field 
of  view  is  limited  by  a  diaphragm  to  a  narrow  aperture  across  which 
the  marks  are  seen  to  pass.  At  each  succeeding  vibration  one 
pendulum  follows  the  other  more  closely,  and  at  last  its  mark  is 
completely  covered  by  the  other  during  their  passage  across  the  field 
of  view  of  the  telescope.  After  a  few  vibrations  it  appears  again 
preceding  the  other.  In  the  interval  from  one  disappearance  to  the 
next,  one  pendulum  has  made,  as  nearly  as  possible,  one  complete 
oscillation  more  than  the  other.  In  this  manner  530  half -vibrations  of 
a  clock  pendulum,  each  equal  to  a  second,  were  found  to  correspond  to 
532  of  Captain  Kater's  pendulum.  The  ratio  of  the  times  of  vibra- 
tion of  the  pendulum  and  the  clock  pendulum  may  thus  be  calculated 
with  extreme  accuracy.  The  rate  of  going  of  the  clock  must  then  be 
found  by  astronomical  means. 

The  time  of  vibration  thus  found  will  require  several  corrections 
which  are  called  "reductions."  For  instance,  if  the  oscillation  be 
not  so  small  that  we  can  put  sin  5  =  fl  in  Art.  237,  we  must  make  a 
reduction  to  infinitely  small  arcs.     Another  reduction  is  necessary  if 
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we  ■wish  to  reduce  the  result  to  what  it  would  have  been  at  the  level 
of  the  sea.  The  attraction  of  the  intervening  land  may  he  allowed 
for  by  Dr.  Young's  rule,  (Phil.  Trans.,  1819).  We  may  thus  obtain 
the  force  of  gravity  at  the  level  of  the  sea,  supposing  all  the  land 
above  this  level  were  cut  off  and  the  sea  constrained  to  keep  its 
present  level.  As  the  level  of  the  sea  is  altered  by  the  attraction  of 
the  land,  further  corrections  are  still  necessary  if  we  wish  to  reduce 
the  result  to  the  surface  of  that  spheroid  which  most  nearly  repre- 
sents the  earth.  See  Eouth's  Rigid  Dynamics,  p.  77.  For  the  details 
of  this  experiment  the  student  is  referred  to  the  Phil.  Trans,  for  1818, 
and  to  Vol.  X. 

239.  Motion  of  a  Body  -when  Unconstrained. — If 

an  impulse  be  communicated  to  any  point  of  a  free  body 
in  a  direction  not  passing  through  the  centre  of  gravity,  it 
will  produce  both  translation  and  rotation. 

Let  P  be  the  impulse  imparted  to        ,p 
the  body  at  A.    At  B,  on  the  opposite 

side  of  the  centre  G,  a  distance  GB     ^^ 

=  AG,  let  two  opposite  impulses  be       ^ 
applied,  each  equal  to  \P ;  they  will 
not    alter    the    effect.     Now    if  ^P 
applied  at  A  is  combined  with  the  ^P  '^' 

at  B  which  acts  in  the  same  direction,  their  resultant  is  P, 
acting  at  G  and  in  the  same  direction,  and  this  produces 
translation  only.  The  remaining  \P  at  A  combined  with 
the  remaining  \P  at  B,  which  acts  in  the  opposite  direc- 
tion, form  a  couple  which  produces  rotation  about  the 
centre  G. 

Hence,  when  a  iody  receives  an  impulse  in  a  direction 
which  does  not  pass  through  the  centre  of  gravity,  that  centre 
will  assume  a  motion  of  translation  as  though  the  impulse 
were  applied  immediately  to  it  j  and  the  body  will  have  a 
motion  of  rotation  about  the  centre  of  gravity,  as  though 
that  point  were  fixed. 

240.  Centre  of  Percussion. — Axis  of  Spontaneous 
Rotation. — Let  Mv  represent  the  impulse  impressed  uj^on 
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the  body  (Fig.  95)  whose  mass  is  M,  and 
h  the  perpendicular  distance,  00,  from 
the  centre  of  gravity,  G,  to  the  line  of 
action,  OP,  of  the  impulse.  The  centre 
of  gravity  will  assume  a  motion  of  trans- 
lation with  the  velocity  v,  in  a  direction 
parallel  to  that  of  the  impulsive  force. 
Then  from  (3)  of  Art.  336,  we  have  for  the  angular 
velocity 

_  Mvh  _  vh 


Fis.96 


The  ahsolute  velocity  of  each  point  of  the  body  will  be 
compounded  of  the  two  velocities  of  translation  and  rota- 
tion. The  point  0,  for  example,  to  which  the  impulse  is 
applied,  has  a  velocity  of  translation,  Oa,  equal  to  that  of 
the  centre  of  gravity,  and  a  velocity  of  rotation,  db,  about 
the  centre  of  gravity ;  so  that  the  velocity  of  any  point  at 
a  distance  a  from  the  centre,  G,  will  be  expressed  by 
V  ±a(ji;  the  upper  or  lower  sign  being  taken  according  as 
the  point  is,  or  is  not,  on  the  same  side  of  the  centre  of 
gravity  as  the  point  0.  Thus,  if  we  consider  the  motion  of 
the  body  for  a  very  short  interval  of  time,  the  line  OGG 
will  assume  the  position  bGO,  the  point  C  remaining  at 
rest  during  this  interval ;  that  is,  while  the  point  0  would 
be  carried  forward  over  the  line  Cc  by  the  motion  of  trans- 
lation, it  would  be  carried  backward  through  the  same 
distance  by  the  motion  of  rotation.  Hence,  since  the  abso- 
lute velocity  of  G  is  zero,  we  have 

w  —  aw  =  0 ; 


V  k^ 


(1) 


and  hence  denoting  OC  by  ?  we  have 
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I  =  I'.  (2) 

Now  if  there  had  been  a  fixed  axis  through  G  perpen- 
dicular to  the  plane  of  motion,  the  initial  motion  would 
have  been  precisely  the  same,  and  this  fixed  axis  evidently 
would  not  have  received  auy  pressure  from  the  impulse. 

When  a  rigid  body  rotates  about  a  fixed  axis,  and  the 
body  can  be  so  struck  that  there  is  no  pressure  on  the  axis, 
auy  point  in  the  line  of  a'ction  of  the  force  is  called  a  centre 
of  percussion. 

When  the  line  of  action  of  the  blow  is  given  and  the 
body  is  free  from  all  constraint,  so  that  it  is  capable  of 
translation  as  well  as  of  rotation,  the  axis  about  which  the 
body  begins  to  turn  is  called  the  axis  of  spontaneous  rota- 
tion. It  obviously  coincides  with  the  position  of  the  fixed 
axis  in  the  first  case. 

Cob.   1. — From  (1)  we  have 

ah  =  GG-GO  =  k^; 

hence  the  points  0  and  C  are  convertible,  that  is,  if  the 
axis  of  rotation  be  supposed  to  pass  through  the  point  0, 
the  centre  of  spontaneous  rotation  will  coincide  with  the  cen- 
'  tre  of  percussion. 

Cor.  2. — Prom  (2)  it  follows,  by  comparison  with  (4)  of 
Art.  237,  that  if  the  axis  of  spgntaneous  rotation  coincides 
with  the  axis  of  suspension,  the  centre  of  percussion  coin- 
cides with  the  centre  of  oscillation. 

ScH. — It  is  evident  that  if  there  be  a  fixed  obstacle  at  0, 
and  it  be  struck  by  the  body  00  rotating  about  a  fixed 
axis  through  0,  the  obstacle  will  receive  the  'whole  force 
of  the  moving  body,  and  the  axis  will  not  receive  any. 
Hence  the  centre  of  percussion  also  determines  the  position 
in  which  a  fixed  obstacle  must  be  placed,  on  which  if  the 
rotating  body  impinges,  and  is  brought  to  rest,  the  axis  of 
rotation  will  suffer  no  presciuie. 


EXAMPLES.  Hot 

An  axis  through  the  centre  of  gravity,  parallel  to  the 
axis  of  spontaneous  rotation,  is  called  the  axis  of  instantane- 
ous rotation.    A  free  body  rotates  about  this  axis  (Art.  339). 

EXAMPLES. 

1.  Find  the  centre  of  percussion  of  a  circular  plate  of 
radius  a  capable  of  rotating  about  an  axis  which  touches  it. 

Here  Tc^^  =  j,  and  h  =  a.     Hence  from  (3)  we  have 

I  =  a  i-  -  =  la. 

3.  A  cylinder  is  capable  of  rotating  about  the  diameter 
of  one  of  its  circular  ends ;  find  the  centre  of  percussion. 
Let  a  =  its  length,  and  b  =  the  radius  of  its  base. 

3J2  +  4a8 


Ans.  I 


6a 


Hence  if  35^  =  2a%  the  centre  of  percussion  will  be  at 
the  end  of  the  cylinder.  If  6  is  very  small  compared  with 
«,?  =  !«;  thus  if  a  straight  rod  of  small  transverse  section 
is  held  by  one  end  in  the  hand,  I  gives  the  point  at  which 
it  may  be  struck  so  that  the  hand  will  receive  no  jar. 

241.  The  Principal  Radius  of  Gyration  Deter- 
mined Practically. — Mount  the  body  upon  an  axis  not 
passing  through  the  centre  of  gravity,  and  cause  it  to 
oscillate ;  from  the  number  of  oscillations  performed  in  a 
given  time,  say  an  hour,  the  time  of  one  oscillation  is 
known.  Then  to  find  h,  which  is  the  distance  from  the 
axis  to  the  centre  of  gravity,  attach  a  spring  balance  to  the 
lower  end,  and  bring  the  centre  of  gravity  to  a  horizontal 
plane  through  the  axis,  which  position  will  be  indicated  by 
the  maximum  reading  of  the  balance.  Knowing  the  maxi- 
mum reading,  R,  of  the  balance,  the  weight,  W,  of  the 
body,  and  the  distance,  a,  from  the  axis  of  suspension  to 
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the  point  of  attachment,  we  have  from  the  principle  of 
moments,  Ra  =  Wh,  from  which  h  is  found.  Substitut- 
ing in  (3)  of  Art.  237,  this  value  of  h,  and  for  T  the  time 
of  an  oscillation,  hi  becomes  known. 

242.  The  Ballistic  Pendulum. — An  interesting  ap- 
plication of  the  principles  of  the  compound  pendulum  is 
the  old  way  of  determining  the  velocity  of  a  bullet  or  can- 
non-ball. It  is  a  matter  of  considerable  importance  in  the 
Theory  of  Gunnery  to  determine  the  velocity  of  a  bullet  as 
it  issues  from  the  mouth  of  a  gun.  It  was  to  determine 
this  initial  velocity  that  Mr.  Eobins  about  1743  invented 
the  Ballistic  Pendulum.  This  consists  of  a  large  thick 
heavy  mass  of  wood,  suspended  from  a  horizontal  axis  in 
the  shape  of  a  knife-edge,  after  the  manner  of  a  compound 
pendulum.  The  gun  is  so  placed  that  a  ball  projected 
from  it  horizontally  strikes  this  pendulum  at  rest  at  a  cer- 
tain point,  and  gives  it  a  certain  angular  velocity  about  its 
axis.  The  velocity  of  the  ball  is  itself  too  great  to  be 
measured  directly,  but  the  angular  velocity  communicated 
to  the  pendulum  may  be  made  as  small  as  we  please  by 
increasing  its  bulk.  The  arc  of  oscillation  being  meas- 
ured, the  velocity  of  the  bullet  can  be  found  by  calcu- 
lation. 

The  time,  which  the  bullet  takes  to  penetrate,  is  so  short 
that  we  may  suppose  it  completed  before  the  pendulum  has 
sensibly  moved  from  its  initial  position. 

Let  M  be  the  mass  of  the  pendulum  and  ball;  in 
that  of  the  ball ;  v  the  velocity  of  the  ball  at  the  instant  of 
impact ;  h  the  distance  of  the  centre  of  gravity  of  the  pen- 
dulum and  ball  from  the  axis  of  suspension ;  a  the  distance 
of  the  point  of  impact  from  the  axis  of  suspension  ;  w  the 
angular  velocity  due  to  the  blow  of  the  ball,  and  h  the 
radius  of  gyration  of  the  pendulum  and  ball.  Then  since 
the  initial  velocity  of  the  bullet  is  v,  its  impulse  is  measured 
liy  mr,  and  therefore  from  (3)  of  Art.  336  we  have  for  the 
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initial  angular  Telocity  generated  in  the  pendulum  by  this 
impulse, 

and  from    (1)   of  Art.  337   we   have  for   the  subsequent 
motion 

^,  =  -%B^n6.  (2) 

Integrating,  and  observing  that,  if  a  be  the  angle  through 
which  the  pendulum  moves,  we  have  -^  =  cj  when  0  =  0, 

and  -r-  —  0  when  0  =  a,  (2)  becomes 

<^  =  ^(l-cos«).  (3) 

Eliminating  u  between  (1)  and  (3)  we  have 

2Mk    /-=-.«  ,,, 

V  = Vffft  sm  -,  .  (4) 

ma       ^  3  ^  ' 

from  which  v  becomes  known,  since  all  the  quantities  in 
the  Second  member  may  be  observed,  or  are  known. 

We  may  determine  a  as  follows :  At  a  point  in  the  pen- 
dulum at  a  distance  h  from  the  axis  of  suspension,  attach 
the  end  of  a  tape,  and  let  the  rest  of  the  tape  be  wound 
tightly  round  a  reel ;  as  the  pendulum  ascends,  let  a  length 
c  be  unwound  from  the  reel ;  then  c  is  the  chord  of  the 

angle  a  to  the  radius  Ti,  so  that  c  =  2A  sin  «,  which  in  (4) 

gives 


"fVf-  (») 


ma 


The  values  of  h  and  h  may  be  determmed  as  in  Art.  341. 
If  the  mouth  of  the  gun  is  placed  near  to  the  pendulum. 
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the  value  of  v,  given  by  (5),  must  be  nearly  the  velocity  of 
projection. 

The  velocity  may  also  be  determined  in  the  following 
manner :  Let  the  gun  be  attached  to  a  heavy  pendulum ; 
when  the  gun  is  discharged  the  recoil  causes  the  pendulum 
to  turn  round  its  axis  and  to  oscillate  through  an  arc 
which  can  be  measured ;  and  the  velocity  of  the  bullet  can 
be  deduced  from  the  magnitude  of  this  arc.  (See  Price's 
Anal.  Mech's,  "Vol.  II,  p.  231.) 

Before  the  invention  of  the  ballistic  penduhim  by  Mr.  Eobins  in 
1743,  but  little  progress  had  been  made  in  the  true  theory  of  military 
projectiles.  Robins'  New  Principles  of  Gunnery  was  soon  translated 
into  several  languages,  and  Euler  added  to  his  translation  of  it  into 
German  au  extensive  commentary  ;  the  work  of  Euler's  being  agaiil 
translated  into  English  in  1784.  The  experiments  of  Robins  were 
all  conducted  with  musket  balls  of  about  an  ounce  weight,  but  they 
wore  afterwards  continued  during  several  years  by  Dr.  Hutton,  who 
used  cannon-balls  of  from  one  to  nearly  three  pounds  in  weight. 
Hutton  used  to  suspend  his  cannon  as  a  pendulum,  and  measure  the 
angle  through  which  it  was  raised  by  the  discharge.  His  experi- 
ments are  still  regarded  as  some  of  the  most  trustworthy  on  smooth- 
bore guns.  See  Routh's  Rigid  Dynamics,  p.  94,  also  Encyclopaedia 
Britannica,  Art.  Gunnery. 

243.  Motion  of  a  Heavy  Body  about  a  Horizon- 
tal Axle  through  its  Centre. — Let  the  body  be  a  sphere 
whose  radius  is  R,  and  weight  W,  and  let  a  weight  P  be 
attached  to  a  cord  wound  round  the  circumference  of  a 
wheel  on  the  same  axle,  the  radius  of  the  wheel  being  v, 
required  the  distance  passed  over  by  P  iu  ^  seconds. 

From  (4)  of  Art.  336  we  have 

^  —         Pry 
Multiplying  by  dt  and  integrating  twice,  we  have 

e  = I'll ,u 
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the  constants  being  zero  in  both  integrations,  since  the  body 
starts  from  rest  when  #  =  0.    The  space  will  be  rO.  ' 


EXAMPLES. 

1.  Let  the  body  be  a  sphere  whose  radius  is  3  ft.  and 
weight  500  lbs.;  let  P  be  50  lbs.,  and  the  radius  of  the 
wheel  6  ins.;  required  the  time  in  which  the  weight  P  will 
descend  through  50  ft.     (Take  g  —  ^2.) 

Ans.  21  seconds. 

3.  Let  the  body  be  a  sphere  whose  radius  is  14  ins.  and 
weight  800  lbs.;  let  it  be  moved  by  a  weight  of  300  lbs. 
attached  to  a  cord  wound  round  a  wheel  the  radius  of 
which  is  one  foot ;  find  the  number  of  revolutions  of  the 
sphere  in  eight  seconds.    (Take  g  ^^  32.)         Ans.  51.3. 

244.  Motion  of  a  Wheel  and 
Axle  when  a  Given  Weight  JP 
Raises   a  Given   Weight   W. — Let 

the  weights  P  and  W  h^  attached  to 
cords  wound  round  the  wheel  and  axle, 
respectively,  (Fig.  97) ;  let  B  and  r  be 
be  the  radii  of  the  wheel  and  axle,  and 
w  and  w'  their  weights;  required  the 
angular  distance  passed  over  in  t 
seconds. 
From  (4)  of  Art.  236,  we  have 


Fig.97 


cPd PR  —  Wr 

W'  ~  PR^  +  Wr"  +  iswR^  +  iw'r^  ^ ' 

(PR  —  Wr)  P 

~  PR^  +  Wr^  +  ^wB?  +  iw'r^  *^' 


(1) 
(2) 


EXAMPLE. 


Let  the  weight  P  =  30  lbs.,  W  =  80  lbs.,  w  =  8  lbs., 
and  w'  =  4:  lbs.;  and  let  R  and  r  be  10  ins.  and  4  ins.; 
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required  (1)  the  space  passed  over  by  P  in  13  seconds  if  it 
starts  from  rest,  and  (2)  the  tensions  T  and  T'  of  the  cords, 
supporting  P  and  W.    (Take  g  =  32.) 
Ans.  (1)  97.79  ft.;  (2)  T  =  31.28  lbs.;  T'  =  78.64  lbs. 

245.  Motion  of  a  Rigid  Body 
about  a  Vertical  Axis. — Let  AB  ^^^ 

be  a  vertical  axis  about  which  the       ' ^^J 

body  C,  on  the  horizontal  arm  ED,     A     ■ 

revolyes,  under  the  action  of  a  con-        ^ 

stant  horizontal  force  F,  applied  at  Fig.98 

the  extremity  E,-  perpendicular  to 

ED.     Let  M  be  the  mass  of  the  body  whose  centre  is  0, 

and  r  and  h  the  distances  ED  and  CD,  respectively.     Then 

from  (4)  of  Art.  236,  we  have 

d^e  Fr 


Multiplying  by  dt  and  integrating  twice,  observing  that 
the  constants  of  both  integrations  are  zero,  we  have 

Frt^ 
which  is  the  angular  space  passed  over  in  t  seconds. 


EXAMPLE. 

Let  the  body  be  a  sphere  whose  radius  is  2  ft.,  whose 
weight  is  600  lbs.,  and  the  distance  of  whose  centre  from 
the  axis  is  8  ft.,  and  let  F  \i&  a,  force  of  40  lbs.  acting  at  the 
end  of  an  arm  10  ft.  long ;  find  (1)  the  number  of  revolu- 
tions which  the  body  will  make  about  the  axis  in  10 
minutes,  and  (2)  the  time  of  one  revolution.  (Take 
g  =  32.)  Ans.  (1)  9316.3  ;  (2)  6.2  sees. 
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246.  Body  Rolling  down  an  Inclined  Plane. — A 

homogeneous  sphere  rolls  directly  down  a  rough  inclined 
plane  under  the  action  of  gravity.    Find  the  motion. 

Let  Fig.  99  represent  a  section  j 
of  the  sphere  and  plane  made  by  a 
vertical  plane  passing  through  C, 
the  centre  of  the  sphere.  Let  a  be 
the  inclination  of  the  plane  to  the 
horizon,  a  the  radius  of  the  sphere, 
0  the  point  of  the  plane  which  °        Fi.g.99 

was  initially  touched  by  the  sphere 

at  the  point  A,  P  the  point  of  contact  at  the  time  t, 
AOP  ==  6,  which  is  the  angle  turned  through  by  the 
sphere,  m  =  the  mass  of  the  sphere,  F  =  the  friction 
acting  upwards,  B  =  the  pressure  of  the  sphere  on  the 
plane.  Then  it  is  convenient  to  choose  O  for  origin  and 
OB  for  the  axis  of  x ;  hence  OP  =  x. 

The  forces  which  act  on  the  sphere  are  (1)  the  reaction, 
B,  perpendicular  to  OB  at  P,  (3)  the  friction,  F,  acting  at 
P  along  PO,  and  (3)  its  weight,  mg,  acting  vertically  at  C 
the  centre.  Now  C  evidently  moves  along  a  straight  line 
parallel  to  the  plane ;  so  that  for  its  motion  of  translation 
we  have,  by  resolving  along  the  plane, 

m-^  =  mg  sin  cc  —  F.  (1) 

The  sphere  evidently  rotates  about  its  point  of  contact 
with  the  plane ;  but  it  may  be  considered  as  rotating  at 
any  instant  about  its  centre  C  as  fixed ;  and  the  angular 
velocity  of  C  at  that  instant  in  reference  to  P  is  the  same 
as  that  of  P  in  reference  to  0.  Prom  (4) -of  Art.  336,  we 
have  for  the  motion  of  rotation 

fnky^  =  Fa  (3) 


474       BODY  ROLLING  DOWN  AN  INCLINED  PLANE. 

and  since  the  plane  is  perfectly  rough,  so  that  the  sphere 
does  not  slide,  we  have 

X  =  aO.  (3) 


Multiplying  (1)  by  a  and  adding  the  result  to  (2),  we  get 

ma-^  +  mh^^  -^  =  mag  sm  «.  (4) 

,  ^x  cPd- 

Differentiating    (3)    twice  we    get  ^^  =  a  -^,   which 


united  to  (4)  gives 


a 


n^.s^^^- 


(5) 


Since  the  sphere  is  homogeneous,  h^  =  \c?,  and  (5) 
becomes 

^  =  ^  sin  «  (6) 

which  gives  the  acceleration  down  the  plane. 

If  the  sphere  had  been  sliding  down  a  smooth  plane,  the 
acceleration  would  have  been  g  sin  a  (Art.  144) ;  so  that 
two-sevenths  of  gravity  is  used  in  turning  the  sphere,  and 
five-sevenths  in  urging  the  sphere  down  the  plane. 

Integrating  (6)  twice,  and  supposing  the  sphere  to  start 
from  rest,  we  have 

X  =  ^g  •  sin  a  •  t^ 

^  which  gives  the  space  passed  over  in  the  time  t. 
Resolving  perpendicular  to  the  plane,  we  have 

R  —  mg  sin  a. 

Cor. — If  the  rolling  body  were  a  circular  cylinder  with 
its  axis  horizontal,  then  Jc^^  =  \a^,  and  (5)  becomes 

d!hi 

-^=%gsma;  (7) 
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SO  that  one-tHrd  of  gravity  is  used  in  turning  the  cylinder, 
and  two-thirds  in  urging  it  down  the  plane. 
From  (7)  we  have 

X  =  \g  sin  «  •  t^  (8) 

which  gives  the  space  passed  over  in  tlie  time  t  from  rest. 

247.  Motion  of  a  Falling  Body  under  the  Action 
of  an  Impulsive  Force  not  Directly  through  its 
Centre. — A  string  is  womid  round  the  circumference  of  a 
reel,  and  the  free  end  is  attached  to  a  fixed  point.  Tlie  reel 
is  then  lifted  up  and  let  fall  so  that  alike  moment  when 
the  string  becomes  tight  it  is  vertical,  and  tangent  to  the  reel. 
The  whole  motion  being  supposed  to  take  place  in  one  plane, 
determine  the  effect  of  the  impulse. 

The  reel  at  first  will  fall  vertically  without  rotation. 
Let  V  be  the  velocity  of  the  centre  at  the  moment  when  the 
string  becomes  tight ;  v',  w  the  velocity  of  the  centre  and 
the  angular  velocity  just  after  the  impulse;  T  the  impul- 
sive tension ;  m  the  mass  of  the  reel,  and  a  its  radius. 

Just  after  the  impact  the  part  of  the  reel  in  contact  with 
the  string  has  no  velocity,  and  at  this  instant  the  reel 
rotates  about  this  part;  but  it  may  be  considered  as 
rotating  about  its  axis  as  fixed,  and  the  angular  velocity  of 
its  axis,  at  this  instant,  in  reference  to  the  part  in  contact 
is  the  same  as  that  of  the  latter  in  reference  to  the  former. 
The  impulsive  tension  is 

T  =m{v  —  v').  (1) 

Hence  from  (4)  of  Art.  236,  we  have  for  the  motion  of 
rotation 

mki^ui  =  m{v  —  v').  (") 
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Since  the  part  of  the  reel  in  contact  with  the  string  has 
no  velocity  at  the  instant  of  impact,  we  have 

v'  =  aw.  (3) 

Solving  (3)  and  (3)  we  have 

(4) 


a«  +  k,^ 


If  the  reel  be  a  homogeneous  cylinder,  k^^  =  ^,  and  we 
have  from  (3)  and  (4) 

V 


u 


=  \-„,    ^'  =  ¥,  (5) 


a 


and  from  (1)  we  have  for  the  impulsive  tension, 
T  =  ^mv. 

CoK. — To  find  the  subsequent  motion.  The  centre  of  the 
reel  begins  to  descend  vertically ;  and  as  there  is  no  hori- 
zontal force  on  it,  it  will  continue  to  descend  in  a  vertical 
straight  line,  and  throughout  all  its  subsequent  motion  the 
string  will  be  vertical.  The  motion  may  therefore  be 
easily  investigated,  as  in  Art.  346,  since  it  is  similar  to  the 
case  of  a  body  rolling  down  an  inclined  plane  which  is 
vertical,  the  tension  of  the  string  taking  the  place  of  the 

friction  along   the   plane.     Hence   putting    «  =  -,   and 

letting  the  friction  F  =  the  finite  tension  of  the  string,  we 
have,  from  (1)  and  (7)  of  Art.  346, 

F  =  ^g,     and     -^  z=  %g  ; 
that  is,  the  finite  tension  of  the  string  is  one-third  of  the 
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weight,  and  the  reel  descends  with  a  uniform  acceleration 

Since  the  initial  velocity  of  the  reel  from  (5)  is  %v,  we 
have,  for  the  space  descended  in  the  time  t  after  the  impact, 
from  (8)  of  Art.  246, 

X  —  ^v  +  igtK     (See  Kouth's  Eigid  Dynamics,  p.  131.) 

EXA  M  PLE  S. 

1.  A  thin  rod  of  steel  10  ft.  long,  oscillates  about  an  axis 
passing  through  one  end  of  it ;  find  (1)  the  time  of  an 
oscillation,  and  (3)  the  number  of  oscillations  it  makes  in  a 
day.  Ans.  (1)  1.434  sec. ;  (3)  60254. 

2.  A  pendulum  oscillates  about  an  axis  passing  through 
its  end ;  it  consists  of  a  steel  rod  60  ins.  long,  with  a  rect- 
angular section  ^  by  J  of  an  inch;  on  this  rod  is  a  steel 
cylinder  2  in.  in  diameter  and  4  in.  long;  when  the  ends  of 
the  rod  and  cylinder  are  set  square,  find  the  time  of  an 
oscillation.  ,  Ans.  1.174  sees. 

3.  Determine  the  radius  of  gyration  with  reference  to 
the  axis  of  suspension  of  a  body  that  makes  73  oscillations 
in  2  minutes,  the  distance  of  the  centre  of  gravity  from  the 
axis  being  3  ft.  3  in.  Ans.  5.267  ft. 

4.  Determine  the  distance  between  the  centres  of  suspen- 
sion and  oscillation  of  a  body  that  oscillates  in  2^  sec. 

Ans.  20.364  ft. 

5.  A  thin  circular  plate  oscillates  about  an  axis  passing 
through  the  circumference  ;  find  the  length  of  the  simple 
equivalent  pendulum,  (1)  when  the  axis  touches  the  circle 
and  is  in  its  plane,  and  (3)  when  it  is  at  right  angles  to 
the  plane  of  the  circle.  Ans.  (1)  fa ;  (3)  fa. 

6.  A  cube  oscillates  about  one  of  its  edges;  find  the 
length  of  the  simple  equivalent  pendulum,  the  edge  being 
=  2a.  Ans.  fas  \/2. 
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7.  A  prism,  whose  cross  section  is  a  square,  each  side 
being  =  3a,  and  whose  length  is  I,  oscillates  about  one  of 
its  upper  edges ;  find  the  length  of  the  simple  equivalent 
pendulum.  Ans.  f  V^a^  +  ?*• 

8.  An  elliptic  lamina  is  such  that  when  it  swings  about 
one  latus  rectum  as  a  horizontal  axis,  the  other  latus 
rectum  passes  through  the  centre  of  oscillation ;  prove 
that  the  eccentricity  is  \. 

9.  The  density  of  a  rod  varies  as  the  distance  from  one 
end ;  find  the  axis  perpendicular  to  it  about  which  the 
time  of  oscillation  is  a  minimum,  I  being  the  length  of  the 
rod. 

Ans.  The  distance  of  the  axis  from  the  centre  of  gravity 

isiV2. 

10.  Find  the  axis  about  which  an  elliptic  lamina  must 
oscillate  that  the  time  of  oscillation  may  be  a  minimum. 

Ans.  .The  axis  must  be  parallel  to  the  major  axis,  and 
bisect  the  semi-minor  axis. 

11.  Find  the  centre  of  percussion  of  a  cube  which  rotates 
about  an  axis  parallel  to  the  four  parallel  edges  of  the  cube, 
and  equidistant  from  the  two  nearer,  as  well  as  from  the 
two  farther  edges.  Let  2a  be  a  side  of  the  cube,  and  let  c 
be  the  distance  of  the  rotation-axis  from  its  centre  of 
gravity. 

Ans.  I  =  c  +  -g-,  where  I  is  the  distance  from  the  rota- 
tion-axis to  the  centre  of  percussion. 

12.  Find  the  centre  of  percussion  of  a  sphere  which 
rotates  about  an  axis  tangent  to  its  surface. 

Ans.  I  =z  ^, 

13.  Let  the  body  in  Art.  343,  be  a  sphere  whose  radius  is 
17  ins.  and  weight  1300  lbs.;  let  it  be  moved  by  a  weight 
of  350  lbs.  attached  to  a  cord  wound  round  a  wheel  whose 
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radius  is  15  ins.;   find  the  number  of  revolutions  of  the 
sphere  in  10  seconds,     {g  =  33.)  Ans.  58.77. 

14.  Let  the  body  in  Art.  343  be  a  sphere  of  radius  8  ins. 
and  weight  600  lbs. ;  let  it  be  moved  by  a  vreight  of  100  lbs. 
attached  to  a  cord  wound  round  a  wheel  whose  radius  is 
6  in.;  find  the  number  of  revolutions  of  the  sphere  in 
5  seconds,     (g  =  32^.)  Ans.  28.09. 

15.  In  Art.  344,  let  the  weight  P  =  40  lbs.,  W  =  100 
lbs.,  w  =  12  lbs.,  and  w'  =  6  lbs.;  and  let  B  and  r  be 
J.3  ins.  and  7  ins. ;  required  (1)  the  space  passed  over  by  P 
in  16  sees,  if  it  starts  from  rest,  and  (2)  the  tensions  T  and 
T'  of  the  cords  supporting  P  and  W.     {g  =  32). 

Ans.  (1)  926.5;  (2)  T  =  49.04  lbs.,  T'  =  86.81  lbs. 

16.  In  Art.  344,  let  the  weight  P  =  35  lbs.,  Tf  =  60 
lbs.,  w  =  6  lbs.,  and  w'  =  3  lbs. ;  and  let  R  and  r  be 
8  in.  and  3  in.;  required  (1)  the  space  passed  over  by  P  in 
10  sees,  if  it  starts  from  rest,  and  (2)  the  tensions  T  and 
T'  of  the  cords  supporting  P  and  W.    (g  =  33-^.) 

Ans.   (1)  109.92  ft.;  (2)  T=  23.29  lbs.;  2^'=  61.54  lbs. 

17.  In  Art.  245,  let  the  body  be  a  sphere  whose  radius 
is  3  ft.,  whose  weight  is  800  lbs.,  and  the  distance  of  whose 
centre  from  the  axis  is  9  ft. ;  and  let  P  be  a  force  of  60  lbs. 
acting  at  the  end  of  an  arm  12  ft.  long;  find  (1)  the  num- 
ber of  revolutions  which  the  body  will  make  about  the 
axis  in  13  min.,  and  (3)  the  time  of  one  revolution. 
(g  =  32.)  Ans.   (1)  14043.6  ;  (2)  6.07  sees.    ' 

18.  In  Ex.  17,  let  the  radius  =  one  foot,  the  weight  = 
100  lbs.,  the  distance  of  centre  from  axis  =  5  ft.,  and 
F  =  25  lbs.  acting  at  end  of  arm  8  ft.  long ;  find  (1)  the 
number  of  revolutions  which  the  body  will  make  about  the 
axis  in  5  min.,  and  (2)  the  time  of  one  revolution. 
(g  =  32^.)  Ans.   (1)  18139.09  ;  (3)  3.23  sees. 

19.  If  the  body  in  Art.  247  be  a  homogeneous  sphere, 
the  string  being  round  the  circumference  of  a  great  circle. 
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find  (1)  the  angular  velocity  just  after  the  impulse,  and  (3) 
the  impulsive  tension.  .        5z?      ,  , 

20.  A  bar,  I  feet  long,  falls  vertically,  retaining  its  hori- 
zontal position  till  it  strikes  a  fixed  obstacle  at  one-quarter 
the  length  of  the  bar  from  the  centre  ;  find  (1)  the  angu- 
lar velocity  of  the  bar,  (2)  the  linear  velocity  of  its  centre 
just  after  the  impulse,  and  (.3)  the  impulsive  force,  the 
velocity  at  the  instant  of  the  impulse  being  v. 

Ans.   {1)^;  m^v,  (3)imv.    . 

21.  A  bar,  40  ft.  long,  falls  through  a  vertical  height  of 
50  ft.,  retaining  its  horizontal  position  till  one  end  strikes 
a  fixed  obstacle  60  ft.  above  the  ground ;  find  (1)  its  angu- 
lar velocity,  (2)  the  linear  velocity  of  its  centre  just  after 
the  impulse ;  (3)  the  number  of  revolutions  it  will  make 
before  reaching  the  ground,  (4)  the  whole  time  of  falling 
to  the  ground,  and  (5)  its  linear  velocity  on  reaching  the 
ground. 

Ans.  (1)  2.12;  (2)  42.43;  (3)  0.345;  (4)  2.79;  (5) 
75.10.  ^  ' 
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m5tion  of  a  system  of  rigid  bodies  in  space. 

248.  The  Equations  of  Motion  of  a  System  of 
Rigid  Bodies  obtained  by  D'Alembert's  Principle. — 

Let  {x,  y,  z)  be  the  position  of  the  particle  m  at  the  time  i 

referred  to  any  set  of  rectangular  axes  fixed  in  space,  and 

X,  I",  Z,  the  axial  components  of  the  impressed  accelera- 

(^X    ^^u   d^z 
ting  forces  acting  on  the  same  particle.    Then  -^^j,  -5^ ,  t^, 

are  the  axial  components  of  the  accelerations  of  the  parti- 
cle ;  and  by  D'Alembert's  Principle  (Art.  235)  the  forces, 


m 


i^-S)'  »(^-S)-  A^-wi' 


acting  on  m  together  with  similar  forces  acting  on  every 
particle  of  the  system,  are  in  equilibrium.  Hence  by  the 
principles  of  Statics  (Art.  65)  we  have  the  following  six 
equations  of  motion : 


Sm  I 


Zm  {yZ  -zY)-Sm(y^-z^)  =  0, 

Sm  {zX -xZ)-Xm{z^-x^^  =  0,  (2) 

2m  (xY-  yX)  -Sm(x^  - y^)  =  0.^ 


31 
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By  means  of  these  six  equations  the  motion  of  a  rigid 
body  acted  on  by  any  finite  forces,  may  be  determined. 
They  lead  immediately  to  two  important  propositions,  one 
of  which  enables  ns  to  calculate  the  motion  of  translation 
of  the  body  in  space ;  and  the  other  the  motion  of  rotatHn. 

249.  Independence  of  the  Motion  of  Translation 
of  the  Centre  of  G-ravity,  and  of  Rotation  about  an 
Axis  Passing  through  it. — Let  (^,  y,  S)  be  the  position 
of  the  centre  of  gravity  of  the  body  at  the  time  t,  referred 
to  fixed  axes,  {x,  y,  z)  the  position  of  the  particle  m  referred 
to  the  same  axes,  («',  y',  z')  the  position  of  m  referred  to  a 
system  of  axes  passing  through  the  centre  of  gravity  and 
parallel  to  the  fixed  axes,  and  M  the  whole  mass.     Then 

1.  X  =  x  +  x',     y  —  y  +  y',     z  =  'e  +  z'.  (1) 

Since  the  origin  of  the  movable  system  is  at  the  centre  of 
gravity,  we  have  (Art.  59) 

Swia;'  =  'S.my'  =  Sm«'  =  0 ;  (3) 

■••  ^-^'  =  ^-f  =  ^-S'=«-       (^)' 

Also     l^mx  =  Ma,     "Zmy  =  My,  Xmz  =  Me; 
Substituting  these  values  in  (1)  of  Art.  24:8,  we  have 


M^^=-S..mY;)  (4) 

M^.  =  'L.mZ. 
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These  three  equations  do  not  contain  the  co-ordinates  of 
the  point  of  application  of  the  forces,  and  are  the  same  as 
those  which  would  be  obtained  for  the  motion  of  the 
centre  of  grarity  supposing  the  forces  all  applied  at  that 
point.     Hence 

The  motion  of  the  centre  of  gravity  of  a  system  acted  on 
by  any  forces  is  the' same  as  if  all  the  mass  were  collected  at 
the  centre  of  gravity  and  all  the  forces  toere  applied  at  that 
point  parallel  to  their  former  directions. 

2.  Differentiating  (1)  twice  we  have 

dp  ~  dP  "^  dt^ '    dt^  ~  dfi  +  dt^' 

dt^  ~  dt^  "*■  dt^ ' 

Substituting  these  values  in  the  first  of  equations  (2)  of 
Art.  348,  we  have 

S7n[(y  +  y')^-(i+.«')n 
Performing  the  operations  indicated  we  get 


(E) 
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Omitting  the  1st,  2d,  4th,  5th,  6th,  and  8th  terms  which 
vanish  by  reason  of  (3),  (3),  and  (4),  we  have 

similarly  from  the  other  two  equations  of  (2)  we  have^ 

These  three  equations  do  not  contain  the  co-ordinates  of 
the  centre  of  gravity,  and  are  exactly  the  equations  we 
would  have  obtained  if  we  had  regarded  the  centre  of 
gravity  as  a  fixed  point,  and  taken  it  as  the  origin  of 
moments.    Hence 

Ilie  motion  of  a  iody,  acted  on  iy  any  forces,  about  its 
centre  of  gravity  is  the  same  as  if  the  centre  of  gravity  were 
fixed  and  the  same  forces  acted  on  the  body.  That  is,  from 
(4)  the  motion  of  translation  of  the  centre  of  gravity  of  the 
body  is  independent  of  its  rotation;  and  from  (5)  the  rota- 
tion of  the  body  is  independent  of  the  translation  of  its 
centre. 

These  two  important  propositions  are  called  respectively, 
the  principles  of  the  conservation  of  the  motions  of  transla- 
tion and  rotation. 

ScH. — By  the  first  principle  the  problem  of  finding  the 
motion  of  the  centre  of  gravity  of  a  system,  however  com- 
plex the  system  may  be,  is  reduced  to  the  problem  of 
finding  the  motion  of  a  single  particle.  By  the  second 
principle  the  problem  of  finding  the  angular  motion  of  a 
free  body  in  space  is  reduced  to  that  of  determining  the 
motion  of  that  body  about  a  fixed  point. 
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Eem. — In  using  the  first  principle  it  should  be  noticed 
that  the  impressed  forces  are  to  be  applied  at  the  centre  of 
gravity  parallel  to  their  former  directions.  Thus,  if  a  rigid 
body  be  moving  under  the  influence  of  a  central  force,  the 
motion  of  the  centre  of  gravity  is  not  generally  the  same 
as  if  the  whole  mass  were  collected  at  the  centre  of  gravity 
and  it  were  then  acted  on  by  the  same  central  force.  What 
the  principle  asserts  is,  that,  if  the  attraction  of  the  central 
force  en  each  element  of  the  body  be  found,  the  motion  of 
the  centre  of  gravity  is  the  same  as  if  these  forces  Avere 
applied  at  the  centre  of  gravity  parallel  to  their  original 
directions. 

250.  The  Principle  of  the  Conservation  of  the 
Centre  of  Gravity. — Suppose  that  a  material  system  is 
acted  on  by  no  other  forces  than  the  mutual  attractions  of 
its  parts ;  then  the  impressed  accelerating  forces  are  zero, 
which  give 

SX=  SF=  SZ=  0; 

therefore  from  (4)  of  Art.  349,  we  get 

d^x_^     ^_n     ^-n. 
W  ~    '    dt^  -    '    dt^-^' 

dx  ^  rt        dz  ,,. 

.  •.    -^^  =  v^  cos  «,    J  =  Vo  COS  ft    ji_  =  «o  COS  y.     (1) 

where  Vg  is  the  velocity  of  the  centre  of  gravity  when 
t  =  0,  and  a,  0,  y,  are  the  angles  which  its  direction  makes 
with  the  axes.  Therefore,  calling  v  the  velocity  of  the 
centre  of  gravity  at  the  time  i,  we  have 


V  =  \/ :,:s, —  f  o»  l^i 


dt^ 
which  is  evidently  constant. 
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liv^  =  0,  the  centre  of  gravity  remains  at  rest. 
Integrating  (1)  we  get 

X  =  Vf^t  cos  a  +  a,    ^  =  v^t  cos  (i  +  b, 

z  =  Vf^t  cos  y  +  c ; 

5  —  a y  —  i i  —  c 

cos  «e  ~~  COS  fi  ~  cos  y 


(3) 


(fir,  b,  c)  being  the  place  of  the  centre  of  gravity  of  the 
system  when  ^  =  0.  As  (3)  are  the  equations  of  a  straight 
line  it  follows  that  the  motion  of  the  centre  of  gravity  is 
rectilinear. 

Hence  when  a  material  system  is  in  motion  under  the 
action  of  forces,  none  of  lohich  are  external  to  the  system, 
then  the  centre  of  gravity  moves  uniformly  in  a  straight  line 
or  remains  at  rest. 

Rem. — Thus  the  motion  of  the  centre  of  gravity  of  a 
system  of  particles  is  not  altered  by  their  mutual  collision, 
whatever  degree  of  elasticity  they  may  have,  because  a 
reaction  always  exists  equal  and  opposite  to  the  action.  If 
an  explosion  occurs  in  a  moving  body,  whereby  it  is  broken 
into  pieces,  the  line  of  motion  and  the  velocity  of  the 
centre  of  gravity  of  the  body  are  not  changed  by  the 
explosion  ;  thus  the  motion  of  the  centre  of  gravity  of  the 
earth  is  unaltered  by  earthquakes ;  volcanic  explosions  on 
the  moon  will  not  change  its  motion  in  space.  The  motion 
of  the  centre  of  gravity  of  the  solar  system  is  not  affected 
by  the  mutual  and  reciprocal  action  oif  its  several  members ; 
it  is  changed  only  by  the  action  of  forces  external  to  the 
system. 

251.  The  Principle  of  the  Conservation  of  Areas.— 

If  X,  y  be  the  rectangular,  and  r,  6  the  polar  co-ordinates 

of  a  particle,  we  havt; 


CONSERVATION  OF  AREAS.  487 


dt    y  dt  -"^dAxf 


=  r"  cos'  0  ^  (tan  G)  =  r^  ~  (1) 

Now  jsr^dd  is  the  elementary  area  described  round  the 
origin  in  the  time  di  by  the  projection  of  the  radius  vector 
of  the  particle  on  the  plane  of  xy,  (Art.  182.)  If  twice 
this  polar  area  be  multiplied  by  the  mass  of  the  particle, 
it  is  called  the  area  conserved  by  the  particle  in  the  time  di 
round  the  axis  of  z.    Hence 


Xm(x§ 


is  called  the  area  conserved  by  the  system. 

Let  dAx,  dAy,  dAz  be  twice  the  areas  described  by  the 
projections  of  the  radius  vector  of  the  particle  m  on  the 
planes  of  yz,  zx,  xy,  respectively ;  then  from  (1)  we  have 


„    /   dy         dx\       „    dAz 


dt  ' 
and  differentiating  we  get 

^     /   d!>y  d^x\       _     d^Az  ,„. 

If  the  impressed  accelerating  forces  are  zero  the  first 
member  of  (3)  is  zero,  from  (5)  of  Art.  349 ;  therefore  the 
second  member  is  zero.    Hence 
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Similarly         Sot  -^  =  0,    Sj»  -^  =  0 ; 
and  therefore  by  integration 

A,  A',  h"  being  constants. 

.  • .    l.mAx  =  ht,    'LmAy  =  h't,    'SimAz  —  h"t ; 

the  limits  of  integration  being  such  that  the  areas  and  the 
time  begin  simultaneously.  Thus,  the  sum  of  the  products 
of  the  mass  of  every  particle,  and  the  projection  of  the  area 
described  by  its  radius  rector  on  each  co-ordinate  plane, 
varies  as  the  time.  This  theorem  is  called  the  principle  of 
the  conservation  of  areas.    That  is, 

When  a  material  system  is  in  motion  under  the  action 
offerees,  none  of  which  are  external  to  the  system,  then  the 
sum  of  the  products  of  the  mass  of  eacji  particle  hy  the  pro- 
jection, on  any  plane,  of  the  area  described  by  the  radius 
vector  of  this  particle  measured  from  any  fixed  point,  varies 
as  the  time  of  motion. 

252.  Conservation  of  Vis  Viva  or  Energy.* — Let 

{x,  y,  z)  be  the  place  of  the  particle  m  at  the  time  t,  and 
let  X,  Y,  Z  be  the  axial  components  of  the  impressed 
accelerating  forces  acting  on  the  particle,  as  in  Art.  248. 
The  axial  components  of  the  effective  forces  acting  on  the 
same  particle  at  any  time  t  are 

d^x         ^y         d?z 
df'         dt^         dp 

If  the  effective  forces  on  all  the  particles  be  reversed, 

*  See  Art.  189. 
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they  will  be  in  equilibrium  with  the  whole  group  of  im- 
pressed forces  (Art.  235).  Hence,  by  the  principle  of 
virtual  velocities  (Art.  104),  we  have 

-[k-sl^'  +  ^-iJ^  +  l^-Sl^Hw 

where  6x,  6y,  Sz  are  any  small  arbitrary  displacements  of 
the  particle  m  parallel  to  the  axes,  consistent  with  the  con- 
nection of  the  parts  of  the  system  with  one  another  at  the 
time  t. 

Now  the  spaces  actually  described  by  the  particle  m  dur- 
ing the  instant  after  the  time  t  parallel  to  the  axes  are 
consistent  with  the  connection  of  the  parts  of  the  system 
with  each  other,  and  hence  we  may  take  the  arbitrary  dis- 
placements, 6x,  6y,  6z,   to  be  respectively  equal  to   the 

actual  displacements,  ^  St,  ~  dt,  -^  6t,  of  the  particle.* 

Making  this  substitution,  (1)  becomes 

/fe  dx      ^  dy      cF'z  dz\ 
\dP  di  ^  df  di  '^  dP  dt) 

Integrating,  we  get 

Smj^a  _  smi/o'  =  3Sto  /  {Xdx  +  Tdy  +  Zdz),     (2) 

vhere  v  and  «„  are  the  velocities  of  the  particle  m  at  the 
times  t  and  ^o* 

The  first  member  of  (2)  is  twice  the  vis  viva  or  kinetic 
energy  of  the  system  acquired  in  its  motion  from  the  time 
^0  to  the  time  t,  under  the  action  of  the  given  forces. 

*  That  Is,  although  Sx  is  not  equal  to  dx,  yet  the  ratio  of  &x  to  dx  is  equal  to  the 
ratio  of  it  to  dt. 
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The  second  member  expresses  twice  the  work  done  by 
these  forces  in  the  same  time  (Art.  189). 

If  the  second  member  of  (3)  be  an  exact  differential  of  a 
function  of  x,  y,  z,  so  that  it  equals  df  {x,  y,  z) ;  then  tak- 
ing the  definite  integral  between  the  limits  x,  y,  z  and  x^, 
y„,  z^,  corresponding  to  t  and  t^,  (3)  becomes 

2m2;s  -  S»i«„2  =  3/  (x,  y,  z)  -  2/ (a;„,  y^,  «„).      (3) 

Now  the  second  member  of  (3)  is  an  exact  differential  so 
far  as  any  particle  m  is  acted  on  by  a  central  force  whose 
centre  is  fixed  at  (a,  b,  c),  and  which  is  a  function-  of  the 
distance  r  between  the  centre  and  {x,  y,  z)  the  place  of  m. 
Thus,  let  Pbe  the  central  force  =  f(r),  say;  then 

X=^-^f{r),     Y=y^f(r),    Z=.'-^f(r); 

»^  =  (a;  —  a)8  +  (y  —  bf  +  {z  —  cf; 
. • .    rdr  =  {x  —  a)  dx  +  (y  —  b)  dy  +  {z  —  c)  dz; 
.-.    m  (Xdx  +  Ydy  +  Zdz)  =  mf{r)  dr; 

which  is  an  exact  differential ;    substituting  this  in  the 
second  member  of  (3),  it 


=  2ni  I  f  (r)  dr. 


where  the  limits  r  and  r^  correspond  to  t  and  ^„. 

Also,  the  second  member  of  (3)  is  an  exact  differential, 
so  far  as  any  two  particles  of  the  system  are  attracted 
towards  or  repelled  from  each  other  by  a  force  which  varies 
as  the  mass  of  each,  and  is  a  function  of  the  distance 
between  them.  Let  m  and  m'  be  any  two  particles ;  let 
(a^j  y,  z),  {x',  y',  z')  be  their  places  at  the  time  t ;  r  their 
distance  apart;  P  =f(r),  the  mutual  action  of  the  unit 
maes  of  each  particle.     Then  the  whole  attractive  force  of 
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m  on  m'  is  Pm,  and  the  whole  attractive  force  of  m'  on  m 
is  Fm' ;  and  we  have 

X=m^:=^P,     Y=my^^P,    Z=m'-^'Lp. 


X'=-m^=^P,     f=-my^P,    Z'=-m'--^P 

Also     'fi  z=  {x  —  x'Y  +  {y  —  y'Y  +  {z  —  z'y. 
Therefore  for  these  two  particles,  we  have 
m  (Xdx  +  Ydy  +  Zd£)  +  m'  (X'cZa;'  +  Y'dy'  +  ^'&') 

=  ^  P  [(^  _  a;')  (rf:«  _  ,?^')  +  (y  _  y')  (dy  -  dy') 

+  (z-  z')  {dz  —  dz')] 
=  mm'f{r)  dr; 

which  is  an  exact  differential.  The  same  reasoning  applied 
to  every  two  particles  in  the  system  must  lead  to  a  similar 
result ;  so  that  finally  the  second  member  of  (2). 


=  2mm'  /  f(r)  dr, 


where  the  limits  r  and  r^  correspond  to  t  and  t^,  so  that 
the  integral  will  be  a  function  solely  of  the  initial  and  final 
co-ordinates  of  the  particles  of  the  system. 

Hence,  when  a  material  system  is  in  motion  under  the 
action  of  forces,  none  of  which  are  external  to  the  system, 
then  the  change  of  the  vis  viva  of  the  system,  in  passing 
from  one  position  to  another,  depends  only  on  the  two  posi- 
tions of  the  system,  and  is  independent  of  the  path  described 
ly  each  particle  of  the  system. 

This  theorem  is  called  the  principle  of  the  conservation  of 
vis  viva  or  energy. 
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CoE.  1. — If  a  system  be  under  the  action  of  no  external 
forces,  we  have  X  —  Y  =  Z  =^  0,  and'  hence  the  vis  viva 
of  the  system  is  constant. 

CoK.  3. — Let  gravity  be  the  only  force  acting  on  the 
system.  Let  the  axis  of  z  be  vertical  and  positive  down- 
wards, then  we  have  X  =  0,  T  =  0)  Z  t=  g.  Hence  (2) 
becomes 

Imir'  —  Xmv^'^  =  2Sm  {z  —  Zj)- 

But  if  8  and  5^  are  the  distances  from  the  plane  of  xy  to  the 
centre  of  gravity  of  the  system  at  the  times  t  and  tg,  and  if 
M  is  the  mass  of  the  system,  we  have 

Me  =  lifnz,     Msg  =  ^mzg-, 

. • .    Sm«;2  —  Smv„3  =  2Mg  (i  —  i„).  (4) 

That  is,  ihe  increase  of  vis  viva  of  the  system  depends  only 
on  the  vertical  distance  over  which  the  centre  of  gravity 
passes  ;  and  therefore  the  vis  viva  is  the  same  whenever  the 
centre  of  gravity  passes  throiigh  a  given  horizontal  plane. 

Rem. — The  principle  of  vis  viva  was  first  used  by  Huyghens  in 
liis  determination  of  the  centre  of  oscillation  of  a  body  (Art.  337, 
Rem.). 

The  advantage  of  this  prinraple  is  that  it  gives  at  once  a  relation 
between  the  velocities  of  the  bodies  considered  and  the  co-ordinates 
which  determine  their  positions  in  space,  so  that  when,  from  the 
nature  of  the  problem,  the  position  of  all  the  bodies  may  be  made  to 
depend  on  one  variable,  the  equation  of  vis  viva  is  sufficient  to  deter- 
mine the  motion. 

Suppose  a  weight  ing  to  be  placed  at  any  height  h,  above  the  sur- 
face of  the  earth.  As  it  falls  through  a  height  &,  the  force  of  gravity 
does  work  which  is  measured  by  mgz.  The  weight  has  acquired  a 
velocity  »,  and  therefore  its  vis  viva  is  \'rm?  which  is  equal  to  mgz 
(Art.  317).  If  the  weight  falls  through  the  remainder  of  the  height 
/(,  gravity  does  more  work  which  is  measured  by  mg  Qi  —  s).  When 
the  weight  has  reached  the  ground,  it  has  fallen  as  far  as  the  circum- 
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stances  of  the  case  permit,  and  gravity  has  done  work  which  is  meas- 
ured by  mgh,  and  can  do  no  more  work  uhtil  the  weight  has  been 
lifted  up  again.  Hence,  throughout  the  motion  when  the  weight  has 
descended  through  any  space  s,  its  vis  viva,  ^rm^  (=  mgz\,  together 
with  the  work  that  can  be  done  dviring  the  rest  of  the  descent, 
'"Kg  (h  —  z),  is  constant  and  equal  to  mgli,  the  work  done  by  gravity 
during  the  whole  descent  h. 

If  we  complicate  the  motion  by  making  the  weight  work  some 
machine  during  its  descent,  the  same  theorem  is  still  true.  The  vis 
viva  of  the  weight,  when  it  has  descended  any  space  e,  is  equal  to  the 
work  Tngz  which  has  been  done  by  gravity  during  this  descent,  dimin- 
ished by  the  work  done  on  the  machine.  Hence,  as  before,  the  vis 
viva  together  with  the  difference  between  the  work  done  by  gravity 
and  that  done  on  the  machine  during  the  remainder  of  the  descent  is 
constant  and  equal  to  the  excess,  of  the  work  done  by  gravity  over 
that  done  on  the  machine  during  the  whole  descent.  (See  Eouth's 
Rigid  Dynamics,  p.  370.) 

253.  Composition  of  Rotations. — It  is  often  neces- 
sary to  compound  rotations  about  axes  which  meet  at  a 
point.  When  a  body  is  said  to  have  angular  velocities 
about  three  different  axes  at  the  same  time,  it  is  only  meant 
that  the  motion  may  be  determined  as  follows :  Divide  the 
whole  time  into  ar  number  of  infinitesimal  intervals  each 
equal  to  dt.  During  each  of  these,  turn  the  body  round 
the  three  axes  successively,  through  angles  (o^dt,  a^dt,  u^dt. 
The  result  will  be  the  same  in  whatever  order  the  rotations 
take  place.  The  final  displacement  of  the  body  is  the 
diagonal  of  the  parallelepiped  described  on  these  three  lines 
as  sides,  and  is  therefore  independent  of  the  order  of  the 
rotations.  Since  then  the  three  successive  rotations  are 
quite  independent,  they  may  be  said  to  take  place  simul- 
taneously. 

Hence  we  infer  that  angular  velocities  and  angular  accel- 
erations may  be  compounded  and  resolved  by  the  same 
rules  and  in  the  same  way  as  if  they  were  linear.  Thus,  an 
angular  velocity  o  about  any  given  axis  may  be  resolved 
into  two,  w  cos  a  and  w  sin  «,  about  axes  at  right  angles  to 
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each  other  and  making  angles  a  and  ^  —  a  with  the  given 

axis. 

Also,  if  a  body  have  angular  velocities  Wj,  u^,  «3  about 
three  axes  at  right  angles,  they  are  together  equivalent  to 
a  single  angular  velocity  w,  where  u  =  ■v/wj^ +  0)2^  +  0)38, 
about  an  axis  inclined  to  the  given  axes  at  angles  whose 

cosines  are  respectively  -— ,  — ^ ,  — ^• 
^  •'www 

254.  Motion  of  a  Rigid  Body  referred  to  Fixed 
Axes. — Let  us  suppose  that  one  point  in  the  body  is  fixed. 
Let  this  point  be  taken  as  the  origin  of  co-ordinates,  and 
let  the  axes  OX,  OT,  OZ  be  any  directions  fixed  in  space 
and  at  right  angles  to  one  another.  The  body  at  the  time 
t  is  turning  about  some  axis  of  instantaneous  rotation 
(Art.  240).  Let  its  angular  velocity  about  this  axis  be  w, 
and  let  this  be  resolved  into  the  angular  velocities  Wj,  Wg, 
W3  about  the  co-ordinate  axes.     It  is  required  to  find  the 

resolved  linear  velocities,  tt,  ^<  -r,,  parallel  to  the  axes  of 
at    at    at  ^  , 

co-ordinates,  of  a  particle  m  at  the  point  P,  {x,  y,  z),  in 

terms  of  the  angular  velocities  about  the  axes. 

These  angular  velocities  are  sup- 
posed positive  when  they  tend  the 
same  way  round  the  axes  that 
positive  couples  tend  in  Statics 
(Art.  65).  Thus  the  positive 
directions  of  Wj,  Wg,  Wj  are  re- 
spectively from  y  ia  z  about  x, 
from  z  to  X  about  y,  and  from  x 
to  y  about  z ;  and  those  negative 
which  act  in  the  opposite  direc- 
tions. 

Let  us  determine  the  velocity 
of  P  parallel  to  the  axis  of  z.     Let  PiV  be  the  ordinate  z, 
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and  draw  PM  perpendicular  to  the  axis  of  x.  The  velocity 
of  P  due  to  rotation  about  OX  is  u^PM.  Eesolving  this 
parallel  to  the  axes  of  y  and  z,  and  reckoning  those  linear 
velocities  positive  which  tend  from  the  origin,  and  vice 
versa,  we  have  the  velocity 

along        MN  =  —  u^PM cos  iVPJf  =  —  u^z ; 
and  along      WP  =  (o^PM  sin  NPM  =  to^y. 

Similarly  the  velocity  due  to  the  rotation  about  OT  par- 
allel to  OX  is  w^z,  and  parallel  to  OZ  is  —  u^x.  And  that 
due  to  the  rotation  about  OZ  parallel  to  OX  is  —  u^y,  and 
parallel  to  OF  is  <o^x. 

Adding  together  those  velocities  which  are  parallel  to 
the  same  axes,  we  have  for  the  velocities  of  P  parallel  to 
the  axes  of  x,  y,  and  z,  respectively, 

dx 

^  =  Wja;  —  (o^z,  }  (1) 

dz 

255.  Axis  of  Instantaneous  Rotation. — Every  par- 
ticle in  the  axis  of  instantaneous  rotation  is  at  rest  relative 
to  the  origin ;  hence,  for  these  particles  each  of  the  first 
members  of  (1)  in  Art.  254,  will  reduce  to  zero,  and.  we 
have 

Wg^  —  f^sy  =  0,  \ 

u^x  —  Wj0  =  0,  >  (1) 

o)^y  —  Wga;  =  0,/ 
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which  are  the  equations  of  the  axis  of  instantaneous  rota- 
tion, the  third  equation  being  a  necessary  consequence  of 
the  first  two  J  hence, 

x  =  -f-z,    y  =  -fz;  (2) 

that  is,  the  instantaneous  axis  is  a  straight  line  j^assing 
through  the  origin  which  is  at  rest  at  the  instant  con- 
sidered ;  and  the  whole  body  must,  for  the  instant,  rotate 
about  this  line. 

CoE. — Denote  by  a,  0,  y  the  angles  which  this  axis 
makes  with  the  co-ordinate  axes  x,  y,  z,  respectively, 
then  (Anal.  Geom.,  Art.  175)  we  have 


cos  « 


V  Wj'  +  Wj'  +  6)3' 


cos  /3  = 
cos  y  = 


V^i^  +   Wg^  -I-  Uj' 

__^ . 


which  gives  the  position,  of  the  instantaneous  axis  in  terms 
of  the  angular  velocities  about  the  co-ordinate  axes. 

256.  The  Angular  Velocity  of  the  Body  about  the 
Axis  of  Instantaneous  Rotation. — The  angular  veloc- 
ity of  the  body  about  this  axis  will  be  the  same  as  that  of 
any  single  particle  chosen  at  pleasure.  Let  the  particle  be 
taken  on  the  axis  oix;  if  from  it  we  draw  a  perpendicular, 
p,  to  the  instantaneous  axis,  then  the  distance  of  the  par- 
ticle from  the  origin  being  x,  we  have 
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p  =  xsm  a  ■=  X  Vl  —  COS*  a  z=  x\  / —  '^^    +  ^3 

Since,  for  this  particle,  ?/  =  0,  2  =  0,  we  have  from  (1) 
of  Art.  354,  for  the  absolute  velocity, 

V  =  ■ ^^^ =  X  V&>a«  +  (03% 

and  hence,  for  the  angular  velocity  v,  we  have 


^  =  -  -  V"i^  +  w^^  +  6)38,  ■ 

wAj'cA  is  if^e  angular  velocity  required. 

257.  Euler's  Equations. — To  determine  the  general 
equations  of  motion  of  a  body  about  a  fixed  point. 

Let  the  fixed  point  0  be  taken  as  origin  ;  let  (x,  y,  z)  be 
the  place  of  any  particle  m,  at  the  time  t,  referred  to  any 
rectangular  axes  fixed  in  space,  and  let  Ox^,  Oyi,  Oz^  be 
the  principal  axes  of  the  body  (Art,  331).  Differentiating 
(1)  of  Art.  254  with  respect  to  t,  we  have 

d^x         do).         d(o,    ,         ,  ,  ,  > 

—  =  z-^l-y—l  +  0)2  (ui2/  -  to^x)  -  W3  (W3a;-wi2), 

S  =  ^  ^  -  ^^  +  "^  <"^' -  "^^)  -  "^  ("^^  - '*'^^^' 
g  =  2^ ^1  -  ^  ^  +  c,  Ka; -<.,.)-  6,,  K.  -  0,32/). 

Denoting  by  L,  M,  N,  the  first  terms  respectively  of  (3), 

d^x        dJ^v 
(Art.  248),  and  substituting  the  above  values  of  ^  and  ^ 

in  the  last  of  these  equations,  we  get 
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The  other  two  equations  may  be  treated  in  the  same  way. 

The  coefficients  in  this  equation  are  the  moments  and 
products  of  inertia  of  the  body  with  regard  to  axes  fixed  in 
space  (Art.  234),  and  are  therefore  variable  as  the  body 
moves  about..  Let  a^.,  Uy,  u^  be  the  angular  velocities  about 
the  principal  axes.  Since  the  axes  fixed  in  space  are  per- 
fectly arbitrary,  let  them  be  so  chosen  that  the  principal 
axes  are  coinciding  with  them  at  the  moment  under  con- 
sideration.   Then  at  this  moment  we  have  (Art.  333), 

^mxy  =  0,    J^myz  =  0,    H^mzx  =  0  ; 

-  ...      .     <?w,       du^ 
also  Wj  =  Wjcj  "2  =  ^yt  <^s  =  '^z ;  ^"id  utewise  -^  =  -r,-, 

etc.*    Hence,  denoting  by  A,  B,  0,  the  moments  of  inertia 
about  the  principal  axes  (Art.  331),  (1)  becomes 

C^  -  (^A  -  B)  u^^o>y  =  N, 

in  which  all  the  coefficients  are  constants ;  and  similarly 
for  the  other  two  equations. 

Hence,  uniting  them  in  order,  and  retaining  the  letters 
(Oj,  Wg)  "sj  since  they  are  equal  to  w-cj  f^yi  '^x,  the  three 

-^  =  -j^,  for  the  changes  in  the  two  angular  velocities,  m,  and  m«,  during  a 
at       tit 

given  small  time  after  the  axis  of  aji  coincides  with  the  axis  of  x,  will  differ  only  hy 

a  quantity  which  depends  upon  the  angle  passed  through  by  the  axis  of  Ki  during 

that  given  small  time ;  the  difference  between  w,  and  a)»  will  therefore  be  an 

infinitesimal  of  the  second  order  and  therefore  their  derivatives  will  be  eqnal,   (See 

Pratt's  Mech.,  p.  428.    For  further  demonstration  of  this  equality,  the  student  is 

referred  to  Routh's  Rigid  Dynamics,  pp.  188  and  189.) 
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equations  of  motion  of  the  body  referred  to  the  principal 
axes  at  the  fixed  point  are 

B^  -  ^G- A)  <.,,.,  =.M,)  (2) 

These  are  called  Euler's  Equations. 

ScH. — If  the  body  is  moving  so  there  is  no  point  in  it 
which  is  fixed  in  space,  the  motion  of  the  body  about  its 
centre  of  gravity  is  the  same  as  if  that  point  were  fixed. 

It  is  clear  that,  instead  of  referring  the  motion  of  the 
body  to  the  principal  axes  at  the  fixed  point,  as  Buler  has 
done,  we  may  use  any  axes  fixed  in  the  body.  But  these 
are  in  general  so  complicated  as  to  be  nearly  useless. 

258.  Motion  of  a  Body  about  a  Principal  Axis 
through  its  Centre  of  Gravity. — If  a  body  rotate  about 
one  of  its  principal  axes  passing  through  the  centre  of 
gravity,  this  axis  will  suffer  no  pressure  from  the  centrifu- 
gal force. 

Let  the  body  rotate  about  the  axis  of  z ;  then  if  w  be  its 
angular  velocity,  the  centrifugal  force  of  any  particle  m 
will  be  (Art.  198,  Cor.  1) 


mu^p  =  mu?  ^/d?  +  y% 

which  gives  for  the  x-  and  ^-components  muf^x  and  mu^y ; 
and  the  moments  of  these  forces  with  respect  to  the  axes  of 
y  and  a^  are  for  the  whole  body 

l,mu)h)z,    and    Zmu^yz. 
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But  these  are  each  equal  to  zero  when  the  axis  of  rotation 
is  a  principal  axis  (Art.  232) ;  hence,  the  centrifugal  force 
will  have  no  tendency  to  incline  the  axis  of  z  towards  the 
plane  of  xy.  In  this  case  the  only  effect  of  the  forces  wiw^a; 
and  mti^y  on  the  axis  is  to  more  it  parallel  to  itself,  or  to 
translate  the  body  in  the  directions  of  x  and  y.  But  the 
sum  of  all  these  forces  is 

Smu)^x    and    I,mupy, 

each  of  which  is  equal  to  zero  when  the  axis  of  rotation 
passes  through  the  centre  of  gravity;  hence  we  conclude 
that,  when  a  body  rotates  about  one  of  its  principal  axes 
passing  through  its  centre  of  gravity,  the  rotation  causes  m 
pressure  upon  the  axis. 

If  the  body  rotates  about  this  axis  it  will  continue  to 
rotate  about  it  if  the  axis  be  removed.  On  this  account  a 
principal  axis  through  the  centre  of  gravity  is  called  an 
axis  of  piennanent' rotation.* 

ScH.-i-If  the  body  be  free,  and  it  begins  to  rotate  about 
an  axis  very  near  to  a  principal  axis,  the  centrifugal  force 
will  cause  the  axis  of  rotation  to  change  continually,  inaS' 
much  as  the  foregoing  conditions  cannot  obtain,  and  this 
axis  of  rotation  will  either  continually  oscillate  about  the 
principal  axis,  always  remaining  very  near  to  it,  or  else  it 
wiU  remove  itself  indefinitely  from  the  principal  axis. 
Hence,  whenever  we  observe  a  free  body  rotating  about  an 
axis  during  any  time,  however  short,  we  may  infer  that  it 
has  continued  to  rotate  about  that  axis  from  the  beginning 
of  the  motion,  and  that  it  will  continue  to  rotate  about  it 
for  ever,  unless  checked  by  some  extraneous  obstacle.  (See 
Young's  Mechs.,  p.  230,  also  Venturoli,  pp.  135  and  160.) 


*  Pratt'8  Mechs.,  p.  4SSI.    Called  also  a  natural  axis  qf  rotation,  see  Young's 
Mechs.,  p.  230 ;  also  an  invariable  ams,  see  Price's  Mechs.,  Vol.  IT,  p.  267. 
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259.  Velocity  about  a  Principal  A^s  when  there 
are  no  Accelerating  Forces. — In  this  case  L  —  M  = 
iV"  =  0  in  (3)  of  Art.  357 ;  also  A,  B,  G  are  constant  for 
the  same  body ;  and  if  we  put 

B-G_         G-A  _         A-B_ 
-J~  -  ^'    — B~"  -  ^'    ~G~  -  ^' 

(3)  of  Art.  357  becomes 

(^6)j  =  F<^^<>)^di,    dco^  ^  Goj^oi^dt, 

db)g  =  HuiUgdt. 

Put  ajjUgWjf?^  =  d(j>,  and  we  have  (1) 

(o^du)^  =  Fd(j),    Wgt^Wg  =  Gd(l),    (^^du^  =  Hd<l> ; 

and  integrating,  we  get 

i^^^^%F<t,  +  a%  WgS  =  3ff0  +  S^  u^^  =  2H^  +  (?.   (3) 

where  a,  I,  c  are  the  initial  values  of  Wj,  Wg,  Wj ;  hence 
from  (1)  and  (3) 

dt  =  ^"^  (3) 

V(3i^0  +  a^)  {2G<t>  +  m)  (3fl0  +  o^) 

Suppose  now  the  body  begins  to  turn  about  only  one  of 
the  principal  axes,  say  the  axis  of  ar,  with  the  angular 
velocity  a,  then  &  =  0,  c  =  0,  and  (3)  becomes 

dt=        '  "^ 


3  VGH  (t>  V2F4>  +  ffl^ 
Keplacing  3i?V>  +  «^  by  its  value  Wj*,  and  <?</)  by  its  value 
-ip~i,  we  have 

'^^~  VGW   ",^-«'' 
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and  integrating,  we  get 


gSaC  .  e^ua  VBB  —  ZA -.  (4.) 

Wj  +  a 

The  constant  0  must  be  determined  so  that  when  t  =:  0, 
Wj  is  the  initial  velocity  a;  hence  e^ac  _  q  or  C  =  —  00, 
which  makes  the  first  member  of  (4)  zero  for  every  value 
of  t.  Hence,  at  any  time  i,  we  must  have  u^  =  a;  and 
therefore  from  (3)  0  =  0,  and  Wg  =  Wg  =  0.  Conse- 
quently the  impressed  velocity  about  one  of  the  principal 
axes  of  rotation  continues  perpetual  and  uniform,  as  before 
shown  (Art.  358). 

260.  The  Integral  of  Enler's  Equations.—^  body 
revolves  about  its  centre  of  gravity  dieted  on  by  no  forces  but 
such  as  pass  through  that  point  j  to  integrate  the  equations 
of  motion. 

As  the  only  forces  acting  on  the  body  are  those  which 
pass  through  its  centre  of  gravity,  they  create  no  moment 
of  rotation  about  an  axis  passing  through  that  centre;  and 
therefore  (3)  of  Art.  357  become 

^^-(O-A)o>,a>,=0,)  (1) 


the  principal  axes    being  drawn  through  the  centre 
gravity. 


(2) 


(3) 
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Multiply  these  equations  severally  (1)  by  w^,  w^,  W3 ; 
and  (2)  by  Au^,  Bu^,  Gu^,  and  add ;  then  we  have 

integrating,  we  have 

Aw^^  +  Bo)^^  +  Gu^»  =  A3 ; 

where  ¥  and  F  are  the  constante  of  integration. 
Eliminating  Wj^  from  (3),  we  have 

A{A-0)  (o^»  +  B{B—C)  w^s  =  k^—  Gh»; 

•■•    "'"  =  B  {B-  O)  [^'  -Gh^-^{^-  G)  c^i^]  ;  (4) 

and  6)3^  =  ^^J-_  ^^  [^  _  5A'  -  ^  (^  -  5)  0)^2].     (5) 

Substituting  these  values  of  Wg  and  Wg  in  the  first  of  equa- 
tions (1),  we  have 

du>,       [{A-G){A-B)I  ¥-0¥  \ 

dt    ^L  BO  V^      A{A-0)} 

which  is  generally  an  elliptic  transcendent,  and  so  does  not 
admit  of  integration  in  finite  terms.  In  certain  particular 
cases  it  may  be  integrated,  which  will  give  the  value  of  w^ 
in  terms  of  t,  and  if  this  value  be  substituted  in  (4)  and  (5), 
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the  values  of  Wj  and  tOg  in  terms  of  t  will  be  known,  and 
thus,  in  these  cases,  the  problem  admits  of  complete  solu- 
tion. 

CoE. — Let  ux,  <>>y,  (^s  be  the  axial  components  of  the 
initial  angular  velocity  about  the  principal  axes  when 
^  =  0;  then  integrating  the  first  of  (2),  and  taking  the 
limits  corresponding  to  t  and  0,  we  have 

^WjS  +  Bu)^^  +  CW38  =  Auji  +  BuJ>  +  OmJ>.      (7) 

Let  «,  |3,  y  be  the  direction-angles  of  the  instantaneous 
axis  at  the  time  t  relative  to  the  principal  axes ;  so  that,  if 
w  is  the  instantaneous  angular  velocity,  and  S?wr'  is  the 
moment  of  inertia  relative  to  that  axis,  we  have  (Art.  253), 
o),  =:  w  cos  a,  W3  =  u  cos  |3,  <jj  =  w  cos  y,  which  sub- 
stituted in  (7),  gives 

J[wa,a  +  Bo^y^  +  CtJg8  =  0,2  (^  cos3  a  +  B  cos^  13 +  C  cos'  y) 

=  w'Swir^  (Art.  233,  Cor.) 

=  2TOt)' 

=  the  vis  viva  of  the  body; 

from  which  it  appears  that  the  vis  viva  of  the  body  is  con- 
stant throughout  the  whole  motion. 

Rem. — An  application  of  the  general  equations  of  rotatory 
motion  (Art.  357),  which  is  of  great  interest  and  impor- 
tance, is  that  of  the  rotatory  phenomena  of  the  earth  under 
the  action  of  the  attracting  forces  of  the  sun  and  the  moon, 
the  rotation  being  considered  relative  to  the  centre  of 
gravity  and  an  axis  passing  through  it,  just  as  if  the  centre 
of  gravity  was  a  fixed  point  (Art.  249,  Sch.) ;  and  the 
problem  treated  as  purely  a  mathematical  one.  Also,  in 
addition  to  the  sun  and  the  moon,  the  problem  may  be 
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extended  so  as  to  include  the  action  of  all  the  other  bodies 
whose  influence  affects  the  motion  of  the  earth's  rotation. 
In  fact  the  investigation  of  the  motion  of  a  system  of  bodies 
in  space  might  be  continued  at  great  length  ;  but  such 
investigations  would  be  clearly  beyond  the  limits  proposed 
in  this  treatise.  The  student  who  desires  to  continue  this 
interesting  subject,  is  referred  to  more  extended  works.* 

EXAMPLES. 

1.  A  hollow  spherical  shell  is  filled  with  fluid,  and  rolls 
down  a  rough  inclined  plane ;  determine  its  motion. 

Let  M  and  M'  be  the  masses  of  the  shell  and  fluid 
respectively,  k  and  Tc'  their  radii  of  gyration  respectively 
about  a  diameter,  and  a  and  «'  the  radii  of  the  exterior  and 
interior  surfaces  of  the  shell ;  then  using  the  same  nota- 
tion as  in  Art.  346,  we  have 

(Jf  +  M')^  =  {M  +  M')g  sin  a  -  F.  (1) 

As  the  spherical  shell  rotates  in  its  descent  down  the  plane^ 
the  fluid  has  only  motion  of  translation;  so  that  the  equa- 
tion of  rotation  is 

Mif^  =  Fa.  (2) 

Multiplying  (1)  by  a^  and  (2)  by  a,  and  adding,  we  have 

[{M  +  M')  a!>  +  MB]  '^  =  {M  +  M')  a?g  sin  «.   (3) 

If  the  interior  were  solid,  and  rigidly  joined  to  the  shell, 
the  equation  of  motion  would  be 

*  See  price's  Mech'B,  Vol.  n,  Pratt's  Mech'a,  Boutli'8  Klgid  Dynamics,  La  Place's 
M€canique  Celeste,  etc. 
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\_{MJrM')  a^-\-Ml^-\-M'k'*^  ^  =  {M-\-M')  a^g  sin  «.  (4) 


Integrating  (3)  and  (4)  twice,  and  denoting  by  s  and  s'  the 
spaces  tlirough  which  the  centre  moves  during  the  time  t 
in  these  two  cases  respectively,  we  have 


s_  _  {M  +  M')  a' +  MT(?  +M'Jc'^ 
s' ~         {M+  M')a^+  Mk» 


(5) 


so  that  a  greater  space  is  described  by  the  sphere  which  has 
the  fluid  than  by  that  which  has  the  solid  in  its  interior. 

If  the  densities  of  the  solid  and  the  fluid  are  the  same, 
we  have  from  (5),  by  Art.  333,  Ex.  14, 


W 


s'  —  W  —  2a'» 


(Price's  Anal.  Mechs.,  Vol.  II,  p.  368). 


2.  A  homogeneous  sphere  rolls  down  witliin  a  rough 
spherical  bowl ;  it  is  required  to  determine  the  motion. 

Let  a  be  the  radius  of  the  sphere,  and  b  the  radius  of  the 
bowl ;  and  let  us  suppose  the  sphere  to  be  placed  in  the 
bowl  at  rest.  Let  OGQ  =  ^, 
QPA  =  e,  BOO  =  «,  w  = 
the  angular  velocity  of  the 
ball  about  an  axis  through  its 
centre  P,h  ^  the  correspond- 
ing radius  of  gyration ;  OM  = 
X,  MP  =  y  ;  «z  =  the  mass  of 
the  ball.    Then  Fig.ioi 


m 


=  —  R  sm  (t>  +  F  cos  <p ; 


(1) 


m 


d?y 


=  B  cos  ^  +  Fsmtj)  —  mg ; 


(2) 
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m¥~  =  aF.  (3) 


dt 
Also    a;  =    (J  —  a)  sin  0 ;    y  =  S  —  (5  —  a)  cos  ^. 


tii^a 


(&  _  «)  cos  0  5  -  (5  _  a)  sin  </,  (|)',       (4) 


2-|  =  (.-a)sin,g+(.-«)cos,(f/,      (5) 
^cos^  + Jsin^  =  (&-a)-^.  (6) 

.  •.    m{b  —  a)-^  =  F—  mg  sin  <^.  (7) 

Now  to  determine  the  angular  velocity  of  the  ball,  we  must 
estimate  the  angle  described  by  a  fixed  line  in  it,  as  PA, 
from  a  line  fixed  in  direction,  as  PM,  and  the  ratio  of  the 
infinitesimal  increase  of  this  angle  to  that  of  the  time  will 
be  the  angular  velocity  of  the  ball. 

_  dMPA  _d^      dd 
"'■    '*'  ~      dt      ~  dt  "^  dt' 

Since  the  sphere  does  not  slide,  aO  =^  b  {a  —  <i>) ; 

a  —  b  d4> 


b)  == 


a      dt  ' 
db)       a  —  b  d?4> . 


'  '    dt  a 

from  (3),  (7),  and  (8)  we  get 


(8) 


^^-^^i^^"-^^''""^'  ^^^ 
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•'•     (*-«)(f)  =  ^^(cos.^-cos«).  (10) 

Substituting  (9)  in  (7)  we  have 

F  =  ^mg  sin  f.  (11) 

Substituting  (4),  (9),  (10),  (11)  in  (1)  we  have 

R  =  ^{Xt  cos  0  —  10  cos.«) ; 

therefore  the  pressure  at  the  lowest  point 

=  !^(17_10cos«); 

and  the  pressure  of  the  ball  on  the  bowl  vanishes  when 

cos  0  =  ^  cos  a. 

Cor. — If  the  ball  rolls  over  a  small  arc  at  the  lowest  part 
of  the  bowl,  so  that  a  and  <p  are  always  small,  cos  a,  and 

cos  0  may  be  replaced  by  1  —  -5-  and  1  —  -5-  respectively ; 
and  from  (10)  we  have 

...    0  =  „cos[^^-/^-J^; 

thus  the  ball  comes  to  rest  at  points  whose  angular  distance 
is  a  on  both  sides  of  0,  the  lowest  point  of  the  bowl ;  and 
the  periodic  time  is 


\}^1-' 
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therefore  the  oscillations  are  performed  in  the  same  time  as 
those  of  a  simple  pendulum  whose  length  is  f  (6  ■«-  a), 
(Art.  194).    (Price's  Anal.  Mech's,  Vol.  II,  p.  369.) 

3.  A  homogeneous  sphere  has  an  angular  Telocity  w 
about  its  diameter,  and  gradually  contracts,  remaining 
constantly  homogeneous,  till  it  has  half  the  original 
diameter ;  required  the  final  angular  velocity.     Ans.  4cj. 

4.  If  the  earth  were  a  homogeneous  sphere,  at  what  point 
must  it  be  struck,  that  it  may  receive  its  present  velocity 
of  translation  and  of  rotation,  the  former  being  68000  miles 
per  hour  nearly  ?    Ans.  34  miles  nearly  from  the  centre. 

5.  A  homogenepus  sphere  rolls  down  a  rough  inclined 
plane;  the  inclined  plane  rests  on  a  smooth  horizontal 
plane,  along  which  it  slides  by  reason  of  the  pressure  of  the 
sphere ;  required  the  motions  of  the  inclined  plane  and  of 
the  centre  of  the  sphere. 

Let  m  =  the  mass  of  the  sphere, 
M  =  the  mass  of  the  inclined 
plane,  a  =  the  radius  of  the  sphere, 
a  =  the  angle  of  the  inclined 
plane,  Q  its  apex ;  0  the  place  of  Q 
when  ^  =  0 ;  0'  the  point  on  the 
plane  which  was  in  contact  with 
the  point  A  of  the  sphere  when  Fig.ioa^"^ 

/  =  0,  at  which  time  we  may  sup- 
pose all  to  be  at  rest ;  A  CP  =  6,  the  angle  through  which 
the  sphere  has  revolved  in  the  time  i. 

Let  0  be  the  origin,  and  let  the  horizontal  and  vertical 
lines  through  it  be  the  axes  of  x  and  y;  OQ  =  x' ;  and  let 
{x,  y)  (h,  k)  be  the  places  of  the  centre  of  the  sphere  at  the 
times  t  =  i  and  t  =  0  respectively.  Then  the  equations 
of  motion  of  the  sphere  are 

m  -^  —  Fcos  a  —  R  sin  a, 
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m-z^  —  Fain  cc  +  R  COS  a  —  mg, 

and  the  equation  of  motion  of  the  plane  is 

M-T.^  =  —  JP  cos  a  +  ^  sin  a. 


From  the  geometry  we  have 

X  ^  h  -{■  x'  —  aO  cos  a, 
y  =:-h  —  ad  sin  «. 

From  these  equations  we  obtain 

,       m  cos  es    . 

X  = i>a0 

m  +  M 

5m  sin  «  cos  a 


X  =  h  — 
y  =  k  — 


1  {m  +  M)  —  5m  cos^  «     2  ' 
5M  sin  «s  cos  a  aP 


7  (m  +  J/)  —  5?K  cos^  a    2  ' 

5{m  +  M)  sin^  a         gP 
1t{m  +  M)  —  5m  cos^  « *  "a" 


which  give  the  values  of  x  and  ^  in  terms  of  i. 
Also  we  obtain 

{m  +  M)  (x  —  h)  sin  a  —  M{y  —  k)  cosa  =  0; 

which  is  the  equation  of  the  path  described  by  the  centre 
of  the  sphere  ;  and  therefore  this  path  is  a  straight  line. 

6.  A  heavy  solid  wheel  in  the  form  of  a  right  circular 
cylinder,  is  composed  of  two  substances,  whose  volumes  are 
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equal,  and  whose  densities  are  p  and  p' ;  these  substances 
are  arranged  in  two  different  forms ;  in  one  case,  that  whose 
density  is  p  occupies  the  central  part  of  the  wheel,  and  the 
other  is  placed  as  a  ring  round  it ;  in  the  second  case,  the 
places  of  the  substances  are  interchanged  ;  t  and  t'  are  the 
times  in  which  the  wheels  roll  down  a  given  rough  inclined 
plane  from  rest ;  show  that 

t^  :  t'»  : :  5p  +  7p'  :  5p'  +  ^p. 

7.  A  homogeneous  sphere  moves  down  a  rough  inclined 
plane,  whose  angle  of  inclination  «  to  the  horizon  is  greater 
than  that  of  the  angle  of  friction ;  it  is  required  to  show  (1) 
that  the  sphere  will  roll  without  sliding  when  («  is  equal  to 
or  greater  than  f  tan  «,  and  (3)  that  it  will  slide  and  roll 
when  fj,  is  less  than  f  tan  «,  where  fi  is  the  coefficient  of 
friction. 

8.  in  the  last  example  show  that  the  angular  velocity  of 
the  sphere  at  the  time  t  from  rest  =  -^-^^ 1. 

9.  If  the  body  moving  down  the  plane  is  a  circular 
cylinder  of  radius  =  a,  with  its  axis  horizontal,  show  that 
the  body  will  slide  and  roll,  or  roll  only,  according  as  a  is 
greater  or  not  greater  than  tan~i  3jtt. 
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